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Abstract—Many benchmarks exist for constrained optimiza-
tion, which is crucial when it comes to comparing constrained
optimization algorithms. However, in the field of Feasible Region
Identification (FRI), where we are solely interested in discover-
ing and sampling in feasible regions, no standardized way of
benchmarking exists. Therefore, we propose a set of constrained
problems that cover feasibility properties like number, location,
shape, and size of feasible regions, including presence of convex
or non-convex regions. Another challenge in FRI is the lack of
a standard way to measure FRI performance. In case of model-
based FRI methods, the model’s performance, e.g., accuracy,
is often used to gauge the algorithm’s performance. However,
we show that this overlooks the fundamental aspect in real
world use cases where engineers are interested in both: a good
model and a diverse set of feasible designs returned by the
algorithm. Therefore, we introduce a new performance metric
based on Inverted Generational Distance (IGD) that measures the
diversity of the acquired feasible points. By providing a collection
of benchmark functions and metrics, we aim to contribute
towards a more standardized approach for FRI benchmarking.
To demonstrate the benchmark collection, we compare five state-
of-the-art data-efficient and model-based FRI approaches to show
their performance on the proposed benchmark.

Index Terms—feasible region identification, constraint opti-
mization, benchmarking, performance metrics.

I. INTRODUCTION

Rigorous benchmarking is essential for characterizing the
performance of black-box learning and optimization [1]. Re-
cent comparative studies [2], [3] demonstrate the practical
value of standardized evaluation, using rigorous performance
profiles to clearly quantify its impact. However, most of
this research has focused on black-box optimization. In this
work, we bring the same benchmarking perspective to feasible
region identification (FRI), a setting with different goals and
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success criteria: rather than searching for optima, the aim is
to characterize where constraints are satisfied.

FRI is valuable early in the design process when engi-
neers explore diverse solutions satisfying design requirements.
These requirements, represented by design constraints, define
one or more feasible regions. Unlike optimization seeking
a single (or multiple in case of multi-objective or multi-
modal optimization) optimum, FRI methods primarily focus
on identifying a set of points, or better yet, regions where the
constraints are satisfied. More formally, in a d-dimensional
design space, we look for designs x ∈ Rd : G(x) =(
g1(x), g2(x), . . . , gL(x)

)⊤ ≤ (t1, t2, . . . , tL)
⊤, where gl :

Rd → R is the l-th constraint function of the problem and tl
represents its threshold.

FRI commonly uses Bayesian active learning (AL) [4],
an iterative and data-efficient sampling approach that uses a
Bayesian model, often a Gaussian Process (GP) [5], to learn
the expensive constraint functions. An acquisition function
uses the prediction of the model as well as uncertainty to
make an informed decision about where to sample next,
and thus run a time-consuming simulation. Note that this
is closely related to Bayesian Optimization [6], [7], where
the acquisition function is created specifically for finding the
optimum. Similarly, FRI acquisition functions target feasible
regions.

In literature, this setting has also been studied under the
names Level Set Estimation (LSE) [8] and Constrained Active
Search (CAS) [9]. While the underlying problem setting is
identical, the goals and acquisition functions differ. LSE
focuses on identifying the boundary between feasible and
infeasible designs. We will refer to these acquisition functions
as boundary-based. In CAS, on the other hand, we focus
on identifying a diverse set of solutions within the feasible
region, and thus returning more feasible designs to the user.
While both aspects are crucial in the broader context captured
by FRI, in most real world applications the end user (e.g. a



design engineer) is interested in having a diverse sampling of
feasible designs. This necessitates a need to have a reliable
metric which can quantify the sampling-quality (or coverage)
of the FRI method. Common choices for performance metrics
are mostly based on the performance of the model. While
this is good for measuring how well the boundary has been
found, it does not tell us anything about the diversity of
the selected feasible points. Therefore, we propose a new
performance metric based on Inverted Generational Distance
(IGD), which we call Feasible Region IGD (or FR-IGD)
with an aim to reliably quantify the sampling-quality of FRI
methods to sample feasible points.

We provide a diverse benchmark suite1 tailored to FRI prob-
lems, and more specifically, for testing acquisition functions
that not only learn the constraints, but also find and sample
diversely in all feasible regions.

