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Abstract—Oblique Decision Trees improve predictive perfor-
mance over univariate trees at the cost of increased computational
complexity and reduced interpretability. While most approaches
formulate their induction as a single-objective problem favoring
accuracy, this work proposes a Multi-Objective Differential Evo-
lution framework to jointly minimize classification error and tree
size. A normalized complexity measure is introduced to capture
the structural properties of the induced models and mitigate
discontinuities in the Pareto Fronts. The approach is evaluated
using three Multi-Objective Differential Evolution variants across
twelve datasets, considering hypervolume, classification accuracy,
and tree size as performance indicators. Results show that the
proposed method achieves comparable predictive performance
to a single-objective approach while significantly reducing model
complexity, demonstrating the benefits of explicitly addressing
the accuracy—complexity trade-off.

Index Terms—Oblique Decision Trees, Differential Evolution,
Multi-objective Optimization

I. INTRODUCTION

Decision Trees (DTs) are widely used classification models
due to their intuitive structure and high interpretability [1].
Among them, univariate DTs, also referred to as axis-parallel
DTs, are the most common implementation of this model, with
popular algorithms such as C4.5 [2] and CART [3]. However,
these DTs evaluate a single attribute at each internal node,
limiting their ability to partition complex datasets effectively.
To overcome this, oblique DTs use linear combinations of at-
tributes to represent test conditions, which define hyperplanes
that split the instance space. Formally, an oblique split is
defined as:
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where 3; € R denotes the coefficient associated with the i-th
attribute z; in a d-dimensional feature space, and 6 represents
the threshold value. Although oblique DTs tend to be smaller
and more accurate than univariate DTs, they are harder to
interpret and computationally expensive to induce [4]. In fact,
determining the optimal linear combination for each internal
node is an NP-complete continuous optimization problem [5].
Moreover, the induction of oblique DTs entails a trade-off
between accuracy and complexity, as improving predictive
performance often leads to increased model complexity [6].

In this work, oblique hyperplanes are optimized using
Differential Evolution (DE), leveraging its strong performance
in continuous search spaces, while the accuracy-complexity
trade-off is addressed through a multi-objective formulation.
This results in a Multi-Objective DE (MODE) framework
for inducing oblique DTs. The main contributions are the
following:

o The integration of DE with high-performance Multi-
Objective Evolutionary Algorithms (MOEAs) to mini-
mize classification error and tree size in oblique DTs.

o A normalized complexity measure that captures the struc-
tural properties of the induced models and promotes the
generation of regular Pareto Fronts (PFs).

The remainder of this paper is organized as follows: Sec-
tion II reviews related work, Section III describes the induction
mechanism, Section IV presents the multi-objective approach,
Section V reports the results, and Section VI concludes the

paper.
II. RELATED WORK

In the literature, the use of Evolutionary Algorithms (EAs)
for inducing oblique DTs has mainly focused on global search
strategies that optimize the tree structure and the associated
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hyperplanes using a single fitness function. Regarding ap-
proaches using Genetic Algorithms (GAs), the GDTI method
[7] uses linear chromosomes to optimize only accuracy. Con-
versely, the GEA-ODT approach [8] introduces a tree-based
representation and a single-objective fitness function combin-
ing accuracy and DT size through a penalty term. The GDT-
Mix algorithm [9] further allows both univariate and oblique
test conditions under a similar single-objective formulation.
Other GA-based methods include model complexity into the
objective function, such as that which optimizes the Bayesian
Information Criterion (BIC) [10] and the EFTI method [11]. In
the context of DE, existing approaches use only a single objec-
tive, focusing on optimizing accuracy [12] [13]. In particular,
self-adaptation DE versions are used to incorporate DT size as
a penalization term in the fitness function [14]. Finally, a small
subset of the literature addresses the problem using MOEAs.
An early MOEA combined with Genetic Programming (GP)
has been applied to optimize accuracy and the number of nodes
in DTs [15]. More recently, the ODT-©-NSGA-III method,
which also relies on GP, optimizes precision and recall to
address binary classification tasks in imbalanced datasets [16].

