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Abstract—The inversion of basement topography from gravi-
metric data aims to determine the depths of subsurface density
contrasts from gravitational anomalies measured by terrestrial
or marine instruments. Such inverse problems are inherently
ill-posed and highly sensitive to instability. To address these
challenges, this study applies and compares three multi-objective
optimization algorithms—MOWGN, NSGA-II, and MOPSO—to
identify the most effective strategies for extracting geological
information from real gravimetric observations. Each algorithm
minimizes two competing objectives: the data misfit between
observed and calculated anomalies, and a Smoothness (SM) regu-
larization term that stabilizes the inversion process. Implemented
in MATLAB, the methods were applied to Bouguer anomaly
data from the Reconcavo Basin, northeastern Brazil. The evalua-
tion combined quantitative metrics—hypervolume, C-metric, and
computational time—with qualitative analyses of Pareto front
distributions, dominance regions, and the geological plausibility
of the reconstructed models. Because the data distributions
deviated from normality and exhibited heteroscedasticity, non-
parametric statistical tests were used: the Mann—Whitney U test
for pairwise C-metric comparisons, and the Kruskal-Wallis test
with Dunn-Bonferroni correction for multiple-group analyses.
Overall, the study provides a comprehensive assessment of
these algorithms, emphasizing their strengths, limitations, and
practical relevance for real-world gravimetric inversion.

Keywords—multi-objective optimization; gravimetry; regular-
ization; computational geophysics.

I. INTRODUCTION

Estimating basement relief from gravimetric data is a fun-
damental geophysical task that supports the interpretation of
subsurface structures and the exploration of natural resources
such as hydrocarbons and minerals [1]. However, reconstruct-
ing basement topography is challenging due to the ill-posed
nature of the inverse problem and the inherent complexity
of gravitational signals. To mitigate these issues, modern
approaches increasingly employ metaheuristic algorithms and
neural networks [2—8].

Inversion problems can be formulated as optimization tasks,
where parameters such as interface depths and density con-
trasts are estimated by minimizing the misfit between ob-
served and modeled data [9]. As noted by Hadamard [10],
these problems are ill-posed due to their non-uniqueness and
sensitivity to noise amplification. To improve stability and
generate geologically plausible solutions, Smoothness (SM)
regularization is commonly introduced [11].

Multi-Objective Optimization (MOQ) addresses problems
involving multiple conflicting objectives, generating a Pareto
front of non-dominated solutions that represent optimal trade-
offs [12, 13]. In basement relief inversion, the competing
objectives are typically the minimization of the data mis-
fit and the regularization term, making it a natural multi-
objective problem. This study compares three well-established
algorithms widely used in geophysical optimization: the
Multi-Objective Weighted Gauss—Newton (MOWGN), the Non-
dominated Sorting Genetic Algorithm II (NSGA-II), and the
Multi-Objective Particle Swarm Optimization (MOPSO) [14—
18].

MOWGN is a local optimization method that balances the
misfit and regularization through Lagrange multipliers, using
pseudo-random weights and initial models to explore the
Pareto front. Iterative updates are computed using the Jaco-
bian matrix, which quantifies the sensitivity of the objective
function to model parameters [19-22].

NSGA-II is a population-based evolutionary algorithm that
ranks solutions via Pareto dominance. The use of crossover,
mutation, and selection operators promotes diversity, while
the NonDominatedSort and CrowdingDistance mechanisms
maintain a well-distributed and convergent Pareto front [23].

MOPSO is inspired by swarm intelligence principles, em-
ploying dominance-based selection and a grid repository to
preserve population diversity. Particles update their positions
based on both personal and collective experience, promoting
exploration and convergence along the Pareto front [24].

Algorithmic performance was evaluated using two main
criteria: (i) solution quality, measured by the hypervolume
and C-metric indicators, and (ii) computational efficiency,
measured by the total execution time. Together, these metrics
provide a robust framework for assessing each algorithm’s
capability to reconstruct complex geological structures from
real gravimetric data [25-29].

This study presents a comprehensive methodology for three-
dimensional basement relief delineation that integrates global
and local optimization strategies. By incorporating stabiliz-
ing constraints within a multi-objective inversion framework,
the proposed approach enhances solution reliability, improves
geological consistency, and provides meaningful insights for
practical applications in gravimetric interpretation and basin
modeling.



