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Abstract— The additive Gaussian noise mutation approach
is commonly used in state-of-the-art neuro-evolution algorithms
to optimize/train the weights of networks with fixed topology. In
this paper, a novel modification to this mutation approach is
proposed and studied. The proposed modification follows a
theoretical analysis of mutations by the additive Gaussian noise.
The well-known neuro-evolutionary algorithm of the Uber Al
labs, which is based on additive Gaussian noise, is applied here
as a reference algorithm. First, we modified the reference
algorithm by replacing its mutation mechanism with the
proposed mutation technique. Next, a comparison study is
reported between the modified algorithm and the reference one.
The comparison study is conducted on several well-known
continuous control benchmark problems. The theoretical and
computational studies indicate that the proposed modifications
are not subjected to the constraints of the additive Gaussian
noise approach, which appears to provide significantly better
results with increasing problem dimensions.
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1. INTRODUCTION

In the last decade, there has been a growth of interest in
gradient-free methods for the weight-optimization/training of
artificial Neural-Networks (NNs) [1]. Among such methods is
the popular Neuro-Evolution (NE), which applies
evolutionary computation techniques, e.g., in [2] and [3].

As appears from the literature, most NE studies generate
offspring using mutation alone [1]. Moreover, recent
advancements have demonstrated the successful application
of NE to the fine-tuning of large-scale foundation models,
specifically Large Language Models (LLMs) [4]. However,
this scalability highlights a critical efficiency bottleneck,
where immense computational resources were required for
such tasks. Following such studies, the goal of this paper is to
investigate and improve mutation techniques for NE without
a major change from the computational efficiency viewpoint.
This goal is accomplished by a combination of a theoretical
approach and a computational study.

Our theoretical analysis concerns NN weight distribution.
The significance of initializing weight exploration from a
proper distribution is well-known, e.g., [5][6]. Yet, the
significance of weight distribution is not restricted to the
initialization stage of the search. When using mutation as the
main technique to produce offspring, then the applied
technique should be explored with respect to its ability to
create weight distributions that are able to search the entire
parameter space.
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In the current investigation, we focus on one of the main
mutation techniques in NE, i.e., additive Gaussian noise
mutation as applied in [2]. This mutation mechanism is
analyzed from the perspective of its resulting NN weight
distribution. The key feature of the investigated mutation
mechanism is to sample noise from a normal distribution. This
raises the question of how the addition of noise affects the
weight distribution along the evolutionary process.

The features of the additive Gaussian noise mutation
approach inherently constrain it from producing offspring in
terms of the mean and the variance of the weight distribution
within each individual offspring. This suggests that algorithms
such as in [2] have an implicit limited ability to explore the
NNs parameter space. In the following, we refer to the
constraining features of the additive Gaussian noise mutation
approach as constraints.

The necessity of rigorous investigation into the weight
distribution resulting from mutation operators is further
supported by the recent work in [7]. The authors proposed a
self-adaptive mutation operator based on the additive
Gaussian noise approach, applied to both the weights and
topology of the NN, which achieved results superior to the
well-known NEAT algorithm [8]. However, while their
approach introduces adaptivity, it only partially addresses the
inherent constraints that we identify and aim to resolve in this
work.

Furthermore, precedent for a negative mean value within
the weight distribution is established by [9]. The authors
demonstrate that initializing neural network weights with a
negatively shifted mean is advantageous for training, thereby
supporting our rationale for allowing the weight distribution
mean to shift.

Based on the above observation, our study aims to propose
an alternative mutation approach and to numerically
investigate its potential as compared with that of the additive
Gaussian noise mutation approach.

In addition to the additive Gaussian noise mutation
approach, there is another well-known mutation method that
is based on the covariance matrix, e.g., in [10] and [11]. It
should be noted that the covariance approach is not subjected
to the constraints that are investigated here. Yet, the
covariance approach is known to be limited by its scalability
and by several aspects of its computational efficiency,
including complexity, the required memory, and
communication bandwidth [12]. Therefore, we do not include
comparisons to CMA-ES and NAS algorithms in our study.