II. RELATED WORK

A. Performance Metrics for Feasible Region Identification

Various metrics have been used in the literature to evalu-
ate FRI algorithms. These are broadly categorized into two
groups: a) model performance metrics, b) dataset metrics.
Model performance metrics assess how well a given predictive
model of the FRI method can distinguish designs as feasible
or infeasible (a binary-classification task). Commonly used
metrics are F1-score [4], informedness [10] and Matthew’s
correlation coefficient (MCC) [11], [12], from which the
latter two are better suited for imbalanced datasets, an issue
often encountered in FRI. While the previous performance
metrics take the predictions into account, the uncertainty is
not considered. The Brier score [13], however, does take the
probabilistic predictions into account and measures the mean
squared difference between predicted probabilities and the
actual outcomes.

Good models are crucial for FRI since acquisition depends
on them. Yet, engineers often use the acquired set of feasible
designs for further steps in the design process. Therefore, it is
important to also make sure the acquired data contains enough
feasible designs, and ultimately represents the feasible regions
well. Previous work has already looked at the proportion
of feasible designs or the number of feasible designs in
the final dataset [8], [9], [12]. Nevertheless, this does not
give any information on the distribution of feasible designs
in the design space. Therefore, coverage-based metrics are
important to consider. With this in mind, the fill-distance
and coverage-recall were introduced by Malkomes et al. [9]
to measure how well the feasible region is covered by the
acquired feasible designs. However, computing fill-distance
is NP-hard, requiring feasible region approximation. Another
challenge with the fill-distance occurs when we have multiple
disjoint feasible regions. In that case, we need to make sure
that the largest empty ball the fill-distance is trying to find, is
actually situated inside the feasible region (and not between

1Code and supplementary material available at: https://github.com/
ioananikova/FRIbenchmark.

two regions). These limitations motivate the need for a better
coverage metric.

Note that algorithms focusing on finding the boundary of the
feasible region are not expected to perform well on coverage
metrics, as they do not aim to cover the whole feasible region.
Often they will perform well on model performance metrics
as they learn to distinguish feasible from infeasible quite
well by learning the boundary. Nevertheless, coverage-based
metrics are important to consider when the goal is to acquire
a representative set of feasible designs which is diverse and
covers all disjoint feasible regions.

B. Benchmarks for Feasible Region Identification

Most FRI works propose their own test problems to evaluate
the performance of their algorithms. There are two types of
use cases. First, 2D-3D problems with known feasible regions
are used, allowing for easy visualization and interpretation of
the results. Second, engineering problems from optimization
benchmarks (i.e., analytical functions) or real-world appli-
cations (i.e., simulation-based) are used to demonstrate the
applicability of proposed algorithms. Engineering problems
can have complex feasible regions that, especially in higher
dimensions, are difficult to understand. So, there is a lack of
interpretable and higher dimensional problems. As we said
before, there is no standardized set of benchmark problems
for FRI that covers different scenarios in terms of number and
shape of feasible region(s), making it difficult to compare the
performance of different algorithms across studies.

In this work, we address two key gaps in the field of FRI,
namely a) need for a reliable, computationally efficient and
scalable coverage metric, and b) interpretable, controllable2,
scalable and computationally cheap benchmarks. We attempt
to address this with our proposed FR-IGD metric and bench-
marks.

III. FEASIBLE REGION INVERTED GENERATIONAL
DISTANCE (FR-IGD) METRIC

The Inverted Generational Distance (IGD) [14] is a perfor-
mance metric commonly used in multi-objective optimization
to evaluate the quality of a set of Pareto-optimal solutions. It
measures the average distance from a set of reference points
(representing the true Pareto front) to the nearest point in
the obtained solution set. The IGD metric provides insights
into both convergence and diversity of the solution set. A
lower IGD value indicates that the solution set is closer to
the true Pareto front and better represents its diversity. IGD is
calculated as:

IGD(S∗, S) =
1

|S∗|
∑

p∗∈S∗

min
p∈S

d(p∗, p) (1)

where:
• S∗ is the set of reference points,
• S is the set of obtained solutions from the algorithm,

2By controllable we mean that we can modulate the number, shape and
location of feasible regions.