II. MOO FRAMEWORK

MOO involves the simultaneous optimization of two or
more, often conflicting, objective functions. In geophysical
inversion, the joint minimization of the data misfit and a
stabilizing regularization term naturally leads to a multi-
objective formulation.

Formally, a general MOO problem can be expressed as:

F(d) = [Fi(d), Fx(d),. .., Fk(d)],

where d = (dy,ds,...,dy) € D C RY denotes the vector
of decision variables, and each F;(d) is a scalar objective
function. The feasible domain D is defined by bounds and
constraints:

min F(d) = [F1(d), ..., Fx(d)]
subject to:  ¢¢(d) <0, t=1,...,P; )
he(d)=0, r=1,...,0Q;

dl-<d; <dV, i=1,...,N,

where ¢;(d) and h,(d) represent inequality and equality
constraint functions, respectively; P and () denote the number
of inequality and equality constraints; and d* and dY are the
lower and upper bounds of the i-th decision variable.

For basement relief inversion, the problem is typically bi-
objective: minimizing the gravity data misfit (d) and a
regularization term R(d) that ensures smoothness and stability:

min F(d) = [S(d), N(d
min F(d) = [3(d),X(d)] o

subject to: diL <d; < d?, i1=1 N

geeey

This approach allows exploring the entire Pareto front,
showing trade-offs between competing objectives without re-
lying on arbitrary weighting. It also improves interpretability,
as solutions along the Pareto front may represent geologically
plausible alternatives. Instead of a single “best” model, MOO
provides a set of viable solutions that support more robust and
transparent geological interpretations.

A. Forward Model

The forward model predicts the gravity field generated by
a hypothesized subsurface structure. In basement topography
studies, it computes the theoretical gravity anomaly vector g®®
from a depth vector d describing the basin geometry.

1) Three-Dimensional Forward Modeling: In three di-
mensions, the basin and basement are divided into vox-
els—rectangular prisms of fixed density p—defined by corner
coordinates (X, Ym, 2m) and (zar, yar, 2ar ). For an observa-
tion point P(zp, yp, 2p). the relative coordinates are:

(:Claylvzl) = (xmvymazm) - (xpaypvzp),

($2ay27752) = (l’MavazM) - (xpvypvzp)'

The gravitational effect of each voxel is approximated
analytically [30, 31] as:

N M
9(di) =" fiilp,ri), 3)
i=1 j=1
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where:

Vi = (20827 — Ay® — Azz)x2,
Vi = (2A2° — Az® — Ay?)2°,

Vo = (2Ay2 —Az® — Azz)yQ7

r=+z2+y?+ 22

Summing all voxel contributions yields the total gravity re-
sponse at the surface. This modeling step is essential for the
inversion process that reconstructs the subsurface basement
geometry.

B. Data Misfit Functional

The data misfit functional quantifies the discrepancy be-
tween observed and modeled gravity data:

3(d) = [l

— g™ — (@5, 5)

where g° is the observed gravity vector and g(d) is the
predicted response from the forward model. The normalization
by 1/m scales the misfit by the number of data points,
allowing comparison across datasets.

C. Regularization for Stabilization

Because gravity inversion is ill-posed, minimizing only the
misfit leads to unstable and non-unique solutions. Regulariza-
tion introduces additional constraints that enforce smoothness
and physical plausibility [32, 33].

1) SM Regularization: SM regularization penalizes abrupt
spatial variations, promoting gradual depth changes. Using the
finite-difference operator D, the discrete form is denoted by:

Rymoon(d) = || D d[2. ©6)

This helps suppress unrealistic oscillations and produces
geologically consistent basement relief models [34, 35].

D. Optimization Methods

Three MOO algorithms were applied to minimize the data
misfit and regularization terms simultaneously:

1) MOWGN;

2) NSGA-II,

3) MOPSO.

Each algorithm follows a distinct strategy to approximate
the Pareto front and identify trade-off solutions between the
objectives. Their main steps are summarized in the pseu-
docodes of Algorithms 1, 2, and 3.



