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Abstract—Fuzzy measures and integrals are used in a wide
range of applications related to decision making and information
fusion. A Kkey concept of measure theory is the notion of
derivatives. For example, the Radon-Nikodym derivative between
two additive measures is the function that, when integrated with
respect to one measure, produces the second one. In this paper,
we consider the generalized concept of derivatives for set-valued
integrals. More particularly, we study the derivatives induced by
a Maximal chain-based integral.

Index Terms—Fuzzy measures, Measure derivatives, Fuzzy
integrals, Choquet integral, Maximal chain-based integral.

I. INTRODUCTION

Fuzzy measures and integrals provide a flexible aggrega-
tion framework that models interactions among information
sources or criteria, enabling representations that cannot be
captured by classical additive concepts. As a result, they are
used in multiple practical problems, including decision making
and information fusion.

Mathematically speaking, a fuzzy measure is a set function
that is monotone with respect to set inclusion. In general, an
integral that allows to integrate a function with respect to
a fuzzy measure, is called a fuzzy integral [17], [18]. The
two most well-known fuzzy integrals are the Choquet [2]
and the Sugeno [15] integral. Moreover, there exist several
generalizations as well [5], [12], [13].

An important concept associated with integrals is the no-
tion of a measure derivative. Given two measures v and p,
the derivative of v with respect to p is the function that,
when integrated with respect to p, produces v. When u
and v are additive and the Lebesgue integral is considered,
the function is called the Radon-Nikodym derivative. This
concept of derivatives has been extended to fuzzy measures
by considering fuzzy integrals. Several authors [3], [8], [10],
[11], [14], [16] have contributed to this topic, mostly assuming
the Choquet integral. Derivatives of additive measures are a
key concept in measure theory, as they are basic components

for building distances (as e.g., f-divergence, KL-divergence,
and Hellinger distance) as well as for defining entropy for
measures. In this regard, we expect the derivatives of fuzzy
measures to have the same relevance.

Islam et al. [6] have shown that the Choquet integral can be
represented as a multi-layer network. In this case, the network
has multiple inputs, a hidden layer, and a single output. In our
work, we extend this representation by considering aggregation
methods based on the Choquet integral that allows multiple
outputs in the output layer.

Our integral construction is related to set-valued functions,
inspired by Aumann [1]. Such integrals can be seen as a natu-
ral generalization of both the integral of point-valued functions
and of the sum of a finite number of sets. The motivation
for this approach lies in its connection with statistical and
economic problems. The integral is then used to introduce the
corresponding measure derivatives. This generalised insight
into the concept of derivatives can offer a fresh perspective and
yield results where traditional direct methods have limitations.

The structure of the paper is as follows. In Section II,
the Maximal chain-based integral is proposed. It is related
to [5], which introduces a more general Maximal chain-
based Choquet-like integral. We link our definition with the
representation of an integral proposed by Islam et al. [6]
as a multi-layer network. Then, a generalization is provided
that produces a set-valued integral, together with the link
to a multi-layer network with multiple outputs. Section III
studies the derivative of the previously introduced integral, and
includes some examples. The paper finishes with concluding
remarks and directions for future research.

II. THE INTEGRAL

Let X be a reference set and, since working with sets, C
our binary relation on X. Then X is an ordered set because
for all X, Xo, X3 € X, the C relation satisfies properties
of reflexivity (X1 C X3), antisymmetry ([X; C X2 A Xa C



Fig. 1. Chains and non-chains for reference set X = {x1,z2, 3,24}

X1] = X1 = X5) and transitivity ([X; C Xo A X C X3] =
X1 C X3). An ordered set X is called a chain if and only if
all its elements are comparable with respect to C relation, i.e.,
for all X7, X5 € X it holds either X; C X5 or X, C X;.