In summary, the majority of approaches treat the problem as
a single-objective optimization task. While a limited number
of works have applied MOEAs, these are methods that do
not exploit DE’s strengths or focus solely on classification
performance metrics. As a result, the integration of DE with
high-performance MOEAs to balance predictive performance
and model complexity remains unexplored.

III. DE TO INDUCE OBLIQUE DTS

The encoding and construction of oblique DTs via the
standard DE method [17] are outlined in this section, following
the approach proposed in [14]. DE is employed because the
main challenge in oblique DT induction lies in optimizing the
real-valued coefficients in oblique splits.

A. Representation Scheme

An oblique DT is encoded as a fixed-length real-valued
vector containing only the hyperplanes associated with the
internal nodes of the DT (marked with different colors in
Fig. 1a), allowing the direct application of DE operators. The
number of internal nodes n. for a complete binary oblique DT

Representation scheme and mapping strategy to induce oblique DTs from fixed-length DE vectors.

is estimated from the number of attributes (d) and class labels
(s) of the training set as follows:

ne — 2max(Hi,Hl)—1 _ 1

2

where H; = log,(d+1) and H;
size n is given by:

= log,(s). The total vector

=n.(d+1) 3)
which corresponds to the total number of real-valued coef-
ficients required for all hyperplanes.

B. Mapping Strategy

To induce an oblique DT from each vector x; in the
population the following methodology is employed:

1) First, a list of candidate internal nodes w; is created
using x;, where the values {x1 ;,...zq41,} are assigned
to the hy hyperplane, the values {z4y2,...
are assigned to the hy hyperplane, and so on.
Secondly, the oblique DT is induced following a typical
recursive partitioning strategy [1], as shown in Fig. 1b.
At each stage, the node in w; with the best Gain Ratio
[2] is selected as:

7x2d+2,i}

2)

w* = argmaxf(wj,ia Erain)§ Wy i e w; (4)
where f is the splitting criterion and 73,4, is the set of
instances associated with the internal node. Leaf nodes
are assigned when there is no candidate internal node
that can split the instance set.

Lastly, a refinement and pruning stage is applied
(Fig. 1c), where leaf nodes are evaluated and, when
beneficial, replaced by axis-parallel DTs induced with
CART [3]. Subsequently, the error-based pruning
method [2] is used to avoid overtrained DTs.

3)

As shown, although the vector sizes in DE are fixed, the
partitioning strategy and refinement mechanism allow the
algorithm to induce oblique DTs of varying sizes.



C. Initialization

Since DE random initialization tends to generate irrelevant
hyperplanes that increase model size and reduce accuracy [14],
a dipole-based initialization method from [18] is adopted.
Mixed dipoles, defined as pairs of instances from different
classes § = (v, v,) are used. For each individual, a random
J is selected, and a hyperplane h(3,6) is constructed as:

B =vy,—vg

1
0= 5(ﬁTvp +8"v,) (5)

where 3 contains the hyperplane coefficients and 6 is
the split threshold. This method ensures that the hyperplane
separates at least two instances with different class labels.

IV. MULTI-OBJECTIVE OPTIMIZATION APPROACH

This section describes the proposed framework to induce
oblique DTs using a multi-objective optimization approach, in
which both classification error and tree complexity are min-
imized. Formally, the Multi-objective Optimization Problem
(MOP) is defined as:

Minimize F(x) = [f1(x), fo(x)]"

: (6)
subject to x € ()

where no constraints are considered, x is a solution vector
of n decision variables and {2 C R™ denotes the decision space
bounded by the minimum and maximum values derived from
the dataset attributes. The objective functions that formalize
these criteria—and guide the search for near-optimal solu-
tions—are detailed below. Subsequently, the algorithms used
to solve the MOP and the strategy for obtaining an oblique
DT from the final non-dominated set are described.

A. Classification Error

The objective fi(x) evaluates the predictive performance of
the model induced from x and is defined as the minimization
of the training error:

f1(x) = error(DT, Tirain) @)

where DT denotes the induced oblique DT and 73,4, the
training set. By definition, f;(x) € [0,1].