Algorithm 1: MOWGN for Multi-Objective Inversion

Algorithm 3: MOPSO for Multi-Objective Inversion

Input: Initial model dg, observed data g"bs,
smoothness matrix D, forward model g(d),
perturbation -+, number of solutions 7;

Output: Pareto set {di,...,d,};

Generate 7 interpolated weights w;

for : =1t n do

Set d + do;

while not converged do

Compute Jacobian G using finite differences;
Update model:

Ad = (GTG 4+ w;DTD)'GT (g% — g(d));
d <« d+ Ad;
end
Store d; = d;
end
return {d;,...,d;}

1) MOWGN: MOWGN extends the classical Gauss-Newton
method to handle multiple objectives. It iteratively minimizes a
weighted combination of the objectives using the Jacobian ma-
trix and second-order approximations. The process is repeated
for different weights (w;) to generate a set of Pareto-optimal
models (Algorithm 1).

2) NSGA-II: NSGA-II is an evolutionary algorithm that
combines non-dominated sorting, elitism, and crowding dis-
tance to maintain solution diversity. It evolves a popula-
tion through crossover and mutation, selecting the best non-
dominated individuals in each generation (Algorithm 2).

Algorithm 2: NSGA-II for Multi-Objective Inversion
Input: Population size 7, generations I', crossover p.,
mutation p,,, bounds [Ib, ub], objective function F(d);
Output: Pareto set {di,...,d,};
Generate initial population Py within [Ib, ub;
Evaluate F(d) for all individuals;
forr=1¢t T do
Perform non-dominated sorting and compute
crowding distances;
Generate offspring via crossover and mutation;
Evaluate offspring objectives;
Combine and select top 7 individuals;
end
return Non-dominated set from final population

3) MOPSO: MOPSO extends Particle Swarm Optimiza-
tion (PSO) to multiple objectives using a repository of non-
dominated solutions and a grid-based strategy to maintain
diversity. Each particle updates its position based on inertia,
personal best, and leaders selected from the repository (Algo-
rithm 3).

Input: Population size 7, iterations I, inertia w,
coefficients ¢1, ¢, mutation probability u, bounds
[1b, ub], repository size p, grid divisions v;

Output: Repository of Pareto solutions R;

Initialize particles and evaluate F(d);

Initialize repository R with non-dominated solutions;

for r=1t¢t I do

foreach particle d; do

Select leader from R;

Update velocity and position;

Evaluate F(d;) and update personal best;
end

Apply mutation with probability p;

Update repository R and prune if |R| > p;

end
return Final repository R

III. METHODOLOGY

The computational experiments were carried out using a
real three-dimensional (3D) geological model representing the
Reconcavo Basin, located in northeastern Brazil. In this case
study, key control parameters were systematically adjusted
and optimized using three MOO algorithms: the MOWGN, the
NSGA-II, and the MOPSO.

Each experiment started from an initial geological model
defined by estimated basement depths, which was iteratively
refined throughout the optimization process. This procedure
allowed the assessment of each algorithm’s capability to bal-
ance conflicting objectives—specifically, minimizing the data
misfit while ensuring smoothness in the estimated basement
relief. The adopted framework also enabled a comprehensive
evaluation of the robustness and generalization performance
of the algorithms when applied to real gravimetric data.

Reconcavo Basin

The Reconcavo Basin is a classic example of a graben-
type depression forming part of the Recdncavo—-Tucano—Jatoba
aborted rift system. This rift developed during the Upper
Cretaceous as a direct consequence of the South Atlantic
opening, representing a fundamental component of the Brazil-
ian intracontinental rift network associated with the breakup
of Gondwana [36]. Due to its well-established tectonic and
stratigraphic evolution, the Reconcavo Basin is considered
one of the most representative extensional basins in South
America.

The Bouguer anomaly distribution across the basin exhibits
pronounced lateral variations associated with fault-bounded
structural blocks and irregularities in basement topography
[37]. These variations reflect the basin’s tectonic framework
and provide valuable constraints for the inversion procedure.

Figure 1 shows the Bouguer anomaly model of the
Recdncavo Basin used as a reference for comparison.
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Figure 1. Contour representation of the Bouguer anomaly model of the
Recodncavo Basin.

The discretized basin model consisted of n = 100 rectan-
gular prisms arranged in a 10 x 10 grid. Each prism had a
vertical thickness of 3 km, covering a total lateral extent of
approximately 52 km (north—south) by 41 km (east-west). A
constant density contrast of p = —0.2750 g/cm® was assumed,
and m = 889 gravity anomaly observations were used during
the inversion process.

