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Abstract—Generating a diverse set of high quality
solutions for an optimisation problem has been studied
extensively in recent years by the evolutionary com-
putation community. A paradigm that has received
increasing attention is evolutionary diversity optimisa-
tion (EDO), where the goal is to maximise the diversity
of a solution set subject to quality constraints. Since
the contribution of each solution to the diversity of the
population depends on other solutions and can change
dramatically if several solutions in the population are
modified simultaneously, most EDO approaches gener-
ate a single new solution per generation and discard
the solution with the least contribution to diversity,
ensuring a steady increase in population diversity over
successive generations until convergence. In this study,
we aim to answer two questions: (1) Is generating mul-
tiple solutions in each generation beneficial for EDO?
(2) How can this be achieved efficiently, given that
conventional survival selection methods do not work
well in EDO due to the dependency of a solution’s
contribution to diversity on other solutions?

I. INTRODUCTION

The standard goal in single-objective optimisation is
to find one single solution that is optimal or of high
quality. Over the last decade, there has been a significant
rise in the number of studies seeking a diverse set of
high quality solutions for a given single-objective opti-
misation problem. Having a diverse set of high quality
solutions can be valuable for a wide range of reasons,
such as providing information about the solution space,
offering decision-makers a variety of diverse alternatives,
and improving robustness against imperfect modelling and
dynamic changes of the problem.

Traditionally, evolutionary computation (EC) research
considers diversity as a means to escape local optima and
prevent premature convergence, or to explore niches in the
fitness landscape, which is often referred to as multimodal
optimisation. Niching has been studied extensively in the
literature; interested readers are referred to [1] for a
review of niching methods. In recent years, quality diver-

Paderborn University

Frank Neumann
Optimisation and Logistics
School of Computer Science and Information Technology
Adelaide University

sity (QD) and evolutionary diversity optimisation (EDO),
have emerged in the EC literature.

QD explores a predefined behavioural space and seeks
the best-performing solutions in different regions of this
space. The framework was first proposed in [2], while an
algorithm to depict the distribution of high-performing
solutions in a behavioural space was introduced simulta-
neously in [3]. Later, the framework was formalised and
named in [4], [5]. QD has been studied in various domains
such as combinatorial optimisation problems [6], [7], im-
provement of health outcome through time-use plans [8],
conditional search-space problems [9]; however, most QD
studies focus on robotics and video games [10], [11].

On the other hand, EDO maximises the structural
diversity of a fixed-size set of solutions, subject to solution
quality. This means that the objective function of the given
optimisation problem is treated as a constraint, while the
diversity measure plays the role of the fitness function.
Although EDO was first introduced in a continuous do-
main [12], it has been studied extensively in the context of
combinatorial optimisation in recent years. Several studies
have incorporated EDO to generate diverse sets of trav-
elling salesperson problem (TSP) instances and images
[13], [14], [15], [16], [17]. There have also been several
papers employing EDO to generate diverse solutions for
different combinatorial problems. EDO has been utilised
to generate diverse set of solutions for many optimisation
problems: travelling salesperson problem (TSP) [18], [19],
[20], Quadratic Assignment Problem [21], the minimum
spanning tree problem [22], monotone sub-modular func-
tions [23], the travelling thief problem [24], the detec-
tion and concealment of communication networks in large
settings [25], and the boolean satisfiability problem [26].
In most of these studies, a vanilla (1 + 1) EA has been
utilised to maximise diversity, where at most one solution
was replaced in each generation. Removing the individual
with smallest contribution to diversity is used in [25]
who consider (u + A) EA with A up to 10. It is worth



mentioning that subset selection has gained increasing
attention within the evolutionary multi-objective optimi-
sation (EMO) community in recent years [27].