The main contributions of this study are as follows:



1. We present a theoretical analysis of the additive Gaussian
noise mutation approach to highlight its constraining
characteristics, which suggest an implicit limitation on the
exploration ability of the parameter space.

2. We provide a demonstration of the constraints of the
additive Gaussian noise mutation approach.

3. We suggest a novel mutation technique that modifies the
constraints of the additive Gaussian noise mutation
without any major change to the computational efficiency.

4. We discuss the operational aspect of the proposed
approach.

5. We test and compare our approach with the additive
Gaussian noise using continuous control tasks of the
Mujoco physics simulator [13]. The reference algorithm,
which is used in the comparison study, is the neuro-
evolutionary algorithm that was developed by the Uber Al
labs [2].

The rest of this paper is organized as follows. Section II
deals with the theoretical analysis of the additive Gaussian
noise mutation approach and provides an associated numerical
demonstration. Section III outlines the proposed mutation
approach and its operational implications. Following a brief
description of the compared algorithms, Section IV provides
details of the computational investigation and results. Finally,
Section V concludes this study.

II. THE THEORETICAL ANALYSIS

The additive Gaussian noise mutation method is mainly
used in NE algorithms for weight optimization/training of
NNs of fixed topology. It should be noted that in NE
algorithms, such as in [2], [3] and [4], the additive Gaussian
noise is sampled independently from the standard normal
distribution, §~N (0, I). The noise sampling is used to create
offspring from a shared noise block for the entire evolutionary
process. In such implementations, the weights are directly
encoded as a vector 8 € R" . At each generation, any
offspring, ', is created by adding a vector of Gaussian noise,
1, scaled by a factor o to its parent vector of weights, 8, as
follows:

0'=6+on )

The following provides a theoretical analysis of the
additive Gaussian noise method using a statistical viewpoint.
The focus is on the weight distribution characteristics as
resulted by the considered mutation method. It is important to
note that our statistical analysis concerns the statistics of the
components of the vectors rather than the statistics of the
vectors. Namely, the set of components of each of the weight
and the noise vectors is considered as a random sample.
Following [14], the statistical measures for a weight vector @
are calculated as its sample mean and sample variance, i.e.:
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where 6; is the i*" component of . In the following, the

mean and the variance of the noise vector are denoted as 77 and
s,? respectively. These are calculated similarly to (2) and (3).

Here we are interested in the Pearson correlation between
the associated components of @ and 7. Following this
approach, the sample correlation coefficient is calculated
between pairs of components of the same index from each
vector as follows [14]:
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This correlation describes the linear dependency between the
samples. The values of this measure span between —1 to +1.
It should be noted that the correlation is zero for independent
samples while the limit values indicate full correlation in the
negative and positive directions, respectively. The correlation
can be described using a 2 X 2 sample correlation matrix R as
follows:
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This matrix is symmetric and semi-positive definite.

In the following, the mean and variance of the calculated
sum in (1) are analyzed for both cases of addition and
subtraction of the noise vector. According to (2) and (3), the
characteristics of the resulting weight vector, when the noise
is either added or subtracted, are as follows:

0=0+on=0+on (6)

S8 = So4on = S6 + 028} + 2079 SeSy (7)
These equations are based on the theorem concerning the sum
of random variables [15].

Observing (6) and (7) raises several issues for searching
the parameter space using the described mutation method of
(1). As noted above, the additive noise is commonly sampled
independently from the standard normal distribution,
n~N(0, I). Following (6), since 7 = 0, the resulting mean of
the offspring does not change as compared with that of the
parent, i.e., @ + on = . This means that the common use of
the considered mutation method limits the search to NNs with
the same mean for their offspring weight vectors as that of
their parent vectors. We hereby refer to this constraint as the
"static mean"” constraint. Second, since the noise sample is
independent with respect to the weight vector, their correlation
Toy is zero. Therefore, following (7), the additive method
results in a monotonic increase in the variance of its weight
vector for both addition and subtraction, i.e., Sgim,, =55+

o?sy . This attribute limits the search to NNs with an
increasing variance for their offspring weight vectors as
compared to their parent vectors. We hereby refer to this
constraint as the " monotonically increasing variance "

constraint.