B. Normalized Complexity Measure

Unlike most existing approaches, which quantify complexity
solely by the number of nodes, this work proposes a normal-
ized measure that captures both the oblique structure and the
refinement induced in the leaves. This metric is bounded in
the range [0, 1] and is defined as a minimization objective:

f2(X):aCOb+(1_a)Oref (®)

where a € [0,1] controls the relative importance of the
oblique and refinement complexities.

o Oblique Complexity (Cyp): Represents the size of the

oblique structure:
n;
c*ob = (9)

)
Te

where n; is the count of oblique nodes actually used (see
Fig. 1b), and n. is the estimation given by Eq. (2).

o Refinement Complexity (Ci.f): Quantifies the average
density of the refinement trees induced at the leaves:

n./ny
max ’
nT

Cre f = (10)
where n,. is the total count of nodes in all CART trees, n;
is the possible number of leaves for the oblique structure,
and n/e@ = gmaxdepth+1 _ 1 jg the maximum possible
number of nodes for a single CART tree given a depth
limit.

C. MODE Algorithms

MOEAs are typically categorized into three groups accord-
ing to their selection mechanisms [19]. This study examines
one algorithm per category, emphasizing methods that allow
DE integration. The main characteristics of the selected meth-
ods are summarized in Table 1.

TABLE I
MODE METHODS CONSIDERED IN THIS WORK.
MOEA Approach Selection Ref.
GDE3 Pareto-based Non-dominated sorting  [20]
MOEA/D-DE Decomposition-based Scalarization [21]
SMS-EMOA-DE Indicator-based Hypervolume (HV) [22]

D. Preference Handling

Although a MOEA produces a set of non-dominated solu-
tions, a single oblique DT is required to evaluate its accuracy
and size. To this end, the selected solution minimizes the
Euclidean distance to the reference point (0,0) in the objective
space, yielding a compromise between the objectives.

V. EXPERIMENTS AND RESULTS

This section details the experimental setup employed to
evaluate the proposed framework, followed by the results. In
addition to classification accuracy and DT size, HV is used
to assess the convergence and diversity of MOEAs. Statistical
significance is evaluated using a Friedman test with Nemenyi
post-hoc analysis. All algorithms were implemented in Python
using jMetalPy [23] and scikit-learn [24].

A. Datasets Description

Twelve datasets from the UCI Machine Learning Repository
[25] were selected. Table II summarizes their characteristics.
An 80/20 stratified hold-out validation with 30 independent
runs per MOEA was employed. This validation approach was
preferred over cross-validation to offset the increased execu-
tion time of MOEAs while ensuring statistical significance
and maintaining a consistent validation protocol throughout
the optimization process.
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Fig. 2. Effect of the o parameter on the performance of the MOEAs across all datasets.

TABLE 11
CHARACTERISTICS OF THE DATASETS USED IN THE EXPERIMENTS.
Dataset Instances  Attributes  Classes
australian-credit 690 14 2
banknote-auth 1372 4 2
biodeg 1055 41 2
cryotherapy 90 6 2
ecoli 336 7 8
iris 150 4 3
mammographic 830 5 2
occupancy 2665 5 2
wine 178 13 3
Z00 101 16 7
dermatology 366 34 6
ionosphere 351 33 2

B. Parameter Settings

The DE parameters were calibrated with irace [26], using
four datasets from Table II as test instances. The HV indicator
was maximized to identify effective configurations and the
number of generations was fixed to gy,ax = 100 throughout the
tuning process. The population size values were set to NP €
{50,100, 150}, the crossover rate to Cr € {0.4,0.5,...,0.9},
and the scaling factor to F' € {0.5,0.6,...,1.2}. Table III
shows the resulting DE parameters for each MOEA. Addition-
ally, the depth limit of CART trees was set to max_depth = 5.

TABLE III
DE PARAMETER SETTINGS FOR EACH MOEA OBTAINED WITH irace.