A. Our Contribution

Most studies in the EDO literature work with a (u +
1) EA, where a single solution is generated in each iter-
ation. A solution with the least contribution to the pop-
ulation diversity is then discarded, and the EA proceeds
to the next generation. We investigate EDO algorithms
with an offspring population size greater than 1 and
explore its potential benefit. Accordingly, we aim to answer
the following two questions: (1) How does the use of a
(1 + A) EA affect the diversity of solutions? (2) What is
an efficient way to select the next generation in EDO?
To answer these questions, we introduce two survival
selection methods: (1) a tournament-based subset selection
method, where subsets of solutions from the offspring
and the parent population are iteratively selected and
compete with each other, and the solution with the least
contribution is discarded until x4 solutions remain; the key
point here is that after each deletion, the contribution
of the remaining solutions must be updated, and (2) an
EA-based subset selection method, where an inner EA is
introduced to determine the next generation; we compare
these methods with the greedy approach in [25] where
the solutions with the least contribution are removed
one by one until p solutions remain. We incorporate a
mechanism into the EA-based selection method that takes
into account the length of solutions in addition to their
contribution to diversity, helping to avoid local diversity
optima. We conduct a comprehensive empirical study to
compare these methods with the conventional (¢ + 1) EA
used in the literature. Experiments show that EA-based
selection outperforms the other methods in most instances.

The remainder of this paper is structured as follows:
Section II defines EDO and the TSP problem as the
benchmark case study. Section IIT presents the (x4 ) EA
and introduces three survival selection approaches for the
algorithm. IV compares (u + A\) EA using the selection
methods and the conventional (¢ + 1) EA thorough a
comprehensive experimental investigation. We conclude
with some remarks and future research perspectives.

II. PRELIMINARIES

We consider the TSP as the benchmark problem in this
study. The TSP is defined on a directed complete graph
G = (V,E) where V is a set of n = |[V| nodes and F is the
set of pairwise edges between the nodes. A non-negative
distance (weight) w(e) is associated with each edge e € E.
The objective of the TSP is to find a roundtrip tour that
visits all the nodes exactly once and returns to the first
city (formally, a permutation 7 = (mw(1),...,m(n)) of the
nodes is sought), with minimum distance travelled:

n—1
e(m) =w(r(n),m(1)) + Z w(m(i),7(i+ 1)) — min!

i=1

In this study we consider the symmetric TSP where
w(u,v) = w(v,u) holds for all u,v € V. As mentioned,
EDO treats the actual objective function of the problem as
constraints and employs a diversity measure as the fitness
function:

max D(P) subject to ¢(m) < (14 «) - OPT Vr € P.

Here, P is a p-size population of TSP tours, D(P) is a
measure to quantify the diversity of the population, OPT
is the objective value of an optimal solution for the TSP
problem, a denotes a threshold for acceptable objective
values for the TSP solutions.

A. Diversity Measure

EDO requires a measure to quantify the diversity of the
TSP solutions. Here, we adopt the entropy for two reasons:
1) it yields stronger results in TSP benchmark instances
compared to distance-based diversity measures [28]. 2) it
has been incorporated in several EDO papers [19], [20],
[26]. Let f(ei;) be the number of tours in P that contain
the directed edge e;;. The entropy of a set of tours P is

calculated as
(f(eij)) 1 (f(%j))
ccp 2nu 2nu

HP)=- >

Note that each solution m € P includes 2n edges since
we consider the symmetric TSP; given that, there are u
tours in P and thus P has 2nu edges in total. Obviously,
a population with the least diversity is when we have p
copies of a single tour in P, and the entropy value in this
case is Hyin = In(2n). The maximum entropy can then be
calculated as follows:

Huax = — ((200) = (fo - | EI)) - (fZT;l) i (fOH)

2ny

Interested readers are referred to [19] for the proof and
further details on Hax-

III. EDO wiTH A (z+ \) EA

Most studies in the EDO literature use a (u+ 1) EA to
maximise the diversity of tours, where the offspring can
replace either the parent or one of the individuals in the
population P (see, e.g., [22] or [23]) since an increase in
offspring pool raises the complexity of the problem due to
dependency of diversity contribution of the solutions. This
section aims to answer two questions: 1) Is it beneficial to
increase the pool of offspring? 2) Given the complexity of
the diversity problem, what is the best survival selection
approach to determine the next generation? To answer
these questions, we propose three subset selection methods
to determine the next generation in each iteration of the
EDO (u+ A) EA.



