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Abstract—High-dimensional optimization and machine learn-
ing (ML) pipelines frequently rely on randomized proposals
within box-constrained domains, yet it is often unclear when con-
centrating proposals near the box center increases the likelihood
of generating useful candidates. We study center-based sampling
(CBS) in the D-dimensional unit hypercube, where candidates are
drawn from a central subcube rather than uniformly from the
full box. Under a simple single-draw model, we prove that CBS
reduces expected squared distance to an independent target by a
fixed per coordinate amount, so the total reduction grows linearly
with the dimension. When the target is uniform on the hypercube,
this means advantage upgrades to a high probability regime in
which the probability that a center draw is closer than a uniform
draw converges to one exponentially fast in D, with explicit
Hoeffding and Bernstein guarantees and an accurate central limit
theorem (CLT) approximation. The expectation comparison also
extends beyond the uniform target model to any independent
target with a finite second moment, for which the mean advantage
is unchanged because the uniform and CBS samplers share the
same center while CBS has a smaller variance. We complement
the theory with the same budget random search experiments
on shifted Sphere, Rastrigin, and Ackley functions over box-
constrained domains, where CBS consistently improves the best
objective under a fixed sample budget, with the strongest gains
when the optimum is centrally located. These results position CBS
as a useful geometric baseline for box-constrained randomized
search, while clarifying that the concentration theorem applies
only to the uniform target cube model.

Index Terms—high-dimensional search space, center-based
sampling, optimization, machine learning

I. INTRODUCTION

Random sampling is a workhorse in modern optimization
and ML pipelines. It appears directly in black-box optimiza-
tion methods for parameter initialization in trust region [1]
and partition-based global search [2] and in population-based
heuristics such as differential evolution (DE) [3], particle
swarm optimization (PSO) [4], and evolution strategies (ES)
[5]. It also underlies practical routines such as bounded
hyperparameter search via random search [6] and Bayesian
optimization [7], randomized initialization (Glorot/Xavier [8]
and He [9]), and stochastic evaluation with mini-batches [10].
In these settings, one repeatedly proposes candidates in a
bounded domain and hopes that some of them land close to
an unknown optimum.

In black-box problems, the optimum can lie anywhere in the
search landscape. Without strong prior information, treating

its location as random or poorly predictable under noise and
model mismatch is a standard idealization. A natural question
is whether some proposal distributions produce candidates
that are typically closer to useful solutions than uniform
box sampling. We answer this question in a box-constrained
reference model. Many practical routines, including bounded
hyperparameter search, trust region methods, and population
initialization, operate over explicit lower and upper bounds and
can be affinely rescaled to [0, 1]D. The hypercube is therefore
not meant to encode all feasible sets and it is the cleanest
box model in which the effect of centering can be isolated
from algorithm adaptation, surrogate modeling, and constraint
handling. We compare (i) uniform sampling over [0, 1]D and
(ii) CBS from a central subcube, and show that the center-
based choice becomes strongly favored as dimension grows.
This helps explain why center-based heuristics have been
used for population initialization and variation in evolutionary
computation, including center-based population sampling [11],
enhanced DE with center-based sampling [12], centralized DE
initialization [13], and opposite-center learning in DE [14].
More broadly, this line of work is connected to opposition-
based learning (OBL) [15], which made explicit the value of
exploiting opposite or central counterparts in bounded search
spaces. Our analysis makes the scaling with dimension explicit
under a probabilistic model.

This hypercube model with a uniform random target is
deliberately simple. It serves as a baseline when target lo-
cations vary across instances at the domain scale, or when the
relevant configuration is poorly localized due to limited prior
information, noise, or model mismatch. The model isolates one
geometric mechanism, namely that at fixed mean, shrinking
sampling variance toward the center reduces mean squared
distance, and in high dimensions, this per-coordinate improve-
ment can accumulate. The same simplicity is also a limitation.
Real feasible sets can have nonlinear constraints or variable
couplings, objectives need not behave like squared distance
to an independent target, and practical algorithms usually
compare many samples or adapt their proposal distribution
over time rather than relying on a single independent draw. We
therefore treat the hypercube result as a clean reference point
for box-constrained randomized search, not as a universal
prescription. The single-draw comparison isolates the center-
ing mechanism by comparing the best of N center samples



to the best of N uniform samples, a practically important
next step. This perspective also helps interpret the recent
center-bias critique of evolutionary benchmarking by Kudela
[16]. If benchmark optima are disproportionately central, algo-
rithms with implicit center bias can appear stronger than they
would on less center-favoring problems. Our results identify
a geometric mechanism underlying center-biased gains, while
making clear that the advantage is conditional, not universal.