MOEA NP Cr F Zmax
GDE3 150 09 0.6 100
MOEA/D-DE 150 05 05 100

SMS-EMOA-DE 150 0.7 1.2 100

Regarding the o parameter in Eq. (8), an analysis was
conducted considering o € {0.0,0.25,0.5,0.75,1.0}. Fig. 2
shows the impact of these values on the performance of the
MOEAs. The boxplots depict the distribution of HV (Fig. 2a),
accuracy (Fig. 2b), and DT size (Fig. 2c), aggregated across
runs and the first ten datasets. As observed, lower « values
tend to yield higher HV results. However, a value of o = 0.0

drastically increases DT size. In terms of accuracy, the method
is relatively insensitive to «, although o = 0.5 and o = 1.0
exhibit a less variable behavior. Furthermore, DT size is best
minimized with values of 0.25, 0.5, and 0.75. Consequently,
a value of @ = 0.5 was selected for the remainder of the
experiments.

C. Results and Discussion

Table IV presents the average HV for each MOEA. The
Friedman test indicated significant differences (p = 9.97 x
107°). Consequently, the Nemenyi post-hoc test was con-
ducted and its results can be interpreted using the Critical
Difference (CD) diagram shown in Fig. 3. Therefore, it can be
stated that GDE3 and MOEA/D-DE outperform SMS-EMOA-
DE in terms of HV.

TABLE IV
HYV OBTAINED BY THE COMPARED MOEAS.*
SMS-
GDE3 MOEA/D-DE EMOA-DE

Dataset

HV Rank HV Rank HV Rank
australian-credit ~ 0.9082 (1) 0.9074 2) 0.8613 3)
banknote-auth 0.9551 2) 0.9567 (1) 0.9078 3)
biodeg 0.8539 2) 0.8702 (1) 0.8460 3)
cryotherapy 0.9396 (1) 0.9375 2) 0.9287 A3)
ecoli 0.7576 2) 0.7683 (1) 0.7311 3)
iris 0.9134 (1) 0.9107 2) 0.9094 3)
mammographic 0.7945 (1) 0.7937 2) 0.7888 3)
occupancy 0.8788 (1) 0.8783 2) 0.8327 3)
wine 0.9611 (1) 0.9610 2) 0.9446 3)
700 0.9570 (1.5 09570 (1.5) 0.9477 3)
dermatology 0.9340 2) 0.9449 (1) 0.9145 3)
ionosphere 0.9542 2) 0.9619 (1) 0.9360 3)
Avg. rank - 1.46 - 1.54 - 3.00

*Best values are highlighted in bold.

To illustrate these results, Fig. 4 presents the aggregated PFs
obtained by each MOEA across all runs for a representative
dataset. As shown, the proposed complexity measure tends to
generate PFs with smooth and regular shapes. This is impor-
tant, as MOEA performance is known to degrade when dealing
with MOPs characterized by discontinuous, degenerate, or
inverted PFs [27]. In contrast, the adverse effects of using
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reveals significant differences (p = 0.0001). Consequently,
the Nemenyi post-hoc test was applied, and the corresponding
CD diagram is shown in Fig. 6. As observed, MOEA/D-
DE obtained the best average ranking in terms of DT size,
followed by GDE3, with no statistically significant differences
between them. In contrast, SMS-EMOA-DE does not improve
complexity reduction compared to jSO.

node count as a complexity metric are evident in Fig. 5, which
induced a discontinuity effect on the PFs. The convergence
and diversity capabilities of MOEA/D-DE were particularly
affected under that formulation. Although the main objective
of the proposed metric is to prevent these irregularities, its
success could be dataset-dependent and may not completely
overcome these effects in all scenarios.
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Table V reports the average accuracy achieved by the
compared methods. For reference, the jSO method [14] is
included as a single-objective baseline, where DT size is
handled indirectly through a penalty term in the objective
function. Although MOEA/D-DE achieves the best average
rank, the Friedman test (p = 0.1577) indicates no statisti-
cally significant differences. Conversely, Table VI presents the
results for DT size, measured by the number of leaf nodes
in the induced oblique DTs. In this case, the Friedman test

