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Abstract—Multi-agent path planning in continuous spaces
poses significant challenges due to inter-agent coupling, kine-
matic constraints, and temporal collision avoidance requirements.
This paper proposes a cooperative co-evolutionary planning
framework in which each agent evolves its own path and a
constant tracking speed while implicitly coordinating with other
agents through shared evolutionary information. Robot paths
are represented using Non-Uniform Rational B-Splines, enabling
smooth and kinematically feasible trajectories for non-holonomic
robots. Simulation and real-world experiments demonstrate that
the proposed approach reliably generates coordinated, collision-
free solutions in complex and cluttered environments, achieving
stable convergence within a small number of evolutionary epochs.
The results further demonstrate safe and robust path execution
under bounded disturbances, ensured by safety margins derived
from the employed vector field.

Index Terms—Multi-agent path planning; Cooperative
co-evolution; Non-holonomic robots; Kinematic constraints;
NURBS.

I. INTRODUCTION

Many real optimization problems in engineering are inher-
ently large-scale and highly coupled, such as Multi-Agent Path
Planning (MAPP). The objective is to compute collision-free
and coordinated paths that allow multiple agents to move from
their initial configurations to designated goals within the same
environment [1]. Unlike single-robot planning, MAPP must
explicitly account for the interactions among agents, which
introduces strong coupling between decision variables and
significantly increases the dimensionality of the optimization
problem.

Several approaches have been proposed to address the
MAPP problem, including centralized and decentralized op-
timization methods, decoupled planning strategies, and graph-
or grid-based planners, as well as evolutionary- and learning-
based approaches [2]. Many of these approaches rely on dis-
cretized representations of the environment, which often result
in poor path quality when applied to continuous spaces. To
address these challenges, some methods introduce a smooth-
ing step to improve the quality of the generated paths. For
example, Janovská and Surynek [3] combine conflict-based
search (CBS) with an RRT* global planner and subsequently
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smooth the paths using B-spline curves. Even so, particularly
when non-holonomic constraints are considered, the paths
generated by such planners may become infeasible to execute,
as they often contain turns that violate the robot’s kinematic
limitations.

Incorporating kinematic constraints directly into the plan-
ning process further increases the complexity of multi-agent
path planning. Recently, Moldagalieva et al. [4] proposed an
approach based on CBS that considers kinematic constraints
using three levels of operations, where constraints arise di-
rectly from conflicts and represent states to be avoided during
the search.

In the context of offline planners, our previous work [5]
demonstrated that Non-Uniform Rational B-Splines (NURBS)
provide a flexible and unified representation capable of gen-
erating continuous and differentiable paths with controllable
curvature. This idea was later extended to an online planning
framework [6], where both the path and the corresponding
speed were generated for a single robot. Moreover, in a
different context, air corridor planning, a cooperative co-
evolutionary approach was proposed to generate multiple paths
in three-dimensional space [7]. In this paper, we build upon
and unify these approaches by incorporating temporal collision
avoidance in multi-agent systems and enhancing robustness
to disturbances in the low-level controller speed. The main
contributions of this work are summarized as follows:

• a cooperative co-evolutionary framework, combining a
planner with a robust curve-tracking controller, for multi-
agent path planning in continuous spaces, providing fea-
sible paths and a constant tracking speed for each agent;

• a constrained optimization formulation that combines
temporal collision avoidance, obstacle avoidance, and
kinematic constraints;

• a NURBS-based path representation with a fully uniform
knot vector, enabling smooth and flexible generation of
kinematically feasible paths for non-holonomic robots;

• validation through simulations and real-robot experi-
ments, demonstrating robustness under control distur-
bances.

II. PROBLEM STATEMENT

We consider the multi-agent path planning problem in
a continuous 2D workspace for N non-holonomic robots.
Each robot i must navigate from a given start pose (position



and orientation) [xs
i , y

s
i , γ

s
i ] to a goal pose [xe

i , y
e
i , γ

e
i ] while

satisfying the following feasibility requirements:
• Temporal collision avoidance: robots must avoid col-

lisions with each other, considering their velocities and
timing along the planned path.

• Obstacle avoidance: robots must avoid collisions with
static obstacles in the environment;

• Kinematic constraints: the planned path should respect
the kinematic constraints of the robots.