In summary, using the additive Gaussian noise mutation
method, as applied in [2], implies that the search has two main
constraints including static mean and monotonically
increasing variance. To demonstrate these features when using
additive Gaussian noise mutation method over the
generations, we apply a Monte-Carlo simulation. The
simulation starts with a weight vector that its weights are
initialized using Kaiming initialization [6]. The applied NN



has a similar architecture to the one that we used in the case of
the Swimmer-v4 (see Table I in Section I'V). This means that
the dimension of the considered weight vector is n =
69,63 K. From reasons of computational efficiency, we
utilized the noise sampling method as applied in [2] which was
inspired by [12]. The method samples the Gaussian noise from
a pre-initialized block along the evolutionary process. Next,
we used a Monte-Carlo simulation to mutate the weight vector
1000 times using Gaussian noise sampled from the initialized
block.

The results of the simulation are presented in Fig. 1 in
which the colors indicate the number of generations according
to the color-bar. The figure includes a presentation of the
resulting weight distributions along the generations, as well as
graphs of the mean, variance and correlation along the
generations. As shown in the figure, the mean values of the
weight distribution remain constant around zero, while the
variance curve appears to increase monotonically along the
process. This demonstrates the constraints which are
highlighted by the theoretical analysis. It should be noted that
the resulting correlation between the sampled noise and the
weight vector is distributed around zero. This phenomenon is
a result of numerical reasons, i.e., it is due to the sampling
from the noise block. Nevertheless, the obtained correlation
values indicate that the noise and the parameter vectors are
practically independent.

As noted in the introduction, the constraints suggests that
algorithms such as in [2] have an implicit limited ability to
explore the NNs parameter space. With this respect, it should
be noted that the implicit limitation is about the exploration
abilities of each offspring. Assuming that all individuals are
created under these constraints then the constraints are
relevant to the entire population. This remark is relevant here
since this study is based on the algorithm of [2], which applies
a population and a truncated selection approach while
producing each of the individuals under the constraints of
static mean and monotonically increasing variance.

III. THE SUGGESTED MUTATION METHOD

Based on the analysis in Section II, this section provides a
description of two modifications that are suggested to the
additive Gaussian noise mutation. The first modification,
which is described in Subsection A, aims at changing the static
mean constraint. The second modification, which is presented
in Subsection B, aims at changing the monotonically
increasing variance constraint. In Subsection C, a combination
of these two modifications is suggested including a
demonstration to illustrate the effect on the resulting
distribution. Finally, a discussion on the operational aspects of
the combined approach is provided in Subsection D.

A. Modifying the Mean

To allow for a weight distribution with a non-zero mean,
which can change over the generations, two features are added
to the additive Gaussian mutation approach. First, a shared
noise block of samples from a normal distribution is created
with a non-zero mean. This non-zero mean value pre-defines
77 > 0. Next, a sign operator is randomly sampled from a
discrete uniform distribution with equal probability,
t~U{—1,1}. The mean modification to the mutation approach
results in:

0'=0+1-on|7>0,~U{-1,1} (8)
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Fig. 1 Simulation of the additive Gaussian noise mutation

Using this approach, the sampled population in each
generation spans different mean values. Since better-
performing individuals are selected in each generation from
the evolved population, the mean of the weight distribution
changes stochastically both in terms of its value and direction
according to (6) and (8). We call this feature Swap (Sw).

B. Modifying the Variance

To modify the variance of the mutated weights, we suggest
utilizing the correlation-dependent component in (7). In
particular, subtraction of that term can be used to reduce the
variance.