TABLE V
ACCURACY OBTAINED BY THE COMPARED METHODS ON THE TEST SET.*
SMS-
GDE3 MOEA/D-DE EMOA-DE iSO

Dataset

Acc. Rank Acc. Rank Acc. Rank Acc. Rank
australian-credit 84.23 (4) 85.10 (3) 8539 (2) 86.26 (1)
banknote-auth 9899 (4) 99.12 (3) 9936 (2) 99.83 (1)
biodeg 83.63 (2) 8438 (1) 8352 (3) 8281 4
cryotherapy 84.63 (3) 8833 (2) 8389 (4) 8981 (1)
ecoli 83.38 (2) 8343 (1) 8225 (4) 8319 (3
iris 9522 (3) 9556 (2) 9389 (4) 96.67 (1)
mammographic 84.28 (1) 84.18 (2) 8295 (4) 8359 (3
occupancy 98.11 (3) 9832 (2) 9839 (1) 98.07 4
wine 9444 (2) 9528 (1) 9259 (4) 9343 (3)
700 88.10 (2) 8794 (3) 86.67 (4) 90.16 (1)
dermatology 91.85 (1) 91.71 (2) 8829 (3) 8748 4
ionosphere 8789 (1) 8690 (2) 8540 ((3) 8521 &
Avg. rank - 2.33 - 2.00 - 3.17 - 2.50
*Best values are highlighted in bold.

TABLE VI
DT SIZE OBTAINED BY THE COMPARED METHODS ON THE TEST SET.*
SMS-
GDE3 MOEA/D-DE EMOA-DE jSO

Dataset

Size Rank Size Rank Size Rank Size Rank
australian-credit  3.80 (1.0) 4.03 (2.00 593 (4.0) 543 (3.0
banknote-auth 207 (2.0) 2.03 (1.0) 323 40 293 (3.0
biodeg 18.27 (2.0) 16.87 (1.0) 21.10 (3.0) 24.00 (4.0)
cryotherapy 2.10 (2.0) 2.03 (1.0) 2.17 (3.0) 540 (4.0
ecoli 9.37 (1.0) 10.00 (2.0) 11.77 (3.0) 12.23 (4.0)
iris 3.00 (25 3.00 (25 300 (2.5 3.00 (2.5)
mammographic 297 (2.0) 3.00 (3.0)0 3.10 (4.0) 2.67 (1.0)
occupancy 433 (20) 427 (1.0)0 657 4.0 440 (3.0
wine 3.00 (1.5 3.00 (1.5 343 (3.00 437 (4.0
700 7.00 (2.0) 7.00 (2.0) 7.00 (2.0) 7.17 (4.0
dermatology 827 (.0 717 (1.0) 10.07 (3.0) 12.60 (4.0)
ionosphere 6.77 (2.0) 5.60 (1.0) 8.07 (3.00 890 (4.0
Avg. Rank - 1.83 - 1.58 - 3.21 - 3.38
*Best values are highlighted in bold.
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Fig. 6. CD diagram for the DT size results shown in Table VI.

In summary, the evidence presented in this section makes it
possible to establish that: 1) Pareto-based and decomposition-
based approaches are more effective for maximizing HV



compared to the indicator-based method; however, SMS-
EMOA-DE has the drawback of producing only one solution
per generation [22]; 2) the proposed normalized complexity
measure facilitates the generation of smooth and regular PFs,
helping to prevent performance degradation in MOEAs; 3)
the MODE framework is capable of inducing oblique DTs
with competitive accuracy compared to the single-objective
approach; and 4) the proposed approach enables MOEA/D-
DE and GDE3 to consistently induce more compact oblique
DTs, leading to a significant reduction in model complexity
without sacrificing accuracy.

VI. CONCLUSIONS AND FUTURE WORK

This work addressed the problem of inducing oblique DTs
under a multi-objective framework, using DE as the main
search engine to jointly minimize classification error and DT
size. Additionally, a normalized complexity metric was intro-
duced with the aim of mitigating discontinuities in the PFs.
Experimental results across datasets showed that the proposed
approach yields competitive accuracy compared to the single-
objective baseline. In particular, GDE3 and MOEA/D-DE
proved especially effective under the proposed formulation,
achieving a superior convergence—diversity performance and
a significant reduction in DT size. Future work will focus on
further analyzing the effects and advantages of the proposed
complexity objective, as well as extending the experimental
validation by considering a larger and more diverse collection
of datasets. Moreover, runtime evaluation will be conducted,
and mechanisms to potentially enhance interpretability will be
investigated.
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