Our main message is that, in high dimensions, even a
modest per coordinate improvement compounds into a decisive
overall effect. Concretely, we show that sampling uniformly
from a central subcube reduces the expected squared distance
to the random target by a fixed amount per coordinate, hence
by an amount that grows linearly in D. Next, we show that this
mean advantage becomes a high-probability guarantee. Specif-
ically, the probability that a center-sampled point is closer than
a uniformly sampled point approaches one exponentially fast
as the dimension grows, with an explicit exponent depending
on the subcube width.

The analysis is also interpretable through the lens of cen-
tering and variance control. In one dimension, the expected
squared distance to a uniform target is governed by second
moments. Shrinking the sampling region around the target
mean reduces variance and, therefore, reduces mean-squared
error. This viewpoint connects the bounded-domain result
to widely used centered sampling schemes in ML, such as
variance-scaled Glorot/Xavier [8] and He [9] initializations,
and to evolution strategies that sample from Gaussians cen-
tered at an iteratively updated mean, as in the covariance
matrix adaptation evolution strategy (CMA-ES) [5] and natural
evolution strategies (NES) [17].

Contributions.
• A closed form comparison of expected squared distances

in the hypercube model, together with the observation that
this mean advantage extends to any independent target
with finite second moment because CBS and uniform
sampling share the same center, while CBS has smaller
variance.

• Explicit Hoeffding and Bernstein lower bounds on the
probability that a central sample is closer than a uniform-
hypercube sample, showing exponential convergence to
near certainty under the uniform target cube model.

• Monte Carlo validation of the probability bounds and
a same budget benchmark study on shifted Sphere,
Rastrigin, and Ackley functions showing that CBS also
improves fixed budget random search on standard box-
constrained landscapes.

• A discussion of scope, including which parts of the
analysis depend on the uniform target cube assumption
and which do not, and of the best of N , adaptive, and
non-box settings that remain open.

Organization. Section II situates our theory within re-
lated center-based ideas across optimization and ML. Sec-
tion III-A establishes the hypercube model and proves the
high-dimensional advantage for central subcube sampling, and
Section V concludes.

II. BACKGROUND AND RELATED WORK

Centering and variance control recur across high-
dimensional optimization and ML, but they play different roles
in different communities. Our aim in this section is not to
provide an exhaustive survey of every center-based method.
Instead, we organize the literature around a single theme that
is directly relevant to our analysis. When uncertainty is high,
sampling or aggregating around a center can reduce variance
and improve reliability. We therefore move from the geometric
intuition behind the theory to optimization algorithms that
explicitly maintain centers, and finally to ML settings where
centered distributions or averages improve stability. This or-
ganization is intended to clarify both why CBS is natural and
where the limits of our theorems lie.

A. High-dimensional geometry and sampling baselines

The theoretical core of our paper is geometric. In high
dimensions, a small per coordinate reduction in expected
squared distance accumulates into a large aggregate effect.
Our main theorem formalizes this intuition. If the center-based
sampler has a fixed one-dimensional advantage, concentration
across coordinates upgrades that mean advantage into a high-
probability guarantee that strengthens exponentially with di-
mension. This phenomenon comes from the product structure
of the sampling model rather than from any optimization
specific mechanism.

Uniform i.i.d. sampling is the cleanest baseline for isolating
this effect, but it is not the only reasonable baseline in
practice. Derivative-free optimization often relies on space
filling designs such as Latin hypercube sampling (LHS) and
quasi-Monte Carlo (QMC) sequences to reduce discrepancy
and improve global coverage. Those designs change the de-
pendence structure and coverage properties, so their interaction
with center bias depends on the objective and target model.
Because our goal is to isolate the centering effect itself,
the present theory compares single independent draws. An
important next step is to study the likelihood that a center
sample is closer under dependent designs such as LHS and
QMC, rather than treating that question as already settled by
our argument.