The method in [16] is adopted to generate correlated
normal noise, 7)., from the independently sampled noise, 1.
First, both the weight and noise vectors are standardized as
follows:

éize
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A correlation target value, ¢;, is pre-defined (once) to create
the following target correlation matrix R:

(1 <
R_[ct 1 (10)

R is symmetric and semi-positive definite. Hence, it can be
uniquely decomposed using the Cholesky decomposition.
This results in a product of a lower triangular matrix and its
conjugate transpose, R = LLT. Next, a matrix X = [5, 1’7] S
R™? is defined. Then, X is transformed into ¥ = [8,7,] =
XLT in which the column vectors 8 and #j,are correlated.
Note that the first column does not change due to the
transformation. The obtained vectors are then restored to their
original mean and variance by the inverse functions of (9). We
call this feature Cholesky (Ch) and formulate it as follows:

0 =0+i-0n|re, = c,i~U{-1,1}  (11)

C. The Combined Method

Both modifications are combined into a method that is
hereby termed the Cholesky Swap mutation method. The
formulation of the method simply combines (8) and (11). This
results in:

0' =06+ 0n.|7>079, = ci~U{-11} (12)

The results of a Monte-Carlo simulation of the combined
approach are presented in Fig. 2. These are obtained using



simulation as in Section II, except for 7 = 0.1 and ¢; = 0.3.
To support visualization, the sign operator is selected with a
probability that slightly prefers subtraction over addition.

The results in Fig. 2 demonstrate that the proposed
Cholesky Swap mutation method does not exhibit the
constraints of the additive Gaussian noise mutation technique.
Moreover, the correlation graph in Fig. 2 fluctuates around 0.3
as expected. This confirms the utility of the method in [16] to
sample noise that is correlated with the weight vector.

In summary, the proposed mutation approach extends the
original additive Gaussian noise mutation approach. Namely,
it may provide NNs with weight distributions that either obey
or disobey the constraints of the original approach. Hence, it
is expected to provide alternative solutions that cannot be
found by the original approach.

D. Discussion on the Operational Aspects

When NE is applied to large NNs, one should examine the
search mechanism not just from a performance viewpoint but
also from the operational aspects. The focus here is on
adapting the parallel noise sampling method as described in
[2] to the proposed mutation approach.

From a computational efficiency perspective, our
approach allows reconstructing the correlated noise vector in
each generation without the need to communicate it between
workers. The required change to the communication approach
of [2] is only the addition of the sign regarding (~U{—1,1} in
(12). This results in a method that is independent of the size of
the network in the sense of the communication bandwidth,
similar to [2].

Moreover, in the era of hardware-accelerated NE, where
tensorized operations can yield orders-of-magnitude speedups
on GPUs as demonstrated in [17], we emphasize that the
operations required for the proposed method are fully
compatible with such tensorized frameworks. This ensures
that the benefits of our method do not come at the expense of
the parallelism required for modern large-scale experiments.

IV. EXPERIMENTAL STUDY

This section concerns a numerical study to demonstrate
our mutation approach and to compare its results with those
obtained by the additive Gaussian noise approach. Subsection
A describes the applied benchmarks. Subsection B briefly
describes the algorithms that are used in this study including a
reference algorithm and the proposed algorithm. Subsection C
presents the comparison approach, whereas Subsection D
provides details on the experimental setup. Finally,
Subsection E presents the results.

TABLE L. PROBLEM DESCRIPTION

Problem Inputs Outputs NN Size Difficulty
Swimmer-v4 8 2 69,63 K Easy
Hopper-v4 11 3 70,66 K Easy
HalfCheetah-v4 17 6 72,97 K Moderate
Walker2d-v4 17 6 72,97 K Moderate
Ant-v4 27 8 76,04 K Hard
Humanoid-v4 376 17 167,70 K Very Hard

1000

variance
generation

z
g4
001 rl, 3
3 400
031 2
] 200
5 1
§ o
= o4 B e —
029

0 250 500 750 1000 -15 -10 -0.5 0.0 05 10 15
generations weight values

tior

Fig. 2 Simulation of the suggested combined mutation approach

A. The Benchmark Problems

This study is based on six well-known benchmark
problems as provided in Mujoco physics simulator [13]. The
applied problems include Swimmer-v4, Hopper-v4,
HalfCheetah-v4, Walker2d-v4, Ant-v4, and Humanoid-v4.
These problems concern various control tasks in continuous
state and action domains. The number of inputs, outputs, and
the applied network size, n, are shown in Table I for each of
the problems. Presumably, with increased numbers the search
difficulty is increased. Hence, we suggest dividing the
problems into four categories as presented in Table 1.

