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Abstract—This paper addresses the inverse problem of recon-
structing basement relief from gravity data by comparing two
contrasting optimization strategies: a novel linearized approach
based on the Dual-Simplex (DS) method and a hybrid evolution-
ary algorithm specifically designed for this problem, namely a
Memetic Algorithm (MA), which combines global evolutionary
operators with Gauss—Newton local refinement. The DS method
solves a Linear Programming (LP) formulation based on an ;-
norm data misfit with smoothness regularization, whereas the
MA integrates global exploration mechanisms—such as BLX-«
crossover, hybrid mutation, and tournament selection—with a
weighted local update scheme. Both approaches are applied to
synthetic and real 2D datasets: the Isolated Graben model and
the Poem Bridge profile. For the synthetic case, characterized by
smooth geometry and weak nonlinearity, the DS method achieves
higher accuracy, reaching a 1% relative error in 98% of the ob-
servations. In contrast, for the more heterogeneous and nonlinear
Poem Bridge dataset, the MA demonstrates superior performance
in terms of cumulative relative data misfit reduction, achieving
a 5% error in approximately 72% of the data, compared to
58% for the DS method. These results indicate that deterministic
linearized methods are highly efficient for well-behaved models,
whereas evolutionary strategies provide greater robustness in
complex, real-world scenarios. Overall, this study highlights the
importance of selecting inversion strategies according to the
degree of nonlinearity and geological complexity, demonstrating
that hybrid metaheuristic approaches can effectively complement
classical optimization techniques in geophysical inverse problems.

Keywords—basement relief, inverse problem, Dual-Simplex,
Memetic Algorithm, computational Geophysics.

I. INTRODUCTION

The reconstruction of basement relief from gravity data is a
classical geophysical inverse problem, widely recognized for
its ill-posedness in the Hadamard sense, in which solutions
may not exist, may be non-unique, or may exhibit strong
sensitivity to measurement noise [1]. Such characteristics re-
quire a careful mathematical formulation and robust numerical
strategies to produce geologically meaningful models.

Basement relief inversion plays a key role in numerous
geophysical applications, including: (i) delineation of sedimen-
tary basin architecture for hydrocarbon exploration [2, 3]; (ii)
identification of tectonic domains such as grabens, horsts, and
fault-controlled depressions [4, 5]; (iii) mapping of structural
discontinuities and lateral density variations in the crust [6, 7];
(iv) support for near-surface engineering and geotechnical

investigations [8, 9]; and (v) data-driven approaches using
deep learning to estimate 2D and 3D basement geometries
directly from gravity fields [10-13]. These diverse applications
highlight the importance of developing reliable, accurate, and
computationally efficient inversion methods.

In this study, the problem is formulated in two dimensions,
with the basement represented by a set of vertically oriented
prisms. The basement depth vector d specifies the geometry,
while predicted gravity anomalies g, are obtained by apply-
ing a nonlinear forward operator that relates density contrasts
to surface measurements. A key modeling feature is that the
sensitivity matrix A is constructed using unit-height prisms,
which exploits the linear dependence of the gravity response
on prism height. As a consequence, the Jacobian remains
constant throughout the inversion, considerably reducing com-
putational cost and improving numerical stability.

The combination of nonlinearity, measurement noise, lim-
ited spatial coverage, and the presence of outliers in real
gravimetric data further underscores the need for regularization
to stabilize the inversion [14]. In this work, both the data
misfit and the regularization terms are formulated using the
L1 norm. The L; norm is well known for its robustness
to outliers and non-Gaussian noise, as it is equivalent to
assuming a Laplacian error distribution with heavier tails than
the Gaussian distribution associated with the L, norm [15-17].
Consequently, large residuals are penalized linearly rather than
quadratically, preventing isolated corrupted observations from
dominating the inversion process. This property is particularly
relevant in gravity inversion, where data contamination may
arise from acquisition errors, regional-residual separation,
terrain corrections, or unmodeled geological heterogeneities
[18, 19].