Algorithm 1 Diversity maximising (u + \) EA

Input: Population size u, size of offspring pool A > 1
1: Initialise the population P with p TSP tours such that
c(r) < (14 a)-OPT for all m € P.
Set Q = 0.
while termination condition not met do
while |Q| < A do
Choose 7 € P uniformly at random and produce
an offspring 7’ of m by mutation.
If e(n") < (14 «) - OPT, add 7’ to Q.
7. Set P = SELECT(P U Q).

AN A

<

Algorithm 2 Greedy subset selection.
Input: Multi-set S with |S| =+ A
1: while |S| > u do
2:  Remove one individual 7 from S, where © =
arg max,cg H(S\ {q})-

Algorithm 1 shows the pseudo-code of the EDO (u +
A) EA with a parameterisable subset selection procedure
(see call to function SELECT in line 7 of Algorithm 1). In
this study, we employed 2-opt as the mutation operator.
The main challenge is, given a population P with |P| = p,
a set of offspring individuals @ with |Q| = X\ > 1, to select
a subset S* of the union set S = P U @ such that

S* = argmax H(S\S).
5/'CS,|S!|=p
There are (“:’\) possible subsets. As a consequence, iter-
ating over all these subsets is computationally infeasible
as the number of subsets grows exponentially if A\ is in
the regime of en. We therefore tackle this subset-selection
problem by means of three different heuristics.

A. Greedy selection

The greedy selection strategy (see Algorithm 2) is a
straight-forward generalisation of the greedy survival se-
lection that has already been used in [25]. In the ith
iteration the algorithm removes an individual from the set
S whose deletion leads to smallest loss in diversity. Note
that this selection method is computationally costly. It
requires, assuming that all A offspring individuals adhere
to the quality constraint, (u + A — ¢) H-evaluations in
the ith iteration for ¢ = 0,..., A — 1 and thus the overall
number of H-evaluations is

A—1

2 A+1
ST(u+r—i)=2A (‘”2+> = O\ +\2).
=0

Note that the (u+1) EA adopted in most of EDO studies
in the literature is a special case of the (u + A) EA in
Algorithm 1 with the greedy selection method.

B. Tournament selection

We adopt a tournament selection strategy iteratively
(see Algorithm 3). In X iterations the algorithm samples

Algorithm 3 Tournament subset selection.

Input: Multi-set S, |S| = p + A, tournament size r > 2
1: while |S| > u do
2:  Select a subset R C S of r individuals uniformly at
random with replacement.
3:  Remove one individual 7 from S, where 7 =

argmax,cp H(S\ {q}).

Algorithm 4 (p + )\) EA-based subset selection.

Input: Multi-set S with |S| =+ A
1: Initialise « € {0, 1}/5 where |z|; = .
2: for L iterations do
3:  Generate y from x by flipping one-bits indepen-
dently with probability of w/u, where w is selected
based on power of law distribution. Then flip the
same number of bits from zero to one randomly to
maintain |y|; = |z|; = p.
. if F(y) > F(x) then
5: Replace x with y.

a subset R with |R| = r, r > 2 being the tournament
size, individuals from the set uniformly at random with
replacement. Eventually, the individual is dropped whose
deletion yields the maximal H-value. The number of H-
evaluations is A - r since the H-value is calculated r times
per iteration and it takes A iterations until the set is
reduced to p individuals; this is ©(A) for constant 7.

C. EA-based selection

The subset-selection process itself is optimised with
a (1 + 1) EA. To this end we maintain a bitstring
r € {0,1}*** and optimise the diversity of the set
S = {m € S | x; = 1} under the equality constraint
|z]1 = p (see Algorithm 4). The algorithm is initialised
such that exactly p individuals are selected (i.e., |2|; = p).
In L iterations the algorithm generates an offspring y by
flipping zero-bits to ones and the same amount of one-
bits to zero in the parent x. The number of flipped bits is
2 -1 where [ is sampled from a Binomial distribution with
parameters 1+ A and % € [0, 1] where w is selected based
on a power-law distribution as it is done in the heavy-
tailed mutation [29]. This is done to allow the algorithm
to escape local optima by increasing the probability to
flip multiple ones and zeros. Similar to all EAs, the EA-
based selection method requires a fitness function. The
most obvious choice is to use the diversity of y as the
fitness function. However, focusing solely on H(y) results
in a rapid increase in solution length and increases the
likelihood of getting stuck in local diversity optima. There-
fore, we introduce a mechanism based on tour length to
avoid stagnation in local optima. We first calculate Hy
and [y which are the diversity of the population P and the
summation of length of individuals in P, respectively. The



fitness of offspring in Algorithm 4 can be calculated from:

S ifAH >0and Al >0
Flz)=<{M ifAH>0and Al <0 (1)
-M if AH <0

where AH and Al are H(y)—Hp and I(y)—lo, respectively.
We use F' as the fitness function, a higher F', a fitter solu-
tion. The first case is when the diversity of the population
increased (AH > 0) and the total length of the tours also
increased or remained unchanged (Al > 0) which means
that the quality of the tours does not improve; then F(y)
is %. If the diversity of solutions increases or remains
unchanged (AH > 0) and the quality of the solutions
improves (Al < 0), then F(y) is a large number M, and
we break the search and choose the set y for the next
generation. Finally, if diversity decreases, F(y) is equal to
a large negative number —M to ensure that we do not
select a set that decreases diversity. Note that L is set
to 2u\ in this study based on preliminary investigations.
Note that if AH > 0 and Al < 0, we stop the search for
the iteration and go to the next generation.

IV. EXPERIMENTAL INVESTIGATION

We conduct two series of empirical investigations to
study the impact of an offspring pool A > 2. We first
look at the algorithms’ performance in the setting of
unconstrained diversity optimisation. Then, we analyse
constrained diversity optimisation. For the sake of fair
comparison, we consider the number of diversity evalu-
ations (H-evaluations) as the termination criterion.

A. Unconstrained Diversity Optimisation

We first scrutinise the algorithms’ performance in the
unconstrained case, where no constraints are imposed
on the quality of the tours. We conduct the experi-
ments on a complete graph with n = 50 nodes, and
consider the following values for the other parameters:
€ {20,21,...,30}. The termination criterion and \ are
set to 5 x 107 diversity evaluations and 12, respectively,
based on the preliminary investigations. According to
the pigeonhole principle, the most challenging case in
unconstrained diversity optimisation occurs when 2np is
a factor of |E| (the number of edges). While For n = 50,
the most difficult cases arise when pu is any factor of 24.
Thus, we set u € {20,21,...,30} to take such challenging
cases into account. Table I summarises the results for
these experiments. One can observe that the EA-based
subset selection algorithm outperforms the competitors
followed by the conventional (u + 1) EA and the greedy
algorithm. The EA algorithm always hits Hpax on all
instances except where p € {24, 25}. In these cases, the EA
selection hits the optimum, 10 and 16 times, respectively.
The (1+1) EA cannot bring about the optimal population
when p € {23,24,25} out of 30 runs and it hits the
optimum only one time when y = 26. The (u + 1) EA
performance gets better as we deviate from pu = 24, and
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Fig. 1. Distributions of H-values of the final populations based on 10
independent runs for (u+A) EA (E) and Greedy (G) subset selection
on instance st70. The plots show results for a € {0.02,0.12,0.25, 1,3}
(row-wise) and A € {2,5,50,125} (from left to right).

it results in the optimum for the two largest u values
in all 30 independent runs, similar to the EA algorithm.
Moreover, the statistical observation confirms a significant
difference between the EA algorithm and the (1 + 1) EA
in cases u € {23,...,25}. The tournament and the greedy
algorithms never resulted in the optimums values in this
setting. In fact, the tournament algorithm’s results are far
away from the optimums.

In conclusion, we can confirm that an offspring pool
of A > 2 can boost the algorithm performance in the
unconstrained optimisation if a suitable subset selection
method such as the EA-based approach is employed.