In this work, it is assumed that the kinematic constraint is
expressed as a bound on the maximum curvature of the robot.
Each robot is modeled as a differential-drive platform with
linear speed vi and angular speed ωi ≤ ωmax

i . This implies
that the maximum admissible curvature is given by:

κmax
i (vi) =

ωmax
i

vi
. (1)

Moreover, each robot has a predefined desired speed vprefi

to follow a path. In addition, the robots can adjust their
speed within a constrained range [vmin

i , vmax
i ]. Then, the main

objective is to find feasible paths and corresponding linear
speeds {Ci, vi}Ni=1 that minimize the total travel time of
all robots, while accounting for disturbances in the speed
reference vi and maintaining proximity to the preferred speed
vprefi .

III. PROPOSED METHODS

The proposed MAPP framework is composed of three
main components: (A) path representation based on NURBS
curves employing a fully uniform knot vector; (B) solution
of the defined constrained optimization problem through a
cooperative co-evolutionary approach; and (C) path following
with optimized speeds based on a robust vector field. During
the optimization process, disturbances affecting each robot’s
speed are accounted for through a safety margin defined by
the selected robust vector field.

A. Path representation

Each robot follows with a constant linear speed vi a path
Ci(s), represented by a k-degree NURBS curve parameterized
by s ∈ [0, 1]:

C(s) =

∑Np−1
i=0 wiBi,k(s)Pi∑Np−1
i=0 wiBi,k(s)

=

Np−1∑
i=0

Ri,k(s)Pi, (2)

where Ri,k(s) =
wiBi,k(s)∑Np−1

i=0 wiBi,k(s)
are the rational basis func-

tions. A NURBS curve consists of a set of Np ≥ k + 1
control points: P = {P0,P1, ...,PNp−1}. Each weight
wi ∈ R∗

+ is associated with a control point, which forms the
set w = {w0, w1, ..., wNp−1}, and Bi,k(s) are the normalized
B-spline basis functions of k−degree, recursively obtained [8]
In this study, unlike previous works, we employ a uniform knot
vector, as an alternative to the clamped uniform knot vector:

h =
1

Np + k
[0, 1, 2, . . . , Np + k] . (3)

To ensure that the path starts and ends at the desired poses
using this uniform knot vector, we assign (k + 1) repeated
control points at both the start and end positions. This config-
uration can benefit the speed controller, as all derivatives up to
order k at the start and end points become zero. Additionally,
two extra control points are inserted, aligned collinearly with
the start and end points, respectively P0

i = [xs
i , y

s
i ]

T and
P

Np−1
i = [xe

i , y
e
i ]

T , ensuring the desired orientations:

Pk+1
i = P0

i +
2

3
λ

[
cos γs

i

sin γs
i

]
,

Pk+2
i = Pk+1

i +
1

3
λ

[
cos γs

i

sin γs
i

]
,

P
Np−k−2
i = P

Np−1
i − 2

3
λ

[
cos γe

i

sin γe
i

]
,

P
Np−k−3
i = P
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i − 1

3
λ
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cos γe

i

sin γe
i

]
.

(4)

where a constant λ balances the size of the inserted collinear
segments. Then, the complete set of control points Pi that
define the curve Ci(s), considering Npfree

= Np − 2(k + 3)
free control points, is given by:

Pi =
[
P0

i , . . . ,P
0
i︸ ︷︷ ︸

(k+1)

,Pk+1
i ,Pk+2

i︸ ︷︷ ︸
collinear points

,

Pk+3
i , . . . ,P

k+2+Npfree

i︸ ︷︷ ︸
free control points

,

P
Np−k−2
i ,P

Np−k−1
i︸ ︷︷ ︸

collinear points

,

P
Np−1
i , . . . ,P

Np−1
i︸ ︷︷ ︸

(k+1)

]
,

(5)

λ is set to twice the robot radius and assigned unitary weights
to the fixed control points w0

i = w1
i = · · · = wk

i = wk+1
i =

wk+2
i = w

Np−k−3
i = w

Np−k−2
i = · · · = w

Np−1
i = 1.

B. Cooperative Co-evolutionary approach

The problem described in Section II can be defined as the
following constrained optimization problem:

χ∗ = argmin
χ

[
α1

N∑
i=1

Ti + α2

N∑
i=1

(
vi − vprefi

)2]
,

s.t.:
Ci(s) ∈ Ωfree, ∀i ∈ [1, N ]

κi(s) ≤ κmax(vi), ∀i ∈ [1, N ]

vmin
i ≤ vi ≤ vmax

i , ∀i ∈ [1, N ]

L ≤ χi ≤ U,∀i ∈ [1, N ]

∥Ci(t)− Cj(t)∥ ≥ dmin, ∀t ∈ [0, Ti], ∀i ̸= j,

where s(t) satisfies t =

∫ s(t)