• d(p∗, p) is the distance between a reference point p∗ and
an obtained solution p,

• |S∗| is the number of reference points.
As we are not dealing with multi-objective optimization

problems, we adapt the IGD metric to our context of feasible
region identification and call it Feasible Region IGD (FR-
IGD). Here, the reference set S∗ represents a set of points that
uniformly cover the true feasible region, while the obtained
solution set S consists of the feasible points acquired by
the algorithm. The distance d(p∗, p) is calculated using the
Euclidean distance in the normalized design space. By using
IGD in this context, we can assess how well the identified
feasible points represent the true feasible region in terms of
both coverage and proximity.

A. Dealing With Empty Feasible Solution Sets

For highly constrained problems, early AL iterations may
find no feasible solutions. In such cases, the IGD metric cannot
be calculated directly, as there are no feasible points in the
obtained solution set S. As such, we propose a modified
approach to calculate the FR-IGD when the feasible solution
set is empty. Instead of using feasible points, we consider
using infeasible points. We calculate the distance from each
reference point in S∗ to the nearest infeasible point in S.
However, to ensure that the metric reflects absence of feasible
points, we introduce a penalty term. The modified FR-IGD
that accounts for empty feasible solution sets is defined as
follows:

IGDFR(S
∗, S) =

{
IGD(S∗, SF ) if SF ̸= ∅
IGD(S∗, SIF ) +

√
d if SF = ∅

(2)
where SF and SIF are sets of feasible and infeasible points
in the obtained solution set, respectively, and S = SF ∪ SIF .
The penalty term

√
d is based on the diagonal length of the

normalized design space, i.e., the maximum possible distance
between two points in the d-dimensional unit hyper-cube.

B. Reference Sets

As indicated in the previous section, computation of FR-
IGD requires a reference set S∗, which uniformly covers the
true feasible region. In order to generate such a reference set,
we first sample a large number of points in the design space
(e.g., 20,000 points) using Sobol sampling and only keep the
feasible points. Next, we filter out points that lead to an over-
representation of certain areas in the feasible region. This is
done by calculating pairwise distances between all feasible
points and removing the ones that are closer than a certain
threshold to each other. The threshold3 is determined based on
the desired density of points in the reference set. As a result,
we obtain one reference set for each problem covering all
feasible regions. Thus, the FR-IGD value can reliably measure
the sampling-quality of FRI algorithm.

3In this paper we chose the threshold to be 0.005 in the normalized design
space for all problems.

IV. BENCHMARK PROBLEMS

Our benchmark includes lower-dimensional problems (upto
2D) that are easy to visualize and interpret, and higher
dimensional problems (upto 7D) that are more representative
of real-world engineering applications. An overview of the
benchmark problems and their properties is given in Table I.
Problems T1 to T11 are created using (known) test functions
so that we are certain about the number, location and shape of
feasible regions. Problems E1 to E3 are engineering problems
commonly used for optimization, adapted to FRI.

Using appropriate parameterization, we can derive variants
of problems T6, T9, T10 and T11. By modifying their dimen-
sion and thresholds, the size and number of feasible regions
can change. In this paper, we focus on the basic versions as
listed in Table I.

As indicated in the Feasible Region Properties columns,
constraint problems in our benchmarking suite have:

• Number of feasible regions (#) varying from 1 to 5,
• Shapes being either convex, non-convex or mix of both

(e.g., problem T5) as shown in Figure 1, and
• Feasibility Ratio (ρ) (expressed as a percentage of domain

covered by total feasible region and computed using
reference set) from as low as 0.11% to as high as 41.67%.

More disjoint feasible regions, non-convex shapes, and low
feasibility ratios increase the difficulty. Table I also shows
constraint properties in terms of number of constraints (given
by L), if the constraints are linear or non-linear, and also
if there are redundant constraints that do not actively define
the feasible region. A problem may have one constraint
but multiple feasible regions or multiple constraints defining
only one feasible region. The suggested benchmarking suite
includes constraint problems with varying degree (and type)
of complexities and can thus serve as a good test-bench for
FRI methods.

V. RESULTS AND DISCUSSION

We compare five FRI acquisition functions: Probability of
being at the Boundary and Entropy (PBE) [10] and Entropy
Feasible (EF) [4] which are both boundary-based, Probability
of Feasibility and Variance (PoFV) [21] and Expected Cover-
age Improvement (ECI) [9], both coverage-based, and lastly
the scalarization-based Augmented Tchebysheff (ATCH) [12]
that balances the exploration-exploitation trade-off explicitly.
See associated papers for details on the acquisition functions.
This selection of acquisition functions will showcase how the
performance in terms of model accuracy and dataset diversity
varies across different types of acquisition functions.