Definition 1. Let X be a finite reference set, then C is a
maximal chain if C := {C1,Ca,...,Cp} is a chain in X such
that ) =CyCCy C - CCp =X and Cr \ Cr—1 = {xx}
forallk =2 ...,m.

We denote by M(X) the set of all maximal chains of
X. The following example illustrates the concept of maximal
chains.

Example 1. Let X = {z1,22,23,24}. Then the correspond-
ing maximal chains can be

Cl = {@, {1'3}, {.1‘1,1‘3}, {.131,.2?3,1‘4},)(}
Cy = {0, {xa}, {z1, 22}, {z1, 22,24}, X }

but not

Cs = {0, {a1}, {z1, 24}, {21, 22, 25}, X}
04 = {(Z), {%4}, {.1‘2,.133}, {$2,$3,$4},X},

because {x1, x4} ¢ {x1,22,23} in C3 and {x4} ¢ {x2,23}
in Cy, as illustrated in Figure 1.

Definition 2. [15] A fuzzy measure p is a set function | :
2% — [0,00) satisfying p(0) = 0 and p(A) < w(B) for
ACB.

Definition 3. /2] Let f X — RY with f(z1) >
flze) > -+ > f(zm), p be a fuzzy measure and sets
Co = 0,Cr = {x1,29,...,21} for k = 1,2,...,m. Then
the Choquet integral of f with respect to y is defined by

m

(©) / fdp=3" fan)(Cr) — w(Cr)]
k=1

Definition 4. Ler X be a finite reference set, M(X) the set
of all the possible maximal chains on X, f : X — R a

function, and p a fuzzy measure. Then, for any C € M(X),
we define the Maximal chain-based integral as

m

(MC) / fdp=3" fan)(Cr) — w(Cr1))
k=1

The set of all the possible Maximal chain-based integrals for
a given [ and p, denoted as S(f, 1), is defined as

S(f,n) ={(MC) /fdu | C : maximal chain on X}.

The notation and naming of the integral above are adopted
from [5], where a more general Maximal chain-based Choquet-
like integral is introduced. It also uses maximal chains as the
integration sets, but a binary operation ® is utilized as an
aggregation operator between the function and the measure,
while we use only multiplication.

Figure 2 illustrates the computation of S(f, ). There, the
input layer consists of singletons in X. The hidden layer
(node) h; represents applying the function and the measure
to all possible maximal chains of the given reference set X,
so hj = S(f,n). The output layer, with nodes denoted as
y;, corresponds to the final results after the integration, one
for each maximal chain. Hence, ¢ as the number of outputs
satisfies ¢ = |S(f, )|

Output Layer

Input Layer
Hidden Layer

i

Fig. 2. Graphical representation of the computation of S(f, ).

It is easy to see that the presented integral is additive for
a given C. The reason is measuring the same set of the chain
for the corresponding singleton regardless of the function.

Proposition 1. For a given C,

(M) [ (7 + g)du = (MC) [ e+ (MO) [ g



A. Particular cases

By construction of the Choquet integral, it can be considered
a special case of the introduced concept.

Proposition 2. For any f and p, the corresponding Choquet
integral satisfies

(©) / fdu € S(f. ).

For special classes of measures and some particular mea-
sures, the original concept reduces to the less complex ones. In
the following, we look at the cardinality of the corresponding
S(f, ). Recall that the dual measure ;€ to a measure y is
defined for all A € X as u®(A) = pu(X) — u(X \ A).

Proposition 3. Taking an arbitrary measure p and € as its
dual, then

S =18 (f, 1)
Proposition 4. If  is additive, then
IS(f, )l = 1.

Figure 3 represents the computation for all the cases with
|S(f, )| = 1, where we only get one resulting value y.

©

Fig. 3. Graphical representation of the S(f, ) computation with restrictions.

Proposition 5. Let us assume Dirac measure in the form
1 g€ A

510 (A) =
0 o ¢ A
S(f020) = 1.