B. The Compared Algorithms

In this subsection, the compared algorithms are briefly
described including the reference algorithm and the proposed
algorithm. As a reference, we use the neuro-evolutionary
algorithm, which was developed at the Uber Al labs [2]. This
reference algorithm, which is hereby referred to as Uber-GA,
is an evolutionary algorithm that is based on the Gaussian
additive noise mutation for the offspring generation. As such
it is subjected to the constraints of that technique as described
in Section II. In this reference algorithm, the population
undergoes truncation selection, which is used to select a pre-
defined number of the best individuals to pass to the next
generation.

The proposed algorithm, which is hereby termed "ChSw,"
is a version of Uber-GA in which the mutation is replaced with
the suggested Cholesky-Swap mutation method, as described
in Section II1.

C. The Comparison Approach

In order to present a fair comparison between the
algorithms, the hyper-parameters were fixed over the
experiments, and the number of evaluations was kept the same
using the same number of generations and population size.
Moreover, we fixed the noise scale factor which functions as
a learning rate between the different algorithms. This allows
testing which of the mutation methods results in a better-
performing solution.

In addition, we fixed all the different random processes in
the evaluation of the algorithms using the same seed no. ‘0’.
This means that all experiments use the same initial population
of NNs and the same initial states. The random noise block is
also generated using seed no. '0'.

To statistically compare the algorithms, we applied a total
of 13 runs per each of the benchmark problems. Each run was
applied using a different seed.
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Fig. 3 Performance curves per seed for the different control problems

D. Experimental Setup

As commonly done in studies that involve the considered
benchmarks, e.g. in [2] and [12], all of our experiments
involved a NN that includes two hidden layers with 256-unit,
which is based on layer-normalization and Relu activation
function. For the output units, tanh was used as the activation
function. The network weights were initialized using Kaiming
normal initialization [6] where all bias weights were
initialized to zero. The evolution was based on a population of
96 individuals over the course of 1000 generations.
Normalized inputs were used as in [2]. The shared noise block
was sampled from a standard normal distribution for Uber-
GA, while for ChSw a mean of 0.01 was used. The correlation
coefficient target for the ChSw method was set to 0.3. These
hyper-parameters were chosen to induce small, measured
weight changes using the proposed methods. While we did not
apply rigorous hyper-parameter tuning, we found the current
values to be sufficient. The experiments were evaluated on a
48-core cluster.

The compared algorithms use a Learning Rate (LR) of
0.01, except for the Swimmer-v4 and Humanoid-v4 problems.
In the latter two cases, an LR of 0.1 was used. For the
Swimmer problem, we found that an LR of 0.1 quickly solved
the problem while 0.01 did not. It should be noted that in [2],
a population of 12.5K individuals was used over 1500
generations to achieve performance of 3000 for Humanoid-v1
with the same network architecture as used here. In contrast,
as described above, our study applied a much smaller
population of 96 individuals for 1000 generations. This was
done due to the available computational resources for our
study. Therefore, we increased the LR to apply a much faster
search with less convergence stability. The code, seeds, and
the full list of hyper-parameters are published for
reproducibility purposes'.
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Fig. 4 The characteristics of the weight distribution along the evolutionary
process of the best controller found using the same seed of "843" for the
different algorithms and control problems.