In addition, the use of the L; norm in regularization
promotes sparsity in the gradient of the model, favoring
piecewise-smooth or blocky structures that are more consistent
with geological expectations for basement relief and fault-
controlled domains [20-22]. Compared with classical Lo
smoothness constraints, L;-based regularization better pre-
serves sharp interfaces and structural discontinuities, which
are fundamental characteristics of tectonic features such as
grabens and horsts.

A variety of regularization strategies have been proposed in
the literature, including smoothness constraints [18], entropic
regularization [19], and Total Variation formulations [20, 21].



Among these, L;-based approaches have gained increasing
attention due to their combined robustness and structural
preservation capabilities [15-17].

In parallel, global and hybrid metaheuristic optimization
methods have gained traction, particularly in strongly non-
linear scenarios [23-25]. Representative examples include
particle swarm optimization [26], ant colony—based algorithms
[24], and simulated annealing [27]. These methods are espe-
cially attractive because they do not rely on local linearization
and are less sensitive to the initial model.

Against this background, the present work compares two
complementary inversion strategies:

1) A new deterministic linearized method based on an L1-
norm data misfit combined with L;-norm smoothness
regularization, formulated as a linear programming (LP)
problem and solved using the Dual-Simplex (DS) algo-
rithm [28-30]. In this new formulation, the robustness
of the L; norm is directly embedded in the optimiza-
tion structure, resulting in a stable and computationally
efficient approach for large and sparse systems.

2) A Memetic Algorithm (MA) that integrates global evo-
lutionary operators (BLX-«v crossover, hybrid mutation,
and tournament selection) with a local refinement stage
based on a weighted Gauss—Newton update [25, 31—
33]. The global search uses an L; objective function,
ensuring robustness to outliers and structural preserva-
tion, while the local Gauss—Newton step employs an
L, formulation for computational efficiency and fast
convergence in the vicinity of promising solutions. This
hybrid L;—Ly strategy combines robustness at the global
level with numerical efficiency at the local level.

Both strategies are assessed using synthetic and real 2D
datasets—the Isolated Graben Model and the Poem Bridge
Model—allowing for a comprehensive evaluation under both
controlled and real-world conditions. The comparison focuses
on the accuracy of basement-geometry reconstruction and on
data-fit quality, as reflected by the behavior of the cumulative
relative data-misfit error.

II. METHODOLOGY
A. Forward Model

We consider a 2D gravity profile discretized into 7 adjacent
vertical rectangular prisms with fixed lateral width and con-
stant density contrast. The model parameters correspond to the
basement depths, represented by the prism thicknesses d;.

Figure 1 illustrates the forward modeling framework for
a 2D sedimentary basin. Subfigure (a) shows the observed
gravity anomaly at the surface, while subfigure (b) presents the
discretized basement topography, approximated by 7 adjacent
rectangular prisms with varying heights p;, which are directly
related to the parameters d;. A constant horizontal spacing Az
between observation points is assumed. In the 2D formulation,
the gravity anomaly at each observation point is computed
using the analytical solution for the vertical component of
the gravitational attraction of rectangular prisms. The total

Figure 1. (a) Observed gravity anomaly at the surface; (b) Sedimentary basin
model in which the basement topography S is approximated by 7 juxtaposed
2D rectangular prisms of height p;. Each prism contributes to the total gravity
anomaly at the observation points. Source: [9]

anomaly is obtained by superposition of the contributions from
all prisms.

The gravity anomaly at the i-th of u observation points is
given by:

Fi(d) =Y f(pj,dj,rig), ()
j=1
where p; is the density contrast of prism j, and r;; describes
the geometric relationship between the ¢-th observation point
and the j-th prism, including their relative horizontal and
vertical distances.
The kernel function f corresponds to the classical analytical
expression for the vertical component of the gravitational
attraction of a 2D rectangular body [2].

B. Sensitivity Matrix and Linearization

The Jacobian matrix J(d) = 9F/dd € R**" quantifies the
sensitivity of the data to the model parameters.