0

∥C ′
i(u)∥
vi

du,

(6)

where Ti denotes the travel time of agent i, defined as
Ti =

∫ 1

0
∥C′

i(s)∥
vi

ds. Assuming a constant linear speed vi



and applying the arc-length transformation, we obtain the
trajectory Ci(s(t)) ≡ Ci(t), which is used to check tem-
poral collisions along the paths. The optimal solution vector
χ∗ = [χ∗

0,χ
∗
1, . . . ,χ

∗
N ] contains the solutions for all agent’s

paths and speeds. The vectors L = [L1, L2, . . . , LD] and U =
[U1, U2, . . . , UD] denote the lower and upper bounds of each
decision vector χi ∈ RD, where D = 3Npfree

+1, accounting
for the two-dimensional free control points (displacements),
their associated weights, and the path-following speed. Note
that the dependence on the candidate solution χ arises because
the path and speed for each agent i are determined from
the components of χi, detailed below. More explicitly, this
dependence can be expressed as Ci(s) ≡ Ci(s,χi) and
vi ≡ vi(χi). In addition, Ωfree represents the free space,
accounting for the presence of static obstacles, and dmin

denotes the minimum safety distance, ensuring collision-free
motion even under disturbances (this parameter is discussed
in the next section).

To solve this NP-hard problem, we employ the Cooperative
Co-evolutionary LSHADE-COP approach [7], summarized in
Algorithm 1. The main idea is to divide the problem into sub-
problems and co-evolve them using a random ring structure,
where the best individuals of each subproblem are shared in
each iteration. This shared information is then used to evaluate
whether a trajectory is collision-free with respect to other
agents while optimizing the path, and also to find the speed
to follow it for each agent. The employed solver LSHADE-
COP [5] enhances LSHADE [9] by explicitly addressing
constraints through a feasibility-aware population management
strategy. By guiding mutation and selection using feasibility
rules [10, 11], the method is particularly effective for path
planning applications that require simultaneous satisfaction of
collision avoidance and kinematic constraints [5, 7, 6].

Each subproblem i is reformulated as the following opti-
mization problem:

χ∗ = argmin
χ

[
α1Ti + α2

(
vi − vprefi

)2]
,

s.t.:

h0(χi) =
∑
s∈S

max (0, dmin − dobs(Ci(s))) = 0,

h1(χi) =
∑
s∈S

max (0, κi(s)− κmax) = 0,

h2(χi) =
∑

t∈[0,Ti]

max (0, ftime(Ci(t),χshared, dmin)) = 0,

(7)

where the individual solution is a set of parameters to obtain
the path Ci and the speed vi for each robot, described by

χ∗
i =

[
∆Pk+3,∆Pk+4, . . . ,∆Pk+1+Npfree

,

wk+3, wk+4, . . . , wk+1+Npfree
, vi

]
.

(8)

Note that we use the displacements of the NURBS control
points relative to the previous curve for each epoch.
Each constraint function is designed to return zero when fully

Algorithm 1: Co-Evolutionary LSHADE-COP [7]
1 Divide the problem into N subpopulations, each corresponding to an

air corridor (agent).
2 foreach subpopulation χℓ

0 (ℓ = 1, 2, . . . , N ) do
3 Initialize the subpopulation χℓ

0 ;
4 Evaluate χℓ

0 ;
5 χℓ

shared ← obtain the individual to share with other agents ;

6 χbest ← obtain the complete solution of the problem based on the
best individuals in the subpopulations ;

7 f0, CV0 ← evaluation of the complete cost function and the sum of
constraints for χbest;

8 for epoch e = 1 to MaxEpochs do
9 Se ← a randomly shuffled order of agents ;

10 foreach subpopulation χℓ
e (ℓ ∈ Se) do

11 χℓ
bestnew

← Run LSHADE-COP for χℓ
e using

χshared = [χ1
shared . . .χN

shared];
// selection

12 χbestnew ← obtain the complete solution of the problem
based on the new best individual in the subpopulation i ;

13 fe, CVe ← evaluate χbestnew ;
14 if ((fe ≤ fe−1) &

(CVe = CVe−1 = 0)) or (CVe ≤ CVe−1 &
CVe−1 > 0) then

15 χℓ
shared ← update the shared individual;

16 χbest ← χbestnew ;
17 fe−1 ← fe ;