We ran all five acquisition functions on the benchmark
suite using botorch [22] and GPs with a Matèrn kernel to
model the constraints. Experiments were repeated 10 times
with different initial samples according to a Sobol sequence.
The initial dataset size and number of AL iterations were
chosen depending on the dimensionality and complexity of
the problems.

Performance of these FRI methods is compared in terms of
the MCC score of the models, the number of feasible points in



TABLE I: Overview of the properties of the benchmark problems and the size of their reference sets. L is number of constraints,
ρ is feasibility ratio and |S∗| is the size of the created reference set.

Problem Constraint Properties Feasible Region Properties FR-IGD
id Name d L (Non-)linear? Redundant # # Convex/Non-convex ρ(%) |S∗|
T1 Six-Hump Camel [15] 2 1 non-linear 0 1 0/1 41.67 5908
T2 Hosaki [4], [16] 2 1 non-linear 0 2 2/0 20.23 2857
T3 Sinexp 2 1 non-linear 0 2 2/0 10.59 1509
T4 Branin [4], [16] 2 1 non-linear 0 3 3/0 4.13 600
T5 Himmelblau [17] 2 1 non-linear 0 3 2/1 9.42 1345
T6 Donut 2 2 non-linear 0 1 0/1 32.45 4614
T7 Sasena [15] 2 3 mixed 0 2 0/2 13.61 1934
T8 Cheese [18] 2 6 mixed 1 1 0/1 32.51 4609
T9 Unequal Spheres 3 1 non-linear 0 5 5/0 4.24 847
T10 Equal Spheres 5 1 non-linear 0 5 5/0 0.50 100
T11 Crescent [19] 6 2 non-linear 0 1 0/1 0.36 356(*)
E1 Nowacki Beam [16] 2 6 non-linear 1 1 0/1 8.62 1226
E2 Tension/Compression Spring [12] 3 3 mixed 0 1 0/1 33.54 6708
E3 Speed Reducer [20] 7 11 mixed 4 1 0/1 0.11 105(*)
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Fig. 1: Feasible regions (grey) of the benchmark problems. For 2D problems the full design space is shown, higher dimensional
problems are visualized using parallel plots and feasible designs of the reference sets.

the dataset at each iteration (i.e., |SF |), and our proposed FR-
IGD metric. Reference set for FR-IGD calculations is created
based on a Sobol sequence of 20,0004 samples. The size of
FR-IGD reference sets (after filtering the feasible designs) is
provided in the last column of Table I. The full Sobol sequence
is used as reference set for the MCC score.

Results in Table II indicate that the ranking order of FRI
methods in terms of final FR-IGD values on problems T1,
T3, T6, T7, T8, T11 and E3, is identical. A visual analysis for

4We use 100,000 samples for the T11 and E3 problem as they have an
extremely low feasibility ratio and a higher input dimensionality. This is shown
with (*) in Table I.

problem T85 is provided in Figure 2 and it clearly highlights
the correlation between FR-IGD values and the sampling-
quality of the obtained set of feasible points. While the
MCC fails to show significant differences between the FRI
methods, the |SF | and FR-IGD clearly signal that boundary-
based methods (PBE and EF) sample less feasible designs, and
hence have higher FR-IGD values. In contrast, PoFV and ECI
sampled more diversely scattered feasible points and thus have
low FR-IGD values, with PoFV having lower FR-IGD value
since it has more uniform coverage, which further cements
the reliability of FR-IGD metric in capturing the quality of

5Figures for other problems are provided in the supplementary material.



TABLE II: Performance results at the final step given by the median. The arrow indicates if higher (↑) or lower (↓) values are
better. Best value is put in bold. Statistically similar results, according to the Wilcoxon signed-rank test, are underlined.