Sensitivity Matrix for Linear Inversion: For a linear ap-
proximation, the model is represented by unit-density prisms,
yielding g ~ Ad. The sensitivity matrix A is precomputed
by evaluating the forward response for each prism with unit
thickness:

Aij = F(ej)i, (2

leading to a constant Jacobian: J, = A.

Finite-Difference Jacobian for Gauss—Newton: For nonlin-

ear refinement, a numerical Jacobian is computed via finite
differences. For a current model dg:

7~ F(do + vd,e;) — F(do)
Y05

]
where v = 1 and §; = 10~® max{|dp ;|, 107°}. The Jacobian
is stored in sparse format.

; 3)

C. Objective Function

We employ an L; norm for robustness against outliers,
combined with Total Variation regularization [20]:

J(d) = l[gobs — F(d)[|1 + A Dd[]1, )

where the first term represents the data misfit between the ob-
served data (gops) and the data calculated by the forward model
(F(d), as defined in 1), and the second term corresponds to
the regularization; A > 0 is the regularization parameter, and
D is the first-order finite-difference matrix.



D. Linearized L1 Inversion with DS

Starting from an estimate d,, the forward operator is
linearized:

F(d) ~F(d,) + A(d —d,). (5)

With the residual Ar,; = g,,s — F(d,) and model increment
Ad =d — d,, we solve the linearized subproblem:

min [AAd — Ar[|, + A[DAd]|s. (6)

To solve this L; problem, we introduce auxiliary variables
u > 0 and reformulate it as a Linear Programming (LP)
problem:

min f'x, where x = [Ad; u], @)
subject t0 AjpeqX < bipeg, u > 0. ®)
The matrices are defined as:
f=[0;1], Auwe=[A;VAD], by, =[Ar;0], (9
A -1 b
Aine - e ) bine = e . 10
S B L A B

This bound-constrained LP is solved using the DS algorithm
for its efficiency with sparse problems. The complete iterative
procedure is detailed in Algorithm 1.

Algorithm 1: Linearized L; Inversion (DS)

Require: Initial model dg, observed data g, tolerance e,

max iterations I', max LP iterations I',,, regularization \

Ensure: Estimated model d*

1: Precompute sensitivity matrix A using unit-height prisms
2: Construct smoothing operator D and augmented matrix

Aaug
3: for r=0to' — 1 do
Compute predicted data: g, = Ad,
Compute residual: Ar,; = gops — &
Form augmented RHS: by, = [Ar],07]"
Build LP matrices f, Ajeq, Dineg
Solve LP via DS (max I',, iterations) to obtain Ad
Update model: d,; =d, + Ad
10: if ||[Ad]||/||d-|| < € then

° X DN

11: break
12:  end if
13: end for

14: d* =d,11

E. MA with Gauss—Newton Local Search

The second strategy is a MA combining global evolutionary
exploration with local Gauss—Newton refinement.

Initialization and Fitness: An initial population of €2 indi-
viduals is generated by sampling each parameter uniformly
within the inversion bounds [dmin,dmax]- Each candidate
model d; is evaluated using the objective function 7(d;) (as
defined in 4).

BLX-a Crossover with Adaptive Parameter: A fraction P,
of the population undergoes BLX-a crossover. For parents
p(l) and p(Q), the crossover interval for parameter j is:

€, = minstY 5"

where A; = |p(-1) —

) — adj, max(p{”, p) + any],

y p§2)|. The parameter o decays linearly
over generations to transition from exploration to exploitation:
Qr = aBLx(l — 05T/F)

Hybrid Adaptive Mutation: Each offspring undergoes mu-
tation with probability (, using a hybrid Gaussian/uniform
scheme. The mutation amplitude o, decreases linearly from
Oinit t0 Ofinal OVer the generations.

Local Gauss—Newton Refinement (25% of Offspring): To
accelerate convergence, 25% of the offspring (as selected
empirically) are randomly chosen for refinement using the
Weighted Gauss—Newton (WGN) method. For a candidate d:

1) Compute the Jacobian J via finite differences.

2) Compute the residual Ag = g5 — F(dp).