The algorithmic configurations for the Recdncavo Basin
were carefully defined to account for the region’s large spatial
extent and geological heterogeneity. Each method was experi-
mentally fine-tuned to ensure stable convergence and effective
exploration of the search space. The initial model dy was
derived from the Bouguer anomaly and used to define the
search bounds for both NSGA-II and MOPSO, with k,;, = 0.5
and kmax = 1.5. In addition, both algorithms employed a
population size n = 500 and a maximum number of iterations
I' = 500. MOWGN was configured with a maximum of 10
iterations, a Pareto front size 2 = 175, and a weight vector w
composed of random values drawn from the range [100, 1000].
NSGA-II used a mutation rate p,, = 0.01, crossover rate
pe = 0.75, mutation factor x = 0.1, and tournament size
& = 3. Finally, MOPSO employed a repository size p = 175,
grid divisions v = 20, acceleration coefficients ¢; = 2 and
¢2 = 2, inertia weight w = 1, mutation rate x4 = 0.1, and
maximum velocity vpmax = 0.2 - (ub — I1b).

The integration of real gravimetric data provided a con-
sistent and comprehensive framework for evaluating the per-
formance of the proposed multi-objective inversion method-
ology. The Recdncavo Basin case study represented a partic-
ularly challenging benchmark due to its complex geological
framework, highly irregular basement morphology, and the
pronounced spatial variability of the observed gravity field.

IV. RESULTS AND DISCUSSION

The performance of the algorithms was evaluated through
both quantitative and qualitative analyses applied exclusively
to the real gravimetric dataset from the Recdncavo Basin,
located in northeastern Brazil. The inversion aimed to recon-
struct the three-dimensional basement relief of the basin from
observed Bouguer anomalies, ensuring geological consistency
while minimizing the data misfit and preserving smoothness
in the estimated subsurface structures.

A. Quantitative Analysis

In the quantitative analysis, three complementary criteria
were adopted: (i) the hypervolume indicator, which measures
the convergence and diversity of Pareto-optimal solutions; (ii)
the C-metric, which quantifies the dominance relationship
among Pareto fronts; and (iii) the computational efficiency,
expressed by the total execution time required to obtain the
approximate Pareto sets.

Statistical validation was performed using non-parametric
hypothesis tests with a significance level of o = 0.05. Since
the assumptions of normality and homogeneity of variance
were not satisfied, the Kruskal-Wallis and Mann—Whitney U
tests were applied, followed by the Dunn—Bonferroni post-hoc
correction when necessary.

Hypervolume: The hypervolume results revealed statis-
tically significant differences among the algorithms (p =
0.0160). The Dunn-Bonferroni post-hoc test indicated that
these differences were primarily between MOWGN and NSGA-
I (p = 0.0144). Figure 2 presents the Pareto fronts ob-
tained by each algorithm with respect to the reference point
used for hypervolume computation. These Pareto fronts were
constructed from ten independent runs of each algorithm;
all ten fronts were combined, and dominated solutions were
subsequently removed to form the final composite Pareto
fronts.
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Figure 2. Pareto fronts with representative points of the MOWGN, NSGA-II,
and MOPSO algorithms for the Reconcavo Basin.

Based on the median hypervolume values, the ranking
was as follows: NSGA-II (88.7319), MOPSO (38.6440), and
MOWGN (20.2386). These results demonstrate the superior
ability of NSGA-II to manage trade-offs between objectives,
achieving a more diverse and convergent set of solutions in
the real data inversion scenario.

C-Metric: The C-metric evaluated the dominance relation-
ships between Pareto fronts. The Mann—Whitney test revealed
that NSGA-II and MOWGN did not significantly dominate
each other (p = 1.0000), while both significantly dominated
MOPSO (p = 0.0001). This outcome confirms that NSGA-
I and MOWGN achieved better front coverage and higher
solution quality compared to MOPSO, which tended to pro-
duce solutions concentrated in limited regions of the objective
space.



Computational Efficiency: Regarding computational time,
significant differences were observed among the algorithms
(p = 0.0000). According to the Dunn-Bonferroni test,
MOWGN was significantly faster than both NSGA-II and
MOPSO. The median computational times were 3,132.21,
4,007.34 and 4,218.72 seconds, for the MOWGN, NSGA-II
and MOPSO, respectively.

The deterministic nature of MOWGN, combined with
its gradient-based structure, resulted in faster conver-
gence, whereas the population-based heuristics (NSGA-1I and
MOPSO) required more iterations to achieve satisfactory
Pareto approximations.

