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Abstract—This paper presents a hybrid multi-objective frame-
work for large-scale topology optimization of electromagnetic
devices characterized by binary decision variables. The proposed
method, termed Gradient Evolutionary Topology Optimization-
strategy with a local gradient-based search formulated as an
integer linear programming problem. The evolutionary component
is responsible for global exploration of the design space through
an adaptive mutation operator, while a filtering strategy mitigates
checkerboard patterns and improves topology connectivity. The
local gradient search, activated at prescribed generations, refines
the candidate solution. The effectiveness of the proposed approach
is demonstrated through the constrained multi-objective topology
optimization of the receiver ferrite plate in a wireless power
transfer system. Numerical results demonstrate that GEvTO can
generate a well-resolved Pareto front and produce manufacturable
topologies.

Index Terms—Topology optimization, multi-objective opti-
mization, large scale optimization, Pareto-optimal solutions,
evolutionary computation, linear programming, electromagnetics

I. INTRODUCTION

Pareto-based solutions exploiting stochastic algorithms have
been proposed in recent years in the context of topology opti-
mization (TO) problems, however, in this field, the weighted-
sum (WS) method remains the state of the art for solving multi-
objective problems (MOPs) across a wide range of physical
domains, even though it is considered outdated in the context of
parametric optimization due to its well-known limitations [1].

As shown in Fig. 1, in TO, the n decision variables x € )5
map the presence or absence of a given material within
the design domain €2;. The goal of TO is to determine a
material distribution that satisfies the MOP, often by imposing
a constraint on the available amount of material. To do
so, €y is discretized into n discrete elements (mesh). As a
consequence, TO problems are inherently large-scale, since
realistic engineering applications typically require thousands
of mesh elements to ensure high accuracy.

The evaluation of  the objective functions
f = [fi,--,fm]T € Qf C R™ requires the solution
of the forward electromagnetic (EM) problem F : Q2 — Q.

The raw data supporting the conclusions of this article will be made available
by the authors on request.
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Fig. 1. Example of TO. x = [0,0,1,1,0, 1,...,0}T, meaning that the
material is present in the filled regions (xz; = 1), while it is absent in the void
parts (z; = 0) of Qg4.

Standard evolutionary algorithms (EA) are usually incon-
venient due to the high computational cost of computing
f = F(x). Moreover, without proper guidance, individuals
may exhibit poorly shaped, checkerboard-like topologies that
are unrealistic for manufacturing.

On the contrary, gradient-based algorithms, even if they do
not guarantee convergence to the global optimum, are usually
preferred for performing TO [2]. However, these approaches
require sensitivity evaluations (i.e., df;/dx Vi = 1,...,m),
thereby increasing the computational cost.

Hybrid strategies combining EAs and gradient-based meth-
ods represent an attractive solution to solve MOPs in the
context of TO. Hybrid single-objective algorithms combining
evolutionary and gradient-based search have been proposed
in the literature [3], [4]. Here, the gradient method is used
as a local search to refine the topologies generated by the
evolutionary scheme and smooth their boundaries.

In this paper, a hybrid multi-objective topology optimization
approach dealing with binary decision variables, termed GEvTO
(Gradient Evolutionary Topology Optimization), is presented.
The key contributions of the GEvTO are summarized here:

1) Evolutionary scheme: A differential evolution

(DE) scheme involving adaptive mutation and
crossover/recombination is applied to explore the search



space. A filtering strategy is applied to the trial vector
to smooth out the corresponding topology to improve
the element connectivity.

2) Local gradient search: A tunable local gradient search is
used to fix the topologies generated by the evolutionary
scheme.

3) Integer linear programming: is used to advance the
decision variables with 2, = {0,1}" during the gradient
search.

4) Pareto-optimal solutions: The algorithm exploits the
nondominated sorting and crowding distance strategies
to construct Pareto-optimal solutions. A constraint domi-
nation principle is used to find feasible solutions.

The remainder of the paper is organized as follows. Section II
describes the EM model associated with the forward problem,
with particular emphasis on model selection and objective
evaluation. The multi-objective problem is fully presented in
Section III, where the key components of the GEvTO algorithm
are detailed.