// Explicit memory approach

18 foreach subpopulation χℓ
e (i = 1, 2, . . . , n) do

19 Re-initialize the subpopulation χℓ
e based on and including

the best solution ;
20 Re-evaluate χℓ

e ;
21 χℓ

shared ← obtain the individual to share with other
agents;

22 return χ∗ ← χbest;

satisfied, and a positive penalty value when violated. The
equality constraint h0(χi) ensures that all discretized samples
s ∈ S of curve Ci(s) remain within the free space Ωfree. This
is achieved by enforcing that the distance from each curve
point Ci(s) to the nearest obstacle, denoted dobs(Ci(s)), is
greater than or equal to the prescribed safety margin dmin.
Additionally, h1(χi) imposes a curvature constraint along the
entire path, ensuring κi(s) ≤ κmax. Finally, h2(χi) accumu-
lates temporal violations returned by the function ftime based
on the minimum safety distance dmin, the shared information
χshared between agents (e.g., the best curve from the previous
epoch, Cj , ∀j ̸= i), thereby enforcing temporal collision
avoidance.

C. Vector field-based robust tracking curve

Given the optimized reference path C∗
i (s) for each robot,

we employ the path-following approach outlined in [12] to
track this path with the optimized speed v∗i . This approach
defines a robust vector field, which is computed online from
the current robot position and the given path. For that, we
assume that a low-level controller enforces a closed-loop
behavior that approximates a single integrator subjected to
bounded disturbances when tracking the velocity vector field.
This dynamic behavior is represented by ẋ = u + δu,
where x denotes the robot’s position, u is the velocity vector



(a) t = 0s. (b) t = 19.2s.

Fig. 1: Two snapshots of the simulation for Scenario 1 (first
case) with four robots, showing the optimized paths (dashed
lines), the safety tubular regions, and the robots (in yellow
boxes).

reference with ||u|| = v∗i , and ||δu|| ≤ ∆u accounts for the
disturbances.

Overall, Rezende et al.[12] showed that the robot’s ref-
erence point asymptotically converges to an invariant set I
under dynamic modeling assumptions. This invariant set I
corresponds to a tubular region around the reference curve,
with cross-sectional radius rcontrol obtained a priori by:
rcontrol = 1

kf
tan

(
π
2
∆u
vi

)
, where kf is the positive gain

associated with the vector field functions. Based on this, and
considering a circular robot with radius ri, the safety margin
is defined as dmin ≥ ri + rcontrol and applied in (7).

IV. EXPERIMENTAL SETUP

The algorithms were implemented in Python using the GE-
OMDL library [13] to handle NURBS curves. All experiments
were conducted on an Intel Core i9-12900KF CPU running at
up to 5.1 GHz with the Ubuntu 20.04 Linux operating system.
The Robotarium environment [14] was used for both simulated
and real experiments, featuring a 3.2m×2.0m workspace. The
maximum angular speed of the differential-drive robots was
limited to 0.8rad/s, the preferred speed was set to vprefi =
0.1m/s, and we estimated the safe distance dmin = 21.5cm.
The NURBS curve has Npfree

= 4 free control points and was
discretized into 150 points. The LSHADE-COP algorithm was
configured to stop after 1000 cost function evaluations, with a
population size of 117 (= 9 ·D), MaxEpochs set to 20, and
the function weights set to α1 = α2 = 1. Supplementary
materials, including experimental videos, are available on
GitHub at https://github.com/eliasjof/multiagent pathplanning.

V. RESULTS AND DISCUSSION

A. Scenario 1: Free-obstacle environment

In the first scenario, we examined two cases involving four
and eight robots navigating an obstacle-free environment. Each
robot is tasked with reaching the position directly opposite to
its initial location while maintaining the same orientation as at
the start. Figure 1 shows snapshots of the simulation performed
in the Robotarium environment, where the employed vector
field was used to track the respective paths at a constant linear
speed. The optimal linear speed vi obtained for all the robots
was 0.1m/s.

(a) (b)

(c) (d)

Fig. 2: Evolution of the set of paths generated in Scenario 1
(second case) with eight robots. Each path (dashed lines) is
enclosed by a tubular region representing the safety margin.

(a) t = 0s. (b) t = 10s.

(c) t = 16s. (d) t = 33s.

Fig. 3: Snapshots of the real-world experiment conducted
in the Robotarium (top-view camera) using eight robots for
Scenario 1 (second case). The paths (dashed lines) and the
safety tubular region are projected onto the environment for
visualization purposes only.