3) Solve the regularized normal equations: (JTJ +

AD'D)Ad = JTAg.
4) Update the model: dg < dg + BAd, where 8 € H =
{0.5,0.8,1.0,1.2,1.5}.

5) Accept the refined model only if J improves.

Tournament Selection and Population Update: Parents and
offspring are merged into a common pool. The next generation
is formed via deterministic tournament selection: for each slot,
¢ candidates are sampled, and the one with the lowest 7 is
selected.

Stopping Criteria: The algorithm runs for up to I' gener-
ations. It stops early if the relative improvement of the best
fitness B, < & (with € = 10™%) for & consecutive generations,
where:

B, — %% = T
max(|j(771)|, 6)’

best

e=10"16,

The complete procedure is summarized in Algorithm 2.

III. RESULTS AND DISCUSSION

The experiments were conducted under two distinct sce-
narios: (i) a two-dimensional (2D) synthetic geological model
representing an isolated graben basin, and (ii) a real-world
application at the Poem Bridge site. In both scenarios, the
control parameters of the inversion algorithms were tuned
using the irace library [34], which provides an automated
and statistically principled framework for parameter config-
uration. For each model and method considered in this study,
the best-performing configuration was selected based on ten
independent runs, using the lowest objective-function cost as
the selection criterion after irace tuning. Due to hardware
limitations, only a subset of parameters was optimized. For
the DS method, the maximum number of iterations I' and
the regularization parameter A were tuned. For the MA, the
tuned parameters included the population size €2, the number
of generations I', the mutation probability (, the gene mu-
tation probability ¢, and the regularization parameter A. All



Algorithm 2: MA with Gauss—Newton Local Search
Require: Objective 7, bounds, pop. size {2, max gen. I,

bility of ¢ = 0.1. A crossover rate of P, = 0.75 was adopted
using the BLX-a operator with agrx = 0.3. The mutation

crossover rate P., mutation rates (C,<), OBLX» Tinit» Ofinals scale decreased linearly from oy = 0.1 to ofng = 0.01.

tournament size ¢, reg. param A, stopping tol. &, k

Ensure: Best model d* and fitness 7 (d*)

1: Initialize population {d,}_, uniformly within bounds
2: Evaluate fitness 7 (d;) for all individuals

3: Store initial best model and fitness

4: for r=1to I do

5:  Update adaptive parameters: o, o,
Select parents, apply BLX-«, crossover
Apply hybrid mutation (probability ¢ at individual
level, ¢ at gene level)

8:  Select 25% of offspring for WGN refinement with

step size from H; accept only if fitness improves

9:  Merge parents and offspring into a unified pool
10  Recompute fitness values as required

6:
7

11:  Form next population via tournament selection (size ¢)

12:  Update best model and fitness history

13:  if B, < ¢ for k consecutive iterations then
14: break

15:  end if

16: end for

17: return best model and corresponding fitness

algorithms were implemented and executed in the MATLAB
environment [35].

A. Isolated Graben

The isolated graben model represents a structural depression
formed by normal faults in extensional tectonic settings, where
crustal stretching causes a central block to subside relative to
its flanks, creating a typical V-shaped geometry. Over time,
these basins accumulate thick sedimentary sequences whose
wedge-shaped structures are controlled by fault activity and
subsidence. In this synthetic case, basement variations generate
a non-uniform interface with the sedimentary cover, produc-
ing measurable gravity anomalies due to density contrasts.
Because isolated grabens are common hydrocarbon traps and
widely used as benchmark models in inversion studies, this
configuration provides a reliable and controlled framework for
evaluating algorithm performance [2, 3, 36].

The model was discretized into 1 = 60 vertical prisms with
constant width Az = 1 km and a uniform density contrast
of p = —0.25 glem®. A total of ;1 = 60 synthetic gravity
observations were generated.

For the isolated graben experiment, the DS algorithm was
configured with a tolerance € = 107", a maximum of T = 15
outer iterations, and up to I', = 10,000 internal iterations.
The regularization parameter was set to A = 25.