B. Center-based mechanisms in derivative-free and
population-based optimization

In optimization, center-based behavior usually appears adap-
tively rather than through a fixed central subcube. The simplest
examples arise in local modeling such as trust region methods
sample and build models around a current iterate [1], and
partition-based global methods such as DIviding RECTangles
(DIRECT) which use rectangle centers as representative points
to balance exploration and exploitation [2]. Both implicitly
concentrate proposals near a current best estimate, which is
an adaptive form of CBS built on the belief that promising
solutions are nearby.

Population-based methods make the center role explicit.
Evolution strategies (ES) draw candidates from a distribution
centered at the current population mean, then update that mean



by a fitness weighted recombination of the best samples, as in
CMA-ES [5] and natural evolution strategies (NES) [17]. In a
canonical ES/CMA-ES iteration,

θ
(t)
k ∼ N (µt,Σt), k = 1, . . . , λ, (1)

and after evaluation, the mean is updated by weighted recom-
bination,

µt+1 =

λ∑
i=1

wi θ
(t)
i:λ, wi ≥ 0,

λ∑
i=1

wi = 1, (2)

where θ
(t)
i:λ denotes the i-th best sample under the fitness.

This loop is a natural algorithmic counterpart to our bounded-
domain theory in which candidates are sampled around a cen-
ter, and the center is then moved toward stronger performers.

The same pattern appears in several families of population-
based algorithms. In differential evolution, CBS has been used
explicitly in initialization and variation operators, from early
center-based population initialization [11] to enhanced DE
variants [12], centralized initialization [13], opposite-center
learning [14], opposition-based DE [18], and recent large-
scale studies [19], [20]. Estimation of distribution algorithms
(EDAs) [21], [22] and cross-entropy methods [23] go one
step further by repeatedly fitting and resampling a parametric
distribution whose location parameter serves as a learned cen-
ter. Swarm methods also exploit central tendencies, sometimes
implicitly as in PSO [4], and sometimes explicitly as in center
PSO [24], center-based particle swarm optimization (CenPSO)
[25], and consensus-based optimization, where particles are
pulled toward a weighted consensus point [26]–[28]. In multi-
objective optimization, centroid ideas appear both in standard
frameworks such as the non-dominated sorting genetic algo-
rithm II (NSGA-II) [29], strength Pareto evolutionary algo-
rithm 2 (SPEA2) [30], multiobjective evolutionary algorithm
based on decomposition (MOEA/D) [31], and non-dominated
sorting genetic algorithm III (NSGA-III) [32], and in explicitly
center-guided variants such as CGDE3 [33] and parent-centric
crossover (PCX) [34]. Taken together, these examples suggest
that the center is not an isolated trick but a recurring organizing
device in search algorithms.

OBL is a particularly relevant ancestor for this literature.
Tizhoosh [15] formalized the idea of evaluating an estimate
together with an opposite counterpart, and later DE variants
translated that intuition into opposition- and center-based
sampling schemes. This history is important when interpreting
recent benchmarking critiques. Kudela [16] argues that meth-
ods with implicit center bias can look artificially strong on
benchmark suites whose optima are disproportionately central.
Our theory complements rather than contradicts that critique,
which states that under a centered target model, center bias
should help, and when targets move toward the boundary, the
advantage can shrink or reverse.

C. Centering and variance control in machine learning

In ML, the same logic appears less as search in a box
and more as variance control in parameter or representation

space. Neural network initialization is the closest analogy
to our hypercube result. Schemes such as Glorot/Xavier [8]
and He [9] are centered and primarily calibrated by variance,
ensuring stable signal propagation. Section III-A makes the
corresponding point in the bounded-domain setting. When
means are matched, the expected squared distance is de-
termined by variances, so shrinking the variance toward a
meaningful center improves the average distance.

Center-based representations also appear across learning
systems, from k-means [35], Lloyd’s algorithm [36], and Ko-
honen self-organizing maps [37] to radial basis function (RBF)
networks [38], prototypical networks [39], and variational
autoencoders in which the latent mean acts as a representative
embedding [40]. In Bayesian optimization, Gaussian process
surrogates [41] provide posterior means that define natural ex-
ploitation centers, while acquisition functions such as expected
improvement [42] balance that exploitation with uncertainty
driven exploration [7].

Centered aggregation also appears in noisy learning settings,
where averaging can improve robustness and generalization.

III. CENTRAL SAMPLING IS CLOSER IN HIGH DIMENSIONS

A. Setup

Let D ∈ N be the dimension and consider the unit hyper-
cube [0, 1]D. Let the (random) target be T = (T1, . . . , TD)
with i.i.d. coordinates Ti ∼ Unif[0, 1]. We compare two
independent candidate points.