Figure 2 presents the evolution of the paths generated over
the epochs for the second case (eight robots in the environ-
ment), revealing also a deviation pattern formed through the
co-evolutionary optimization process. Snapshots of the real-
world experiments are shown in Figure 3. Despite errors in
the commanded velocities during the real-world experiments,
the robots successfully avoided collisions while maintaining a
predefined safety margin represented by the tubular regions.
The optimized tracking velocities for each agent were v =
[0.100, 0.100, 0.100, 0.093, 0.100, 0.100, 0.100, 0.100] m/s.



(a) t = 0s. (b) t = 10s.

(c) t = 12s. (d) t = 24.5s.

Fig. 4: Snapshots of the real-world experiment conducted
in the Robotarium (top view camera) using two robots for
Scenario 2 in a narrow passage. The paths (dashed lines), the
corresponding safety tubular regions, and the colored obstacles
are projected onto the environment for visualization purposes
only.
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Fig. 5: Evolution of the global sum of the cost function and
the total constraint violation over the optimization epochs for
Scenario 2.

B. Scenario 2: Narrow passage

In the second scenario, two robots must reach opposite
sides through a narrow corridor, where only one robot can
pass at a time. A small escape area is available, allowing one
robot to temporarily move aside and let the other pass. This
configuration evaluates the planner’s capability to generate an
optimal coordination strategy that minimizes the overall mis-
sion time. Snapshots of the real-world experiment conducted in
the Robotarium are shown in Figure 4. The robots successfully
executed the planned trajectories while maintaining safety
margins and avoiding collisions in the narrow passage.

As shown in Figure 5, after seven epochs, the solution
becomes feasible, exhibiting consistent convergence behavior.
It is worth noting that, in LSHADE-COP, feasible solutions
are always preferred over infeasible ones during the selec-
tion process, even if they present worse objective function
values. Once feasibility is achieved, the algorithm focuses on
minimizing the objective function. The NURBS-based path
representation allows the robots to maintain the maximum
linear speed of 0.1 m/s, deviating only when necessary to
ensure collision-free motion and to minimize the overall

(a) t = 0.0s. (b) t = 4.0s.

(c) t = 10.0s. (d) t = 12.0s.

(e) t = 16.0s. (f) t = 20.0s.

(g) t = 24.0s. (h) t = 36.3s.

Fig. 6: Snapshots of the real-world experiment conducted
in the Robotarium (top view camera) using four robots for
Scenario 3. The paths (dashed lines), the corresponding safety
tubular regions, and the colored obstacles are projected onto
the environment for visualization purposes only.
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Fig. 7: Evolution of the global sum of the cost function and
the total constraint violation over the optimization epochs for
Scenario 3.

mission time.

C. Scenario 3: Cluttered environment

In the third scenario, four robots must reach their respective
goals in an environment containing eight obstacles, repre-
sented as randomly placed and shaped polygons. In one section
of the workspace, the obstacles form a narrow passage that



allows only one robot to pass at a time, thereby making the
optimization problem more challenging.

Snapshots from the real-world experiment conducted in the
Robotarium are presented in Figure 6. The robots successfully
executed the optimized trajectories, maintaining their safety
margins and effectively coordinating to traverse the narrow
passages. These experimental results validate the proposed
method in a real-world, cluttered multi-robot environment.
Although some sections of the paths intersect, the convergence
plot in Figure 7 shows a consistent reduction in both the global
cost and constraint violation, with the solution becoming
feasible after only a few epochs.

VI. CONCLUSION

This paper presented a co-evolutionary planner framework
to address the multi-agent path planning problem. In this
formulation, each agent evolves its own path and linear speed
while implicitly coordinating with the others through shared
information during the evolution process.

The results demonstrated that the co-evolutionary approach
effectively handles complex and cluttered environments, where
agents must coordinate their movements to traverse narrow
passages and avoid mutual temporal collisions. The opti-
mization process exhibited stable convergence behavior, with
feasible solutions being reached after only a few epochs.
The resulting paths were smooth and kinematically feasible,
enabling robust navigation for all agents.

Furthermore, real-world experiments conducted in the
Robotarium laboratory validated the applicability of the pro-
posed framework beyond simulation, considering bounded
disturbances in the low-level speed controller. This approach
is offline and centralized. Another limitation is the high
execution time (on the order of several tens of minutes), since
it is currently implemented in a naive way in Python, which
requires code refactoring for improved efficiency. Extensions
of this approach will consider scenarios involving dynamic
environments characterized by unpredictable obstacles and
target motion. Additionally, incorporating communication con-
straints within distributed optimization frameworks presents a
promising research direction.
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