Moreover, Jo € {1,...,m} such that C, \ Co—1 = {x0} and
thus S(f, 6z,) = {f(z0)} for all the maximal chains.

Proof.

and an arbitrary function f. Then

S(f,620) = {Z Fan)[n(Cr) - u(Ck_m}
k=1

- {Z_: F(@r)(0=0) + f(za)(1 - 0)+

k=1
S f(xk)(l—w}:{f(xo)}.
k=a+1

Since the same holds for every maximal chain, then
S(f,020) = 1. u

B. Symmetric fuzzy measures

A fuzzy measure is said to be symmetric on 2% if |A| = |B]
implies p(A) = p(B) for all A, B € X. The next proposition
follows from the rearrangement inequality [4].

Proposition 6. Let p be a symmetric fuzzy measure, C =
{Cklk=0,1,...,m} € M(X) and Ay, := p(Cx)—pu(Cr_1).

1) If Ay is monotone decreasing, then
C dp = S .
( )/f n= max (f,m)
2) If Ay is monotone increasing, then
C dy = in S(f,w).
(©) [ fau= _min_S(s.0)

Example 2. Ler X := {x1,x2,23} and symmetric fuzzy
measure L is defined as follows:

u({n}) = p({a}) = il{za}) = 1

p({z1, x2}) = p({ae, x3}) = p({z1,23}) =3

p({z1, w2, 23}) = 6.

Then Ay = 1,A5 = 2, A3 = 3, so Ay, is monotone increasing.
Now, we define [ as f(x1) =1, f(x2) =4, f(x3) = 9.

For chain Cs : ) C {za} C {x1,22} C {21, 22,23} it holds

(MC3) / fdu = fan)u({z2}) — u(@)]

+ flz)[p({z1, 22}) — p({22})]
+ f(23)[u(X) — p({z1, 22})] = 33.

In the same way, we have the next table

Chain MC-integral
Cr:| x| 21,22 | 1,20, 23 36
OQ . X1 T1,T3 T1,T2,T3 31
03 : T2 T1,X2 T1,X2,T3 33
04 : To o, T3 L1,T2,T3 25
05 : I3 1,23 T1,X2,T3 23
Cﬁ : T3 To, T3 L1,T2,T3 20

Since f(x1) < f(x2) < f(x3), the Choquet integral
corresponds to the (MC)-integral with Cg, which is also
the chain corresponding to the minimal resulting value after
integration as claimed in Proposition 6. That is,

(©) / fdp = (MC) / fa = minS(f. ).

C. 2-additive fuzzy measures

Definition 5. The Mdbius transform of a fuzzy measure 1 on
X is a function m : 2% — R such that for any A € 2%

m(d) = 3 (-)AK u(K).
KCA

Definition 6. [7] A fuzzy measure p on X is said to be 2-
additive if for all A C X,|A| > 2 it holds m(A) = 0, and
there exists B C X such that |B| = 2 and m(B) # 0.



Proposition 7. [7] Let i be a 2-additive fuzzy measure on
X. Then for all K C X such that |K| > 2,

wK) = > ul{wnz}) = (IK[=2) Y p({z:)).
{zi,x; }CK ;€K

Using this proposition, the next result for (MC)-integral can
be proposed.

Proposition 8. Let p be a 2-additive fuzzy measure on 2%
and f: X — RT. For k € N,1 < k < m, consider the chain

{z1} C {z1,22} C -+ C {z1,22...2} C --- C X and
define
Ap =Y (u({zi o)) — u({zi})) = (k = 2)p({zi)).

ik

Then we have
(MO) [ fdu= Y F(w)
k

Even for 2-additive fuzzy measure, |S(f, )] < m! in
general.

D. Generalizations

Definition 7. Let X be a reference set, M(X) a set of all
maximal chains in X, p be a fuzzy measure and f : X — R
an arbitrary function. Then the averaging functional of all the
corresponding (MC)-integrals is defined as

A(f. ) ZZWIXN Z (MC)/fd,u.