The MA employed a population size of {2 = 100 individuals
over I' = 110 generations. Each individual was refined through
a local search procedure with I',, = 10 iterations. The mutation
probability was set to ( = 0.2, with a gene mutation proba-

Tournament selection was applied with a tournament size of
¢ = 3. The stopping criteria included a tolerance £ = 10> and
a stagnation limit of x = 20 generations. The regularization
parameter was also set to A = 25.

Figure 2 presents the adjusted isolated graben model and its
data, along with the results obtained using DS and MA.

Dual Simplex

Figure 2. Model fit (a) and data fit (b) obtained using the DS algorithm (left)
and the MA algorithm (right).

Both algorithms provided good fits to the synthetic gravity
data; however, their estimated basement geometries differ
significantly. The DS method reconstructed a geometry that
closely matches the true graben structure, preserving both the
amplitude and curvature imposed by the bounding faults. In
contrast, the MA produced a somewhat unstable interface, a
behavior commonly observed due to the presence of noise and
its exploratory nature, which may drive convergence toward
spurious solutions. This may lead to convergence toward the
optimum of a perturbed objective function, as if the true search
space were obscured and the ideal minimum hidden by noise.

Figure 3 shows the cumulative relative data misfit error
for both methods [37]. The DS algorithm achieved superior
accuracy, reaching a relative error below 1% for approximately
98% of the gravity observations. In comparison, the MA
achieved the same accuracy threshold for only 78% of the data.
These results highlight the effectiveness of local deterministic
optimization in synthetic scenarios characterized by smooth
and near-linear geometries.

Cumlative Relative Error

Figure 3. Cumulative relative data misfit error for the DS and MA.

B. Poem Bridge

Gravimetric inversion techniques have previously been ap-
plied to real data acquired at the Poem Bridge, located on the
Belém campus of the Federal University of Pard (UFPA), as
reported by Lima [38] and Santos et al. [9]. Figure 4 shows,
on the left, a photograph of the site, highlighting the W-E
profile, the topographic gradients g; and g, and the reinforced
concrete piles A and B. These piles act as localized high-
density sources, generating strong gravity anomalies relative
to the surrounding unconsolidated soil.



Figure 4. Photograph of the Poem Bridge showing the W-E gravimetric
profile. The western side exhibits a more abrupt discontinuity than the eastern
side. Source: [39].

For this real-data experiment, a density contrast of p = —2.3
g/cm?® was assumed. The gravity profile extends over 22.5 m
and was discretized into 7 = 45 vertical prisms with width
Az = 0.5 m, resulting in p = 40 gravity observations. Based
on previous studies, the maximum depth to the basement was
visually estimated at approximately 3.3 m [39].

The initial depth estimate dy was computed using the
Bouguer slab approximation [40]. For the Poem Bridge
dataset, both algorithms were configured with the same regu-
larization parameter A = 0.02 to account for the shallow and
highly heterogeneous subsurface conditions.

The DS algorithm was configured with a tolerance € =
107°, a maximum of ' = 11 iterations, and I', = 10,000
internal iterations.

The MA employed a population of @ = 130 individuals
evolved over I' = 114 generations, with a local search phase
of I',, = 10 iterations. The mutation probability and gene
mutation probability were set to ( = 0.23 and ¢ = 0.12,
respectively. A crossover rate of P. = 0.75 was adopted
using the BLX-« operator (agx = 0.3). The mutation scale
decreased from oy, = 0.1 to ofpg = 0.01. Tournament
selection used a size of + = 3, with convergence controlled
by a tolerance ¢ = 10~ and a stagnation limit of x = 20
generations.

Figure 5 presents the fit between the observed and calculated
data (a), along with the corresponding model reconstructions
obtained using DS (left) and MA (right) (b), in addition to the
Bouguer-based initial approximation. Although both methods
reproduce the general trend of the observed gravity anomaly,
their estimated geometries differ significantly. This discrep-
ancy reflects the limitations of the Bouguer-based initializa-
tion, which provides only a crude approximation and fails
to capture the true subsurface complexity, particularly in the
presence of strong density contrasts such as those associated
with the concrete piles. Figure 6 shows the cumulative relative

Dual Simplex Memetic Algorithm

Figure 5. (a) Data fit and (b) model reconstruction obtained using the DS
(left) and MA (right) methods.

data misfit error for both inversion techniques [37]. In contrast
to the synthetic experiment, the MA outperformed the DS

method on the real dataset. The MA achieved a relative error
below 5% for approximately 72% of the observations, whereas
the DS method reached the same threshold for only 58%. This
result highlights the advantage of global search strategies in
real-world problems that violate local linearity assumptions,
where the subsurface exhibits strong heterogeneity and highly
nonlinear behavior.