• Uniform cube sampling. X = (X1, . . . , XD) with i.i.d.
Xi ∼ Unif[0, 1].

• Center-based sampling. Fix a half-width a ∈ (0, 1
2 ) and

let Y = (Y1, . . . , YD) with i.i.d. Yi ∼ Unif[ 12 −a, 1
2 +a].

Assume X,Y, T are mutually independent. We measure close-
ness using Euclidean distance ∥ · ∥2.

B. Center minimizes expected squared distance

The next lemma quantifies the per coordinate expected
squared distance to a uniformly random target.

Lemma 1 (Expected squared distance in one dimension). Let
U ∼ Unif[0, 1] and V ∼ Unif[0, 1] be independent. Here
V represents a uniformly random target location, while U
represents a sample drawn uniformly from the entire interval.
Then

E
[
(U − V )2

]
=

1

6
. (3)

Let W ∼ Unif[ 12 − a, 1
2 + a] be independent of V . Here W

represents a sample drawn from a centered subinterval of half-
width a around the midpoint 1

2 . Then

E
[
(W − V )2

]
=

a2

3
+

1

12
. (4)

Consequently, the center-based sample W is strictly closer to
the random target V in expected squared distance than the
complete interval sample U .

E
[
(U−V )2

]
−E
[
(W−V )2

]
=

1− 4a2

12
> 0 for all a ∈ (0, 1

2 ).

(5)



Proof. We use the identity

E
[
(A−B)2

]
= Var(A) + Var(B) +

(
E[A]− E[B]

)2
for independent real random variables A,B.

Uniform vs. uniform. For U, V i.i.d. Unif[0, 1], we have
E[U ] = E[V ] = 1

2 and Var(U) = Var(V ) = 1
12 , hence E[(U−

V )2] = 1
12 + 1

12 = 1
6

Center-subinterval vs. uniform. For W ∼ Unif[ 12 −a, 1
2 +

a] independent of V , we have E[W ] = 1
2 = E[V ] and

Var(W ) = (2a)2

12 = a2

3 , so

E[(W − V )2] = Var(W ) + Var(V ) =
a2

3
+

1

12
. (6)

Subtracting yields (1− 4a2)/12 > 0 for a ∈ (0, 1
2 ).

By independence across the D coordinates, the expected
total squared distance advantage is

E
[
∥X − T∥22 − ∥Y − T∥22

]
= D · 1− 4a2

12
= Dµ(a), (7)

where µ(a) = (1− 4a2)/12 > 0.
The expectation comparison is driven by second moments

(variance control) and is therefore elementary once the target
mean is known. The main quantitative message of the paper is
not merely that the mean squared distance improves, but that
this improvement becomes highly reliable in high dimensions.
In particular, the probability that a center draw is closer than
a full cube draw converges to 1 at an explicit exponential rate
(Theorem 1).

C. Gaussian connection in centering and variance control

The preceding computation is an instance of a more general
identity for independent real random variables A,B,

E
[
(A−B)2

]
= Var(A) + Var(B) +

(
E[A]− E[B]

)2
. (8)

Thus, when E[A] = E[B] (centered with respect to each
other), the expected squared distance depends only on the
sum of variances. In our hypercube model, E[Ti] =

1
2 , and

the center-based sampler is constructed so that E[Yi] = 1
2 ,

while Var(Yi) = a2/3 < Var(Xi) = 1/12. Eq. (8) shows that
the advantage comes directly from variance reduction at fixed
mean.

This mirrors the role of initialization in neural networks.
Both Gaussian and uniform initializations are typically zero
mean, and their qualitative behavior is strongly governed by
the chosen variance.

D. Scope beyond the uniform-target cube

Expected distance advantage is not restricted to uniform
targets. The variance identity from Eq. (8) yields a broader
statement than Lemma 1. Let T = (T1, . . . , TD) be any
random target vector that is not necessarily uniform where
its coordinates are independent of X and Y and has finite

second moment. Since E[Xi] = E[Yi] =
1
2 , Var(Xi) = 1

12 ,
and Var(Yi) =

a2

3 , applying Eq. (8) coordinatewise gives

E
[
∥X−T∥22−∥Y −T∥22

]
=

D∑
i=1

(
1

12
− a2

3

)
= Dµ(a). (9)

Hence, the expected squared-distance advantage of CBS does
not rely on the target being uniform or centrally concentrated.
The uniform target assumption is used only for the explicit
probability bounds developed below.