The proposed algorithm is then applied to the TO of the
ferrite plate in a Wireless Power Transfer (WPT) device.
Although ferrite is the predominant ferromagnetic material
used in WPT coil assemblies, it has notable drawbacks,
including brittleness, high expense, and substantial weight.
Therefore, decreasing reliance on ferrite without compromising
performance represents a significant research challenge, for
which TO offers a promising design approach. The resulting
Pareto front is analyzed in Section IV. Conclusions and future
research directions are discussed in Section V.

II. ELECTROMAGNETIC ANALYSIS
A. Issue of Model Selection

Generally, the numerical solution of F(x) is not straightfor-
ward due to the variety of EM problems. Moreover, solution
approaches are not unique, e.g., the FEM is advantageous for
problems where the EM field lines are confined to a specific
region (e.g., electric motors). Conversely, the Integral Equation
Method (IEM) is attractive for open-boundary problems (e.g.,
antennas). Both approaches have been used in the context of
TO [5], [6].

In the linear time-independent case, F(x), in the discrete
setting, can be written as:

S(x)y=b, f=M(y) )

where S is the system matrix, counterpart of the Partial
Differential Equation (PDE) governing the EM problem in
O C R3, y is the array of real or complex unknowns, and b
is the vector of known terms.

The array of objectives, f, is obtained through an additional
mapping from the solution vector. In what follows, the explicit
dependence on x is omitted; thus, objectives of the form
fi(y(x)) are considered. To simplify the notation, we will
simply write f;(x) in the remainder of the article. Notably,
M(y) can be different if FEM or IEM is used, even if the
same physical problem is solved, due to the different meaning
of y.

In this research, the EM problem is solved assuming
magneto-quasistatic conditions in the frequency domain, at
operational frequency f,, [Hz]. Numerous formulations have
been proposed in the literature for solving such problems [7],
each with its own pros and cons, which affect the efficacy of
the forward problem solution, and, consequently, the speed
and accuracy of the entire optimization task. Here, the A-
formulation, expressed in terms of the complex magnetic vector
potential A(r), is adopted [7]:

Vx (0 'V x A(r)) + 21 fopp 'A(r) = Tewr,  (2)

where 4 is the imaginary unit, J.,; is the imposed current
density, and p is the electric conductivity. Exploiting the
Galerkin testing procedure the system of equations of Eq. (1) is
assembled. In the subsequent analysis, linear magnetic materials
with ¢ = pop,. are considered, where p is the magnetic
permeability, po is the vacuum permeability, and p, is the
relative permeability.

III. MULTI-OBJECTIVE OPTIMIZATION
A. Preliminary on Topology Optimization

In this research, the TO aims to find the distribution of
magnetic material in Q4. In this case, u, for the ith element
discretizing 24, is obtained from x; through the map:
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where iy min = 1 and iy maez = 3500. This means that
x; = 0 corresponds to void (i.e., air) elements, while z; = 1
corresponds to elements filled with magnetic material (ferrite).
Using (3), the map x — S(x) can be defined.

A popular constraint added to TO is used to limit the amount
of material filling €24, written as:

n
_ > g xivol; <G
Va u -
where vol; is the volume of ith mesh element, while Vq, is
the total volume of €);. As an example, for electric vehicles,
reducing the amount of ferrite leads to a reduction in the weight
and costs of the WPT system onboard.

Uri = Mrmin T (Hr,ma:c - ,Ufr,min)xiy

“

B. Differential Evolution Strategy

We consider a DE with a population P of N individuals
X; = [X17Z',X27i, . aXn,i] (¢t =1,...,N), where X]‘)i S
[-1,1].