E. Experimental Results

In this subsection, the results of the experimental study are
shown. The 2™ and the 3™ columns of Table IT summarize the
medians and the Interquartile Ranges (IQRs) of the
performances as obtained by the compared algorithms. The
best median results are marked using bold letters. The
Wilcoxon rank-sum test is used to make statistical inferences
with a significance level of 5%. The last column of Table II
provides the p-values as obtained by applying this test for each
comparison. Underlined results are those in which the null
hypothesis is rejected. It can be concluded from the table that
Uber-GA produced significantly better results only for the
case of the Swimmer benchmark, which is considered as the
easiest problem. However, for the most complex benchmarks,
i.e., Ant and Humanoid, ChSw is found to be statistically
better than Uber-GA. For all other problems, the performances
were found to be statistically equivalent.

The plots in Fig. 3 present, at each generation, the best
performances as obtained by the two algorithms. In particular,
the left and right sides show the results by Uber-GA and by
ChSw, respectively. Each color in the plot presents a different

TABLE II. PERFORMANCE RESULTS SUMMARY

Problem GA ChSw p-value
Swimmer-v4 363.5(0.5) 362.7(%191.2) 0.018
Hopper-v4 3495.9(£553.5) 3475.7(x1515.3)  0.837
HalfCheetah-v4  6521.6(x1058.1) 5797(£1012.7) 0.081
Walker2d-v4 3975.9(+1858.5) 4455.6(+886.6) 0.411
Ant-v4 925.9(x12.4) 2381.5(£327.7) 0.00002
Humanoid-v4 2776.7(£642.8) 3127.3(£787.5) 0.027

! https://github.com/stavbarsh/neuroevolution-mutations



random seed. It should be noted that the graphs were smoothed
using the running average of the last 10 generations. Based on
the presented plots, it can be observed that the obtained results
from both algorithms are sensitive to the chosen seed. This
phenomenon highlights the need for multiple runs with
statistical tests when comparing such algorithms, as done here.

Typical results of the characteristics of the weight
distribution, including the mean and the variance along the
process, are shown in Fig. 4, which is based on seed no. "843."
First, it should be noted that the mean curves in Fig. 4 appears
to be non-static not just for ChSw but also for Uber-GA. The
latter result appears to be in contrast with the theoretical
findings. However, it is expected that the fluctuations of the
mean of Uber-GA are due to sampling a subset of noise from
the entire block which is not accurately distributed around
zero. In contrast, the mean and the variance curves for ChSw
are not restricted to the constraints of the additive Gaussian
noise mutation and are controlled by the ChSw algorithm.

Finally, it should be noted that the presented results are
restricted to the effect of the combination of the proposed two
modifications. An additional study was conducted by the
authors, which is not reported here, indicated that each of the
modifications is relevant for the success of the proposed
approach.

V. CONCLUSIONS AND FUTURE WORK

This paper deals with the inherent constraints of the
additive Gaussian noise mutation approach. This approach is
commonly used in state-of-the-art neuro-evolution algorithms
for its ability to deal with large networks as applied to parallel
computing. Following an analysis and demonstration of these
constraints, a novel modification is proposed and studied,
which alleviates these constraints, while keeping the ability to
be implemented using parallel processing. The proposed
approach may provide NNs with weight distributions that
either obey or disobey the constraints of the original approach.

To investigate the proposed modification as compared
with the original mutation approach, the well-known neuro-
evolutionary algorithm of the Uber Al labs is applied as a
reference algorithm. The results of the reference algorithm are
compared with a modified version in which the mutation
mechanism is replaced with the proposed mutation technique.
A comparison study is conducted on several well-known
continuous control benchmark problems. The numerical
results demonstrate the ability of the modified algorithm to
search for networks without the constraints of the additive
Gaussian noise approach. The statistical comparison of the
algorithm is based on a set of runs using different seeds.

The conclusion from the comparison is that the modified
approach provides significantly better results with increasing
problem dimensions. This conclusion should be further
investigated by increasing the size of the samples and using a
larger set of benchmarks and types of problems.

Future studies might add the use of adaptative/dynamic
parameters of the mutation, such as the mean and correlation
factors. This should aim at improving exploration while also
providing exploitation capabilities.
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