What the uniform target cube buys. Theorems 1 and 2
require more than an expectation comparison. They exploit the
fact that under the uniform target cube model the coordinate
gap variables Zi are i.i.d. and bounded, so classical concen-
tration inequalities apply directly. For general target laws, or
for non-product sampling schemes, the mean advantage can
survive while the concentration exponent changes or becomes
harder to characterize.

Where the model stops being a realistic performance
model. The uniform-target cube is a principled reference
model for box-constrained search under weak prior informa-
tion, not a full description of practical optimization. Real prob-
lems can have nonlinear feasibility regions, active constraints,
curved low-dimensional manifolds, or objectives that are not
well approximated by squared distance to an independent
target. Likewise, many algorithms operate in a best of N or
adaptive regime rather than the single draw setting analyzed
here. In those richer settings, CBS can still help or hurt de-
pending on the geometry and the algorithmic context. Kudela’s
benchmark critique [16] remains relevant at that algorithmic
level. If benchmark suites place optima disproportionately near
the coordinate center, methods with implicit center bias can
look stronger than they would on less-favored center tasks.
Our theorem isolates a single geometric mechanism underlying
center-biased gains, not by claiming benchmark neutrality or
universal superiority.

E. Concentration upgrades mean advantage to near certainty

Define, for i = 1, . . . , D,

Zi := (Xi − Ti)
2 − (Yi − Ti)

2,

∆ := ∥X − T∥22 − ∥Y − T∥22 =

D∑
i=1

Zi.
(10)

By independence across coordinates, the Zi are i.i.d. and each
satisfies Zi ∈ [−1, 1] (since each squared term is in [0, 1]). By
Lemma 1, E[Zi] = (1− 4a2)/12 =: µ(a) > 0.

Theorem 1 (Central sample is closer with probability
1− e−Θ(D)). Fix a ∈ (0, 1

2 ) and define µ(a) = (1− 4a2)/12.
Then for all D ∈ N,

P
(
∥Y −T∥2 ≤ ∥X−T∥2

)
≥ 1−exp

(
− 1

2 Dµ(a)2
)
. (11)

In particular, P(∥Y − T∥2 ≤ ∥X − T∥2) → 1 exponentially
fast as D → ∞.



Proof. Since Euclidean norms are nonnegative, comparing
distances is equivalent to comparing squared distances.

{∥Y−T∥2 ≤ ∥X−T∥2} = {∥Y−T∥22 ≤ ∥X−T∥22} = {∆ ≥ 0}.
(12)

Thus, it suffices to lower bound P(∆ ≥ 0).
We have E[∆] =

∑D
i=1 E[Zi] = Dµ(a) with µ(a) > 0, and

Zi ∈ [−1, 1]. Hoeffding’s inequality for sums of independent
bounded variables yields [43].

P(∆− E[∆] ≤ −E[∆]) ≤ exp

(
−2E[∆]2

4D

)
= exp

(
−2(Dµ(a))2

4D

)
= exp

(
− 1

2 Dµ(a)2
)
,

(13)

where we used
∑D

i=1(1 − (−1))2 = 4D. Therefore P(∆ ≥
0) ≥ 1− exp(− 1

2Dµ(a)2), which implies the claimed bound.

Corollary 1 (Explicit exponent). With µ(a) = (1− 4a2)/12,
Theorem 1 gives

P
(
∥Y − T∥2 ≤ ∥X − T∥2

)
≥ 1− exp

(
−D(1− 4a2)2

288

)
.

(14)

Corollary 2 (Repeated instances). Fix a ∈ (0, 1
2 ) and D ∈

N. Let (X(k), Y (k), T (k)), k = 1, . . . , n, be i.i.d. copies of
(X,Y, T ) from Section III-A. Then the probability that CBS
wins at least once across n independent instances satisfies

P
(
∃k ∈ {1, . . . , n} : ∥Y (k) − T (k)∥2 ≤ ∥X(k) − T (k)∥2

)
≥ 1−

(
1− pD(a)

)n
≥ 1−

(
exp
(
− 1

2Dµ(a)2
))n

,

(15)

where µ(a) = (1− 4a2)/12 and

pD(a) := P(∥Y − T∥2 ≤ ∥X − T∥2). (16)

Corollary 2 treats n independent repetitions with indepen-
dent targets. A sharper question is how the best of n center
draws compares to the best of n cube draws for a single fixed
target. We defer this order statistics comparison to future work.
Many practical optimizers operate in precisely this best of N
regime, so the present theorem should be read as isolating the
centering effect before selection enters.