CEM(X)

This generalization allows to look at the comparison be-
tween (MC)-integral and already known ones, taking the
particular type of measure. The key difference is that mostly
integrals use only the information from one chain, while
A(f, 1) can be considered the centroid or the average of all
chains, using all information.

The next proposition follows from Proposition 4 on additive
measures. Recall that weaker version of additivity are subad-
ditivity with the inequality u(A U B) < p(A) + p(B) for all
A, B € X, and superadditivity with the same inequality only
the opposite inequality sign.

Proposition 9. If y is additive,
A(f ) = /fdu~

After weakening additivity condition, if u is subadditive

A@M§/NV

and if p is superadditive

MﬁMz/}w.

The integral on the right is the classic Lebesgue integral. In-
tegration measure v is an additive measure built on singletons

as v({x;}) = pu({x;}) for all i.

For additive measures, the result is easy to see since p(Cf)—
w(Cr—1) = p(Cx \ Cr—1) = p({xx}). In case of sub- or
superadditive measure, only the first equality changes to the
corresponding inequality. Thus, (MC)-integral is comparable
with the additive Lebesgue integral.

Definition 8. Let X be a reference set, 1 a fuzzy measure,
and let F(X) := {f1,f2-.., fi} be a finite family of non-
negative functions. Then, we define family-induced set of all
possible Maximal chain-based integrals, denoted as S(F, ),
as follows

S(F,p) = J S(f,m).

feF

Figure 4 represents the computation of S(F, p).

Output Layer

Hidden Layer

Input Layer
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Fig. 4. Graphical representation of the computation of S(F, u).

III. THE DERIVATIVE

In this section, we look at the corresponding derivative
for the Maximal chain-based integral. The problem is inverse
to the original integral computation. Here, the integration
measure p is given together with the resulting measure v, and
the task is finding the integration function f. Symbolically
written

dv

v(A) = (MC) /A fdu & f= an on A.

So far, the (MC)-integral is only defined for the whole
reference set X. For the purpose of the derivatives, we need
to consider it on any subset A C X.

Definition 9. Let i be a fuzzy measure, C a maximal chain
on X, such that C : ) = Cy Cc C; C --- C C, = X.
Let A € C. Then there exists mg < m such that A = C,,,,



P=CoCcCyC--CCpyC-CCh =X and the (MC)-
integral of f with respect to | restricted to A is defined by

(MO) [ i =3 F@)ln(Co) = u(C)]
k=1
Proposition 10. Let X, C, f and u be defined as above. Then,

C) [ e =) [ fad

flw) =4 (also fa(x) =

forall A € C, with fa(x) = {0 v A

f(x) . lA).

Now, we can closely look at the derivative itself, particularly
the existence condition and the definition adapted for the
chains.

Let C; = {.1‘1},02 = {Il,l‘g},...7cm = X. Also
suppose fuzzy measure p such that 0 < u(C7) < u(Cs) <
- < pu(Cpy) = p(X) and another fuzzy measure v.

Then we define the function f : X — R™ as follows:
f(@1) = v(C)/u(Ch),
fx2) = (W(C2) = v(Ch))/(1u(C2) — p(Ch))

fax) = (k) — v(C)/((Cr) — p(Ci_1)) for
k=1,2,...,m.

Then, Cmy € C, it
mo

V(Cy) = 3 Fa)n(Ch) ~ u(Ch)). from  which
k=1

for any can be written

v(Chy) = (MC) fdu. Tt is clear that the strict

. .. 0 . . . .
inequalities are needed to avoid zero in the denominator. This
idea is summarized in the following proposition.

Proposition 11. Consider a maximal chain C and suppose
that 0 < p(Cq) < p(Cq) < -+ < w(Cp) = p(X). Then,
there exists f : X — R such that

v(A) = (MC fdu
@)= )/A
for all A €C.