B. Constrained Diversity Optimisation

We now conduct a series experiments to evaluate the
proposed methods’ performance in constrained diversity
optimisation. In the first set of experiments which the re-
sults are summarised in Table II, we test the algorithms on
the instances st70, €il101, and a 280 from the TSPlib [30].
We set the tournament size to r = 3, the offspring pool
size to A = 50, and experiments with several values
for the quality constraint o € {0.05,0.12,0,25} and the
population size u € {50,100}. The termination criterion is
set to 107 H-evaluations. Table II presented in this section
reveals some interesting findings. Firstly, the tournament
selection method outperforms the other methods when the
smallest considered a-value (o = 0.05) is used, with the
EA algorithm following closely behind. Conversely, the
vanilla (g + 1) EA performs the worst in these cases.
This may be due to its inferior exploration capabilities,
as k-tournament selection encourages exploration over
exploitation. As « increases to 0.12, the EA-based selec-
tion method produces the best results, followed by the
greedy and tournament methods. The greedy algorithm



TABLE 1

COMPARISON OF THE PROPOSED SUBSET SELECTION SCHEMES AND (y, + 1) EA IN THE UNCONSTRAINED OPTIMISATION SETTING. THE COLUMN
RATE SHOWS THE NUMBER OF TIMES OBTAINING THE OPTIMAL DIVERSITY OUT OF 30 INDEPENDENT RUNS. STAT SHOWS THE RESULTS OF A
KRUSKAL-WALLIS TEST AT SIGNIFICANCE LEVEL OF 95% WITH BONFERRONI CORRECTION. X T MEANS THE MEDIAN OF THE MEASURE IS
BETTER THAN THE ONE FOR VARIANT X, X~ MEANS IT IS WORSE AND X ™ INDICATES NO SIGNIFICANT DIFFERENCE.

| (n+ ) EA | Tournament | Greedy | (n+1) EA
w | H Stat (1) rate | H Stat (2) rate | H Stat (3) rate | H Stat (4) rate
20 7.6 2+3+4* 30 6.83 17374~ 0 7.49 1-2+4- 0 7.6 1*2+3+ 29
21 7.65 23+ 4* 30 6.86 17374~ 0 7.53 1-2t4- 0 7.65 1*9+3+ 18
22 7.7 2+3+4* 30 6.89 17374~ 0 7.57 1-2%+4- 0 7.69 1*2+3+ 11
23 7.74 2t+3t4t 30 6.92 17374~ 0 7.6 1-2t4- 0 7.73 1—2+3+ 0
24 7.78 2+3t4+ 10 6.93 17374~ 0 7.63 1-2+4- 0 7.77 17213+ 0
25 7.8 2+3t4t 16 6.96 17374~ 0 7.65 1-2t4- 0 7.78 1—2t3+ 0
26 7.78 2t+3t+4t 30 6.98 17374~ 0 7.67 1-2+4- 0 7.78 17213+ 1
27 7.77 2+3+4* 30 7 17374~ 0 7.69 1-2+4— 0 7.7 1*2+3+ 24
28 7.76 2+3+4* 30 7.03 17374~ 0 7.7 1-2%+4- 0 7.76 1*2+3+t 29
29 7.76 23+ 4* 30 7.04 17374~ 0 7.71 1-2t4- 0 7.76 1*2t+3+ 30
30 7.75 2+3+4* 30 7.07 17374~ 0 7.71 1-2+4- 0 7.75 1*2+3+ 30
TABLE II

COMPARISON OF THE PROPOSED SUBSET SELECTION SCHEMES AND (g 4 1) EA. THE TERMINATION CRITERION IS 107 H-EVALUATIONS. THE
NOTATIONS ARE IN LINE WITH TABLE [