1) Mutation operator: Starting from the ith individual X; ,
of the parent population at the generation g, the mutation
operator DE/current-to-pbest/1 proposed in the JADE scheme
is used to build the donor vector v; 4 [8]:

Vig = Xi,g + Fi(X:gest,g - Xi,g) + Fi(Xrl,g - XTZ,g)» (%)
adaptively controlling F; by exploiting a Cauchy distribution:
(6)

where op is the scale parameter and purp = (1 — c)up +
meany, (Sr)c, with meany,(-) representing the Lehmer mean
[8]. In the multi-objective setting, Sg is an N-dimensional

F; = randc;(pp, o),
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Fig. 2. Example of mutation, crossover, and filtering starting from the individuals X1, X2 and X

array of the indices of the first [V best individuals in the archive
(A). In (5), r1 # r2 are random integers in {1,..., N} while
Xbest,g is randomly chosen from the top 100p% individuals in
the population. A graphical example of the donor vector can
be seen in Fig. 2.

2) Crossover/Recombination: A binomial crossover operator
controlled by the constant CR € [0, 1] is used to build the

trial/offspring vector u; g = [U1,i,g,U2,i,g, - - > Un,i,g]°
we. =4 Uiig if rand(0,1) < CR or j = jrand )
P8 X, otherwise,

where rand(0,1)~ 2/(0,1), and j,qnq is @ random index within

{1,...,n} newly generated for each i [9]. A repair rule is

used to ensure u;; within the bounds, then a sigmoid function:
2

o (uj) -1, ®)

T 1+ exp (—2u;;)

is used to recast the real variables into the binary space. Let
I~ denote the index set of variables for which o(u(I7)) < 0;
conversely, let IT denote the index set of variables for which
o(u(I*)) > 0. Then, u(I") = 0 and u(I*) = 1. An example
of the trial vector is shown in Fig. 2.

3) Filtering/Blurring: It is not granted that u; has good
connectivity properties. Checkerboard patterns may compro-
mise the structural integrity of the optimized component and
may result in an unmanufacturable design. A manufacturability
constraint can be enforced by solving an additional physical
problem (e.g., structural mechanics), further increasing the
computational cost unless surrogate models are used [10].
Also, stochastic algorithms optimizing a normalized Gaussian
network (NGnet) can be applied [11].

Structural connectivity is not a mandatory requirement.
While it plays a central role in the TO of electric motors [12],
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novel manufacturing approaches in patch antenna design
enable the optimized design to be printed directly onto the
substrate [13]. Following [14], a blurring/filtering strategy is
adopted to reduce the checkerboard pattern while keeping
the same number of elements with u;; = 1. Details of this
approach can be found in [14]. The outcome of this procedure
can be seen in Fig. 2. Note that the corresponding topology
exhibits good connectivity, with a few isolated islands.

The decision variables output of this procedure are then used
for the TO mapping (3).

C. Local Gradient Search

The evolutionary scheme is hybridized with a local gradient-
based search [15], [16] to further refine the topology after
the filtering stage. The algorithm exploits the Sequential
Approximate Integer Programming (SAIP) [17], briefly recalled
considering a single-objective optimization with objective
function f(x) = fi(x) (i = 1,...,m), under the inequality
constraint G(x) < G. In SAIP, a truncated Taylor expansion
of the objective and constraints is used to approximate the
functions in the neighborhood of the decision vector at kth

iteration (x*):
Fx) = f(x")

where Ax = x —x*. The original single-objective optimization
is transformed into the following sequence of Integer Linear
Programming (ILP) problems:

C))

x=xk

min g - Ax
Ax dX x:xk
st 361 Ax<G-o) (10
dx |,k

lAX|1 < nBruip,



Algorithm 1: Framework of GEvTO algorithm

Input: n, N, G, Jgrads

Output: A,

g« 0;

F1 é*@;

Fa +—@;

G0

PO « Initialize(n, N) ;

for x; 0 € PO do
evaluate objectives and constraints;
F1 <+ F1U fi(xi,0)s
F2 + Fa U fa(xi,0);
G+ GUG(xi,0);

end

A0

put PO F1, Fa, and G into A;

while termination criterion is not fulfilled do

extract N individuals from A;

Fi 6—@;