This lower bound tends to 1 rapidly with D, since the
failure probability is at most exp

(
− 1

2Dµ(a)2
)
, i.e., it decays

exponentially in the dimension at rate Θ(µ(a)2).
Hoeffding’s bound can be conservative because it uses

only the bounded range Zi ∈ [−1, 1] and ignores the actual
variance of Z1, which is typically much smaller than the worst-
case variance implied by the range. Bernstein’s inequality
incorporates Var(Z1) and yields a significantly tighter bound,
as formalized below.

Theorem 2 (Bernstein bound: a tighter variance-aware guar-
antee). Let Z1 := (X1 − T1)

2 − (Y1 − T1)
2, where X1, T1 ∼

Unif[0, 1] and Y1 ∼ Unif[ 12 − a, 1
2 + a] are mutually indepen-

dent, and define σ2(a) := Var(Z1). Then for all D ∈ N,

P
(
∥Y −T∥2 ≤ ∥X−T∥2

)
≥ 1−exp

(
− Dµ(a)2

2σ2(a) + 2µ(a)
3

)
.

(17)

Proof. We apply Bernstein’s inequality for sums of bounded
random variables [44]. For i.i.d. random variables Zi with
|Zi| ≤ 1, E[Zi] = µ, and Var(Zi) = σ2, Bernstein’s inequality
gives

P

(
D∑
i=1

Zi −Dµ ≤ −t

)
≤ exp

(
− t2

2Dσ2 + 2t
3

)
.

Setting t = Dµ (so that
∑

i Zi −Dµ ≤ −Dµ is equivalent to
∆ < 0) gives

P(∆ < 0) ≤ exp

(
− (Dµ)2

2Dσ2 + 2Dµ
3

)
= exp

(
− Dµ2

2σ2 + 2µ
3

)
.

A direct integration of the one-dimensional gap law gives

E[Z2
1 ] =

144a4 + 40a2 + 29

720
, σ2(a) =

(2a2 + 1)(4a2 + 3)

90
.

(18)
Empirically, σ2(a) ranges from approximately 0.034 at a =
0.1 to 0.054 at a = 0.4, which is far below the worst-case
variance of 1/3 implied by the range [−1, 1]. This explains
why the Bernstein bound is much tighter than Hoeffding at
moderate D.

Heuristically, since ∆ =
∑D

i=1 Zi is a sum of i.i.d.
terms, a CLT approximation suggests [45] P(∆ < 0) ≈
Φ
(
−

√
Dµ(a)/σ(a)

)
, so the effective z-score grows like√

Dµ(a)/σ(a). The CLT approximation closely matches em-
pirical results in Fig. 2. Berry–Esseen bounds can formalize
this with an explicit finite D error term, which we leave for
future work.

Monte Carlo validation. We empirically estimate pD(a) =
P(∥Y − T∥2 ≤ ∥X − T∥2) under the model of Section III-A
using Monte Carlo simulation with 2× 104 trials per (D, a).
The empirical mean gap Ê[∆] agrees closely with the predic-
tion D · µ(a) from Lemma 1. For (D, a) = (100, 0.1) the
theory gives 8.0 and we observe ≈ 8.00, and for (1000, 0.2)
the theory gives 70.0 and we observe ≈ 69.96. We sweep
D ∈ {2, 5, 10, 20, 50, 100, 200, 500, 1000, 104, 105} and half-
widths a ∈ {0.1, 0.2, 0.3, 0.4}, equivalently subcube side
lengths s = 2a ∈ {0.2, 0.4, 0.6, 0.8}. Fig. 1 shows that the
empirical probability p̂D increases rapidly with the dimension
D and approaches 1. Moreover, narrower central subcubes,
with smaller side length s = 2a, yield faster convergence, con-
sistent with the per-coordinate mean gap µ(a) = (1−4a2)/12.
Table I summarizes the smallest tested dimension at which
p̂D exceeds 0.95, 0.99, and 0.999. At large dimensions (e.g.
D = 104 and 105), we observe zero failures in 2× 104 trials