| EA Tournament | Greedy (r+1) EA
Instance e [T H Stat (1) H Stat (2) | H Stat (3) H Stat (4)
st70 0.05 50 5.67 2-3+t4+ 5.7 1t3+4+t 5.64 1-274% 5.62 17273~
st70 0.05 100 5.7 2%3+t4+ 5.73 1*¥3+4+ 5.65 17274* 5.65 1727 3*
st70 0.12 50 5.98 2+3*4+ 5.95 17374t 5.97 1*2t+4+ 5.93 17273~
st70 0.12 100 6.01 2t3+4+ 5.98 1-3*4t+ 5.98 1-2%4+ 5.96 17273~
st70 0.25 50 6.28 2+3*4+ 6.2 17374~ 6.28 1*2t4+ 6.25 1-2+3—
st70 0.25 100 6.3 2t3*4t 6.25 17374~ 6.3 1*2t4+ 6.28 1-2+3—
eil101 0.05 50 6.02 2-3t4+ 6.04 1t3t4+t 5.97 17274% 5.93 17273~
eil101 0.05 100 6.05 27314+ 6.06 1314+t 5.98 17274* 5.97 1727 3*
eil101 0.12 50 6.35 2+3+t4+ 6.31 1-374* 6.34 1214+ 6.3 1-2%3~
eil101 0.12 100 6.37 2t3+4+ 6.34 1-3*4t+ 6.34 1—2%4+ 6.33 17273~
eil101 0.25 50 6.73 2F3*4+ 6.63 17374~ 6.73 1*2+4+ 6.7 172+3~
eil101 0.25 100 6.75 2t3+4+ 6.68 17374~ 6.74 1—2t4+ 6.73 1-2+3—
a280 0.05 50 6.87 2-3t4%t 6.88 1t3t+a+ 6.84 17274% 6.82 17273~
a280 0.05 100 6.89 2—3+t4+ 6.9 1+3+t4+ 6.85 17274* 6.84 1727 3*
a280 0.12 50 7.15 2+3t4+ 7.11 17374% 7.13 172147+ 7.1 17273~
a280 0.12 100 7.16 2t3+4+ 7.15 1-3*4t+ 7.14 172%4+ 7.14 17273~
a280 0.25 50 7.49 2+3+4+ 7.4 17374~ 7.48 17214+ 7.45 1723~
a280 0.25 100 7.45 2*37 4~ 7.45 1*374~ 7.49 1t+2+4* 7.48 1t2+3*
produces sets with slightly higher diversity when compared 506 A=2 ; AZ125
. ST TS TR T TE TR TR
to tournament selection. However, the (u+1) EA performs o HHHHH {HHEEH»H = II/IIi?
; ; . ) FHT 68| =
poorly in this case. For o = 0.25, the greedy algorithm s oo Tﬁﬂ IIXY
performs best for ;1 = 50, while the EA outperforms the _ { Per Zzl
. . 59r
others for p = 100, with the (4 + 1) EA ranking closely i p IIYI
behind. The tournament selection method performs worst o % 5.2 I/IZ' — TGty
in these cases. Overall, the EA exhibits the most stable 586 sl 7 ~ T EA
performance across all instances, always ranking as the t5 10 15 20 25 3 1 5 10 15 20 25 30

best or second-best method. This may be attributed to the
balance between exploration and exploitation that the EA
offers. Selection methods with more exploration appear
to perform better with tight quality constraints, whereas
algorithms that require more exploitation perform better
when « is large.

In the next series of experiments, we investigate the
performance of the EA and greedy methods on st70 when
a € {0.02,0.12,0.25,1,3} and A € {2,5,50,125}. Figure 1

No. H-evaluations (x 105)

Fig. 2. Representative trajectories of the proposed subset selection
methods on instance st70 with & = 0.12 and X € {2,125}.

shows that the performance of the EA is slightly better
for larger A-values (75,125), while it strongly depends on
the a-value for the greedy approach. The greedy methods
preforms slightly better with large A when « is small



(0.05), it is the other way around in the cases of large a-
values (o = 3). As A — 1, the greedy algorithm becomes
equivalent to the vanilla (u + 1) EA. We observed that
(v + 1) EA outperforms the greedy method in uncon-
strained diversity. One could guess that smaller values of A
works better for the greedy method for relaxed constraints.
In general, the EA’s performance is more stable and gets
less affected by different values of a, u, and A.

Figure 2 illustrates representative trajectories of the
proposed selection methods on st70 where o = 0.12 and
A = {2,125}. The tournament selection has the fastest
convergence, and increase in A affects the convergence pace
less compared to the other methods. The increase in A
has the most significant impact on the EA’s convergence
pace since there is linear relation between L and A\ (we
set L = 2uA). Therefore, when A increases, more H-
evaluations are spent on each loop of the EA selection.
The increase in A also makes an impact on the greedy
convergence pace, but not as severely as it does on the
EA selection.

CONCLUSION

We studied survival selection methods for EDO working
with an offspring population size greater than 1. We
introduced three subset selection methods that enable
us replacing more than one individuals with offspring
for the next generation. Our results show that an EA-
based method as a sub-procedure of a (¢ + A) EA with
A > 2 outperforms the standard (p+ 1) EA and the other
proposed methods in most cases.
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