MCC ↑ |SF | ↑ FR-IGD ↓
id PoFV ECI ATCH PBE EF PoFV ECI ATCH PBE EF PoFV ECI ATCH PBE EF
T1 0.99 0.98 0.99 0.99 0.98 34 29 21 23 25 0.048 0.056 0.061 0.076 0.073
T2 0.98 0.98 0.98 0.99 0.98 25 15 20 14 22 0.039 0.063 0.053 0.067 0.066
T3 1.00 0.99 1.00 1.00 1.00 28 12 18 10 16 0.038 0.046 0.049 0.102 0.067
T4 0.98 0.94 0.97 0.97 0.81 18 4 14 4 21 0.026 0.093 0.030 0.062 0.101
T5 0.88 0.86 0.87 0.89 0.79 16 8 19 12 26 0.036 0.062 0.068 0.046 0.211
T6 1.00 1.00 1.00 1.00 1.00 36 30 20 18 18 0.045 0.050 0.067 0.086 0.082
T7 1.00 1.00 1.00 1.00 0.99 32 18 15 16 4 0.031 0.044 0.048 0.065 0.146
T8 1.00 1.00 1.00 1.00 1.00 35 28 17 25 14 0.045 0.051 0.065 0.069 0.100
T9 0.94 0.98 0.97 0.99 0.93 104 45 48 28 54 0.073 0.059 0.061 0.099 0.102

T10 0.88 0.68 0.93 0.97 0.86 203 198 74 54 93 0.117 0.280 0.109 0.123 0.162
T11 1.00 1.00 1.00 1.00 1.00 268 300 94 96 88 0.126 0.114 0.156 0.161 0.162
E1 0.95 0.94 0.88 0.95 0.91 23 12 18 20 9 0.030 0.045 0.045 0.032 0.070
E2 0.96 0.92 0.90 0.96 0.99 56 61 38 54 22 0.114 0.120 0.140 0.115 0.200
E3 1.00 1.00 1.00 1.00 1.00 33 65 32 4 0 0.254 0.223 0.262 0.417 3.235

sampling. We notice that this ranking-order of FRI methods
is maintained for most problems having one feasible region.

Considering problems such as T4, which have multiple
feasible regions, we can see that not all acquisition functions
manage to consistently find all distinct regions (Figure 3).
Although EF has highest number of feasible designs (|SF |) in
the final dataset for T4 (Table II), its MCC and FR-IGD are
worse than other methods. We can visually see in Figure 3 that
despite EF having high |SF | value (21), it misses to discover
the rightmost feasible region. This highlights the shortcoming
of |SF | as a metric to reliably gauge the quality of sampling.
Besides that, ECI and PBE have the lowest |SF | and FR-IGD
score closer to EF. ECI and PBE showcase good MCC scores,
since they are able to sample around the feasible regions, but
note that they have poor sampling quality (Figure 3), again
highlighting that MCC values can be deceiving. This poor
sampling quality is rightfully reflected with a bad FR-IGD
value, indicating that FR-IGD metric is capable to capture the
information about the sampling quality even for constrained
problems with disconnected feasible regions.

VI. CONCLUSION

We present a set of test functions and engineering cases
as benchmark problems for feasible region identification. The
problems vary in dimensionality, constraints, and most impor-
tantly, in their feasible region characteristics. We introduce a
new performance metric, FR-IGD, specifically designed for
measuring the diversity of the sampled feasible designs. The
conducted experiments show that model metrics like MCC
do not capture any information on the sampling. Moreover,
the number of feasible designs |SF | can also give a biased
view on the diversity, while FR-IGD more clearly shows the
relationship between the sampling and the diversity.

In our future work, we would like to investigate how FR-
IGD can be used to monitor sampling within individual feasi-
ble regions for problems with multiple disconnected feasible
regions, thereby giving us an indication regarding how many

feasible regions were discovered by a given FRI method and
what was the quality of sampling in each of them, individually.
Currently, the FR-IGD metric is dependent on the reference
set, which limits its usage to cases where the ground truth is
known or can be exhaustively sampled. Secondly, reliability
of FR-IGD is dictated by the quality of reference set S∗. We
attempt to attenuate this limitation by having a high number
of reference points, however further investigation is necessary
to develop a robust metric. In current work, FR-IGD is
successfully able to capture and quantify the information about
the quality of points sampled by FRI methods. Therefore,
it can serve as a guideline oracle metric to derive a metric
which does not rely on a reference set. As the field grows
further, we would also like to extend our benchmarking suite
to engineering problems beyond 7D. The proposed work thus
paves the way for many research directions in the field of FRI.
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