B. Qualitative Analysis

The qualitative analysis focused on the geological plausi-
bility and spatial consistency of the reconstructed basement
reliefs. The non-dominated solutions from each algorithm were
merged, and representative points along the Pareto fronts were
selected for visualization and interpretation. The contour maps
illustrate how effectively each method reproduced the basin’s
structural configuration and depth variations.
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Figure 3. Contour visualization of MOWGN estimated solutions.

MOWGN: The MOWGN algorithm achieved satisfactory
convergence and produced a well-distributed Pareto front,
evidencing its capacity to explore diverse trade-offs between
the data misfit and smoothness objectives. The contour visu-
alization (Figure 3), with representative points corresponding
to those in Figure 2, shows that the reconstructed basement
relief effectively captured the main tectonic and morphological
features of the basin. The estimated surface exhibited coherent
structural trends and avoided spurious oscillations, reflecting
the stabilizing influence of the regularization term.

NSGA-II: The NSGA-II algorithm exhibited excellent con-
vergence and diversity, with balanced trade-offs across the
Pareto front. Its estimated basement reliefs (Figure 4), with
representative points corresponding to those in Figure 2,
preserved the principal stratigraphic and structural patterns of
the Reconcavo Basin, showing smooth depth transitions and
well-defined fault-related depressions. The results highlight

the algorithm’s strong capacity for global exploration while
maintaining fine local adjustments.
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Figure 4. Contour visualization of NSGA-II estimated solutions.

MOPSO: The MOPSO algorithm reached acceptable con-
vergence, with its best solutions concentrated near the knee
region of the Pareto front. Although some smoothing effects
were observed, the reconstructed reliefs (Figure 5), with repre-
sentative points corresponding to those in Figure 2, reproduced
the main morphological trends of the basin, including the
central depression and the flanking structural highs.

MOPSO Estimated Solutions (A-D)

Longitude (km)
Longitude (km)

10 20 30 40 10 20 30 40
Latitude (km) Latitude (km)

T
bl AR

“
Ay

I

Longitude (km)
Longitude (km)

10 20 30 40 10 20 30 40
Latitude (km) Latitude (km)

Figure 5. Contour visualization of MOPSO estimated solutions.

Despite its slightly higher computational cost and lower
diversity compared to NSGA-II, MOPSO demonstrated ro-
bustness and consistency, successfully reproducing the main
tectonic features and maintaining geological plausibility in
the reconstructed basement model. These results confirm
the algorithm’s potential for real-world gravimetric inversion
problems where trade-off management between precision and
smoothness is essential.

V. CONCLUSION

This study assessed the performance of three MOO algo-
rithms—MOWGN, NSGA-II, and MOPSO—for the inversion
of gravimetric data from the RecOncavo Basin. The inverse



problem was formulated as a bi-objective task designed to
simultaneously minimize the data misfit and the first-order
Tikhonov regularization term, ensuring both accuracy and
smoothness in the reconstructed basement relief.

o Hypervolume: NSGA-II achieved the highest perfor-
mance (88.73), followed by MOPSO (38.64) and
MOWGN (20.23).

e C-Metric: NSGA-II and MOWGN showed comparable
dominance relationships, both outperforming MOPSO.

o Computational Efficiency: MOWGN was the fastest
(3132 s), followed by NSGA-II (4007 s) and MOPSO
(4218 s).

All algorithms produced geologically consistent models
of the basin’s basement relief. NSGA-II demonstrated the
best overall accuracy and stability, effectively delineating the
major structural and stratigraphic features of the Reconcavo
Basin. MOWGN stood out for its computational efficiency
and well-distributed Pareto fronts, making it a suitable choice
for preliminary or time-sensitive analyses. MOPSO, despite
exhibiting moderate smoothing, achieved stable convergence
and satisfactory morphological reconstruction.

In summary, NSGA-II proved to be the most robust and
balanced algorithm, combining high-quality solutions with
strong geological plausibility. MOWGN offered a faster yet
reliable alternative, while MOPSO provided consistent results
with lower computational precision.

Future research should focus on developing hybrid or adap-
tive strategies that integrate the rapid convergence of MOWGN
with the global search capability of NSGA-II. Such approaches
may further enhance Pareto diversity, reconstruction accuracy,
and computational efficiency in large-scale geophysical inver-
sion problems.
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