Cumulative Relative Error

Figure 6. Cumulative relative data misfit error for the DS and MA methods
applied to the Poem Bridge dataset.

IV. CONCLUSION

This study evaluated the performance of two inversion
strategies—DS and MA—applied to both synthetic and real
gravimetric datasets. In the synthetic isolated graben model,
the subsurface geometry was simple, the forward modeling
was fully known, and the same assumptions used to generate
the data were also adopted in the inversion. Under these
conditions, the linearized DS method demonstrated superior
performance. The consistency between the true model and the
inversion model, combined with the well-behaved topology
of the objective function, favored linearization, enabling rapid
convergence and high accuracy.

In contrast, the real Poem Bridge dataset presented a
markedly different scenario. Real-world problems introduce
heterogeneity, structural discontinuities, and a complex, data-
dependent objective-function topology. Such complexity alters
the landscape of the inversion problem for each dataset.
In these cases, linearization may discard crucial information
during the approximation process, leading to suboptimal con-
vergence. The MA, by incorporating a global evolutionary
search, demonstrated a more robust ability to explore the pa-
rameter space, escape local minima, and adapt to the nonlinear
nature of the true density distribution. Its superior data misfit
reduction in the real case is therefore attributed to its ability
to preserve information that purely local methods tend to lose.

Beyond the comparative evaluation of inversion strategies,
this work introduces several methodological contributions.
First, both inversion approaches are formulated within an
Li-norm framework for data misfit and regularization. This
choice provides robustness against outliers and non-Gaussian
noise by implicitly assuming a heavy-tailed (Laplacian) error
distribution, while also promoting sparsity in the model gra-
dients and preserving sharp geological discontinuities. As a
result, the inversion becomes more resilient to contaminated
measurements and more consistent with the blocky nature of
tectonic basement structures.

Second, we propose a novel linearization approach for
basement—relief gravity inversion based on constructing the
sensitivity matrix A using unit-height prisms. This formulation



exploits the intrinsic linearity of the forward response with
respect to prism height and allows the Jacobian to remain
constant across iterations. Despite its simplicity and computa-
tional advantages, this strategy remains largely unexplored in
the existing literature. By decoupling geometric effects from
density scaling and eliminating the need to recompute deriva-
tives at each iteration, this approach provides an efficient and
stable foundation for linear L; inversion, particularly relevant
for large-scale or computationally constrained applications.

Third, in the MA, we demonstrate the effectiveness of
combining an L-based global objective function with an Lo-
based local Gauss—Newton refinement. The L; norm ensures
robustness and structural preservation during the evolutionary
search, while the Lo norm in the local step provides fast
convergence and numerical stability near promising solutions.
This hybrid L;—Lo strategy represents a practical compro-
mise between robustness and efficiency and highlights the
complementary nature of different norms in inverse problem
optimization.

Finally, for this specific problem, linearized local inver-
sion methods are efficient and highly effective for simple
or well-behaved models, whereas evolutionary and hybrid
algorithms become essential when dealing with real-world
datasets characterized by strong nonlinearity, heterogeneous
structures, outliers, and complex objective-function topologies.

Future work may include evaluating alternative local-search
strategies within the MA framework, exploring different hybrid
norm combinations, and investigating new ways to construct
sensitivity matrices that further reduce information loss during
inversion. Ultimately, the DS and MA approaches should be
viewed as complementary tools, and the choice between them
should be guided by the geological complexity of the target
area and the desired balance between computational cost,
robustness, and interpretational accuracy.
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