TABLE I
EMPIRICAL DIMENSIONS REQUIRED TO REACH NEAR CERTAIN

ADVANTAGE FOR CENTRAL SAMPLING. ENTRIES REPORT THE SMALLEST
TESTED D SUCH THAT THE MONTE CARLO ESTIMATE p̂D (EQ. (16))

EXCEEDS THE INDICATED THRESHOLD, USING 2× 104 TRIALS PER (D, s).
HERE s IS THE CENTRAL SUBCUBE SIDE LENGTH AND a = s/2 AND THE

TESTED GRID IS D ∈ {2, 5, 10, 20, 50, 100, 200, 500, 1000, 104, 105}.

s a µ(a)
D

p̂D ≥ 0.95 p̂D ≥ 0.99 p̂D ≥ 0.999

0.2 0.1 0.08 20 50 50
0.4 0.2 0.07 20 50 100
0.6 0.3 0.0533 50 100 200
0.8 0.4 0.03 200 500 1000

across all tested s, so the empirical failure probability falls
below the Monte Carlo resolution.

CLT approximation vs. Hoeffding and Bernstein bounds.
Fig. 1 compares the CLT approximation and concentration
bounds against the empirical probability. The CLT approxima-
tion P(∆ ≥ 0) ≈ Φ(

√
Dµ/σ) closely matches the empirical

results across all tested dimensions and subcube widths. For
instance, at D = 50 and a = 0.1 the CLT predicts 99.88%
versus an empirical 99.95%, and at D = 20 and a = 0.1
it predicts 97.3% versus 97.8%. This demonstrates that the
CLT approximation accurately captures the true probability.
The Hoeffding lower bound (Theorem 1) is conservative at
D = 50, a = 0.1, it guarantees only pD ≥ 14.8%. The
Bernstein bound (Theorem 2) is tighter, guaranteeing pD ≥
92.6% for the same setting. The empirical results never violate
either bound, validating Theorems 1 and 2. The remaining
gap between the CLT approximation and the Bernstein bound
arises because concentration inequalities provide worst-case
guarantees rather than distributional estimates. Fig. 2 shows
the same comparison on a logarithmic scale for log10(1− p̂D).
On this scale, the CLT closely tracks the empirical failure
probability across all dimensions, while the Hoeffding and
Bernstein lower bounds on pD remain rigorous guarantees.

F. Benchmark validation on standard box-constrained test
functions

To complement the single draw theory with a fixed budget
search experiment, we compare the same budget random
search on three standard box-constrained test functions, such
as Sphere, Rastrigin, and Ackley. In each trial, we draw
N = 32 candidates either from the full cube [0, 1]D or
from the central subcube of side length s = 0.8, evaluate
all samples, and compare the best objective value produced
by each sampler. Sphere uses f(x) = ∥x − c∥22, while
Rastrigin and Ackley are evaluated in their standard shifted
forms on linearly rescaled coordinates so that x = c is the
global minimizer inside [0, 1]D. We report the empirical win
probability

pbestD,f := P
(

min
1≤j≤N

f(Y (j)) ≤ min
1≤j≤N

f(X(j))

)
, (19)
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Fig. 1. Advantage probability. Monte Carlo validation of empirical p̂D
versus D for several subcube side lengths s (with a = s/2). Here p̂D =
P(∥Y − T∥2 ≤ ∥X − T∥2) is the probability that the center draw is at
least as close to the target as the uniform draw. Curves show p̂D , a CLT
approximation, and Hoeffding and Bernstein lower bounds on pD .

estimated from 5×103 trials. For each function, we test both a
centered optimum (c = 0.5 in every coordinate) and a corner
optimum (c = 0 in every coordinate).

Table II shows two consistent patterns. First, CBS is deci-
sively better when the optimum is centered, and the advantage
strengthens with dimension. Second, even when the optimum
is shifted to a corner, CBS remains competitive and usually
superior under this same budget random search protocol.
This is consistent with the variance reduction mechanism
identified above, which states that under squared distance box
geometries, shrinking proposal variance can still outweigh
location mismatch. These benchmark results are empirical
rather than theorem level. They do not imply universal best
of N guarantees for arbitrary objectives, but they do provide
optimization function validation beyond the purely geometric
Monte Carlo study.