Fa 0

G0

for each individual do

perform mutation according to (5);

perform recombination according to (7);

perform filtering of trial vector;

evaluate objectives and constraints;

if rem(g, ggraq) = 0 then

/* generation counter x/

/* random initialization =*/

[ 7 I I SR

e e
W R ==

/* initialize archive x/

W = = —_
ERREBRI¥IREBEEIan R

27 for each trial vector do

28 compute new individual @ify ; 4 with ILP
following d fi with constraint in G and f2;

29 F1 = F1U fi(Qf1,4,9)s

30 Fo (—ngfz(ﬁflyiyg);

31 g(—gUG(ﬁfl’i,g);

32 compute new individual tifs ; 4 with ILP
following d f2 with constraint in G and f1;

3 F1 = F1U fi(Gif2,i,9);

34 Fa = F2U fa(lf2,4,9)s

35 G+ GUG(lyf2,i,9):

36 end

37 end

38 P9 < new individuals;

39 end

40 put P9, Fi, Fa, G into the archive A,
a1 g+—g+1;

42 end

43 return output

where By, controls the number of decision variables flipping

from one iteration to another. Solving (10), x**! = x* 4 Ax.

The Adjoint Variable Method (AVM) is used to compute
df/dx [18]. During the forward problem, the AVM requires
the solution of an additional system of equations for the adjoint
variable A expressed as: STA = —Jf/dy, from which the
sensitivity is computed:

df _of |

dxi<_ a$i

oS
Bxi
It is worth noting that for the constraint in (4), the evaluation
of dG/dx is trivial, being:

Iy, vola, ... vol,|"
:[”01’”"?}9 vola] (12)
d

dG(x)
dx

Srx Q4
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Fig. 3. Geometry of WPT device under analysis. For symmetry reasons, only
1/4 of the domain is shown. A detail of the hexahedral finite element mesh
used for 4 is also shown. Units in mm.
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Fig. 4. Objective space during iterations of the GEvVTO algorithm. The colorbar
refers to the value of G(x) of each solution at the end of GEvTO iterations.

D. The GEvTO Algorithm

The pseudo code of the GEvVTO algorithm is listed in Alg. 1.
A random population P° = [x9,x9,...,x%] of N individuals
is generated at the beginning. The objectives and constraints are
evaluated and their values stored in the archive A together with
PO, According to the NSGA-II [19], A is organized according
to the non-dominated sorting and crowding distance strategies.

At each iteration g, the individuals in the current population
P9 extracted from A, are subjected to the mutation, crossover,
and filtering operations explained in Section III-B. The objec-
tive functions and constraints are then evaluated for each filtered
trial vector. Every gg,qq iterations, the forward solver also
provides the values of df;/dx to be used in the local gradient
search. Within the local gradient search, the ILP (10) is used
to find a new individual starting from the filtered trial vector.
First, the new individual @iy ; 4 is computed by moving along
the direction dictated by dfi/du; 4. An additional constraint
is added to (10) to control the value of fo(u;4), in such a
way that fo(Q1,i,9) < fo(usg) + 7| f2(ig)| for some v > 0.
This means that the new individual can also slightly worsen
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Fig. 6. Comparison of PF computed with a multi-objective DE, a gradient-
based procedure, and the GEVTO for the same number of objective evaluations.

the value of f5.

Similarly, a new individual Gy ; 4 is computed by following
the direction of df>/du; 4, adding a constraint to fi(Qir2,i,q).
The objectives and constraint values are computed for these
new individuals and collected into A. The procedure is then
repeated for the next generations until the termination criterion
is fulfilled. It is worth mentioning that, due to the high
computational cost, the gradient search is only performed every
Jgrad iterations.

1) Computational cost: The number of objective function
evaluations for the GEVTO is Nopj.gEvr0 = N X Gmas +2 X
N X | 9maz/Ggrad)- In comparison, for the DE, Nop; pp = N X
9maz» While, if only gradient-based steps are used, Nopj grad =
2 X N X gmaaz-

IV. RESULTS

The GEvTO algorithm is used for optimizing the receiver
(RX) ferrite of the WPT device shown in Fig. 3. When ana-
lyzing the performance of WPT devices, various metrics have
been proposed in the literature. In [20], a multi-objective TO is

(b)

performed to increase magnetic coupling while minimizing the
leakage induction field. In [21], the WS is used to increase the
mutual inductance (M) and reduce the leakage field. Single-
objective TO are solved in [22], [23].