IV. CENTER-BASED FINAL SELECTION UNDER MINI-BATCH
EVALUATION NOISE

In population-based ML or noisy black-box optimization,
the final deployment step can introduce its own bias. If several
late stage candidates are close in true objective value and one
selects the individual with the best score on a fresh mini-batch,
the winner is often partly the candidate that received the most
favorable noise realization rather than the one with the best
full dataset objective. This optimistic selection effect is well
known in noisy evolutionary settings [46].

When the final population is already concentrated near a
good solution, returning a center-based aggregate, such as the



−12.5

−10.0

−7.5

−5.0

−2.5

0.0
lo

g 1
0(

1
−

p̂ D
)

s = 0.2 s = 0.4

101 103 105

Dimension D

−12.5

−10.0

−7.5

−5.0

−2.5

0.0

lo
g 1

0(
1
−

p̂ D
)

s = 0.6

101 103 105

Dimension D

s = 0.8

Empirical CLT Bernstein UB Hoeffding UB

Fig. 2. Failure probability. Monte Carlo validation of log10(1− p̂D) versus
D (failure probability on log scale). Curves show empirical values, a CLT
approximation, and Hoeffding and Bernstein upper bounds on 1−pD . When
p̂D = 1, 1− p̂D is floored at 10−12 before log10.

TABLE II
SAME BUDGET RANDOM SEARCH BENCHMARK VALIDATION. EACH ENTRY

IS THE EMPIRICAL PROBABILITY THAT THE BEST OF N = 32 CENTER
SAMPLES FROM THE CENTRAL SUBCUBE WITH SIDE LENGTH s = 0.8

ATTAINS AN OBJECTIVE VALUE NO WORSE THAN THE BEST OF N = 32
UNIFORM CUBE SAMPLES, OVER 5× 103 TRIALS. FUNCTIONS ARE

SHIFTED SO THAT THE OPTIMUM IS EITHER CENTERED (c = 0.5 IN EVERY
COORDINATE) OR AT THE CORNER (c = 0 IN EVERY COORDINATE).

Function Optimum D = 20 D = 50 D = 100

Sphere center 0.981 1.000 1.000
Sphere corner 0.544 0.708 0.853
Rastrigin center 0.956 0.996 1.000
Rastrigin corner 0.544 0.696 0.840
Ackley center 0.977 1.000 1.000
Ackley corner 0.533 0.705 0.836

population mean or a robust center, can be more stable than
returning the single mini-batch winner. Under a local quadratic
view of the objective, averaging shrinks dispersion around
the local optimum and can therefore improve the expected
full dataset objective. This is consistent with the broader role
of averaging in learning, including Polyak–Ruppert averaging
[47] and stochastic weight averaging [48], [49].

Practical recommendation. When the final population is
tight and mini-batch noise is non-negligible, do not rely solely
on the best single mini-batch score to choose the returned
solution. A better default is to re-evaluate a center-based
aggregate of the final population, or at least compare that
aggregate against the best individual before deployment.

V. CONCLUSION

We studied a simple but informative model of high-
dimensional randomized search in the unit hypercube and
proved that sampling from a central region is typically closer,
in expected squared distance, than sampling uniformly over
the full domain. The key geometric mechanism is variance
reduction at a shared center. Under the uniform-target cube
model, this means advantage upgrades to an explicit exponen-
tial high-probability guarantee via Hoeffding and Bernstein
inequalities.

An important clarification is that the expectation comparison
is more general than the concentration theorem. Because the
uniform and CBS samplers have the same mean, the expected
squared distance advantage persists for any independent target
with a finite second moment. The uniform target assumption is
only needed for the clean i.i.d. bounded gap structure behind
the explicit probability bounds.

We also connected this bounded domain phenomenon to
centered distributions used throughout ML and optimization.
Evolution strategies such as CMA-ES can be viewed as
Gaussian, fitness weighted variants of CBS. Complementing
the theory, our same budget benchmark study on shifted
Sphere, Rastrigin, and Ackley functions shows that CBS
also improves fixed budget random search on standard box-
constrained landscapes, with the largest gains for centrally
located optima.

Our future work includes formal best of N guarantees, ex-
tensions to non-product and non-box feasible sets, characteriz-
ing optimal central widths under richer prior information, and
sharper finite D approximations via Berry–Esseen refinements
or exact moment computations. Broader empirical studies on
neural network training pipelines and benchmark suites with
varying optimum locations would further clarify when center-
based sampling yields the largest gains.

Code availability. The code for experiments is available at:
https://github.com/rkhosrowshahi/cbs-theory.
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