Here, M and the ferrite core loss P,,,. are considered. From
Fig. 3, the mutual inductance between the transmitter (TX)
and the RX is computed as:

M= A Edv/(SRXITX) : (13)
Vrx
where Ipx is the current supplied to the TX coil, Spx is the
cross-section area of the RX coil, Vrzx its volume, and ta
versor in the winding direction of the RX coil. Thanks to the
symmetry of the problem, only 1/4 of the device is analyzed.
P,ore is computed by integrating over Vpx the loss density:

Pcore = k (;);;Bﬂv (14)

where k, «, and (3 are the Steinmetz parameters, and B denotes
the peak magnetic flux density. In this work: f,, = 85 kHz,
k=197, a=1.5,and § = 3.22.
The constrained MOP is defined as:
min f = [flvf?]—r = [_J\47Pcm”e]—r (15)
Gx)=V(x)/Vq, <05=0G.

The GEvTO is implemented in MATLAB, while the FEM
software COMSOL® Multiphysics 6.3 is used to solve the EM
problem, compute the objective functions and their sensitivities.
The total time required to solve one EM problem with 163359
unknowns for y and compute the sensitivities is ~ 20 s, using
a machine with an Intel(R) Xeon(R) w5-2465X (3.10 GHz)
and 128 GB of RAM. The number of decision variables is
n = 729.

Since DE with small populations do not perform well, the
population size has been set to N = 40, and the maximum
archive size is 200. As the termination criterion g,,q, = 150
is used. Following [8], the heuristic parameters of the DE are
selected as: o = 0.1 and C'R = 0.5. The constant c is fixed to
0.1 and p = 0.2. While a constant 3y;;, = 0.004 and v = 0.02
are used during the ILP step, which is taken every ggrqq = 10

S.t.



TABLE I
OBIECTIVE VALUES FOR TWO REPRESENTATIVE TOPOLOGIES.

Topology | —f1i | fo | G
Ave. f1i | 61pH | 17 W | 049
Ave. fo 10.1 pH | 615 W | 0.49

generations. Future research activities will discuss the effect
of parameters on GEvTO performance, e.g., through CR and
Btiip adaptation.

The objective space for selected generations (g = {5,30}),
highlighting feasible and unfeasible individuals, is shown in
Fig. 4. At the end of GEVTO iterations a well-resolved convex
Pareto Front (PF) is obtained and two representative individuals
are extracted, i.e., (a) the individual corresponding to the
average f1 value, and (b) the individual corresponding to the
average fo value. The topologies are shown in Fig. 5, while
the values of objectives and constraints are listed in Table 1.

The GEvVTO is also compared to a multi-objective DE using
the mutation and crossover operators explained in Section III-B,
and a gradient-based algorithm exploiting only the SAIP
described in Section III-C. The computed PF is shown in
Fig. 6. It can be observed that for the same number of objective
function evaluations (see SectionlIII-D1), the individuals of the
DE are dominated by those in the GEvTO archive, while the
individuals generated with the SAIP are clustered, and the
corresponding PF is disconnected. This confirms the validity
of the hybrid strategy proposed in this research.

V. CONCLUSIONS

The article introduces a hybrid evolutionary algorithm with a
local gradient-based search for the solution of constrained multi-
objective TO problems dealing with binary decision variables.
The combination of a global DE search with a filtering strategy
and a local gradient search is capable of generating topologies
with good connectivity properties. The resulting PF dominates
the solutions obtained with a naive DE and a multi-objective
gradient-based algorithm.

Future research will expand the experimental evaluation of
the proposed algorithm, assessing its performance on user-
defined parameters (e.g., CR, 7, Bfiip, §graqd) by introducing
appropriate metrics, and exploiting alternative evolutionary
strategies based on a smaller population (e.g., uJADE).
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