Let us denote the function f above as f = f(u,v,C). This
function can be considered as the corresponding derivative.

Definition 10. Let C be an arbitrary maximal chain on
the reference set X, | and v fuzzy measures such that
0 < p(Cr) < p(C2) < -+ < p(Crm) = p(X) for every
C. Then, the derivative of v with respect to p connected to the
Maximal chain-based integral is defined as

% = {f|f = .f(:ua ch)7 Ce M(X)}

While taking the Lebesgue and Choquet integral, the deriva-
tive is always one function (if it exists), for the Maximal chain-
based integral we have the set of derivatives, one for every
possible maximal chain. Thus, the number of derivatives is

d

bounded as ‘dl/’ < IM(X)| = ml. Inequality is assumed
1

because not all the derivatives need to exist.

Proposition 12. Let C be a maximal chain C : ) = Cy C

Cy C - CCy =X such that 0 < p(Cr) < p(Cz) < --- <
w(Cr,) = p(X). Suppose that

(v(Ck) — v(Ci-1))
(1(Cx) = (Cr-1)) —
forall k=1,2,...

V(Cit1) — v(Cy))
(11(Cry1) — p(Cr))
,m — 1. Then

v(4) = (C) [ fa

for any A € X, with the Choquet integral on the right.

This is one of the condition for the existence of the Choquet
derivative, as proved in [9]. It works because when setting

Cr) —v(Cg—
Flan) = (v(Cr) —v(Cr1))
(1(Cr) = p(Cr-1))
it implies that f(z1) > f(x2) > --- > f(x), so introducing
the order as is needed for the Choquet integral.

Proposition 13. Let us consider that for every maximal
chain in M(X), the two measures | and v are such that
0 < p(Ci) < p(C) < < u(Cp) = wX) and
0 < v(C) < v(C) < -+ < v(Cp) = v(X) and let

d
g {frlk=1,2,--- ,m!}. Then we have
dp
-1
dj: dl = i|]€:1,2,~~,m! .
dv dp &

We will now present an example that illustrates these results.

Example 3. Let us consider two fuzzy measures (i, v with the
values given in the table below.

X1 Z2 T3 T1,T2 Z2,T3 T1,T3 Z1,22,T3
Al 12 ]3] 4 5 6 7
v| 3 5 7 6 8 12 15

Then, we find a derivative f, = Z—V for a chain C; =
{0,{x1}, {z1, 22}, {x1, 22,23}, X}
o If A= {x1}, then fi1(x1) = 3 because
v({z1}) = filz)p({z1}).
o If A={x1,22}, then
v({ar, z2}) = film)p({z )+ fi(z2) ({21, 22}) —p({2})].
From that the resulting value is f1(x2) = 1.
o If A={x1,29,23}, then
v({z1, 22, 23}) =f1(z1)p({z1})

+ fi(@2)[p({z1, 22}) — p({z1})]
+ fi(z3)[p({z1, 22, 73}) — p({z1, 22})],

so f1(x3) = 3.
In the same way, other derivatives for all the possible
maximal chains can be computed. The resulting derivative



values are listed in the table below. In general, there are six
possible derivatives, so

% = {fl7f2af3af47f57f6}-

Chain Derivative | x1 | X2 T3
T1 | T1,29 | T1,T0,T3 f1 3 1 3
X1 T1,T3 T1,T2,T3 f2 3 9/5 3
Ty | T1,Tp | T1,T2,T3 /3 5 [ 1/2]9/2
To | To,x3 | X1,%0,T3 fa 5 1 7/2
I3 1,23 T1,X2,T3 f5 7 5/3 3
r3 | To,x3 | X1,%0,T3 fs T 1/2]7/2

. . .. d .
Now consider the inverse derivative d—u, first assuming the
i v
same chain C as before.

o If A = {1}, then p({z1}) = gqi(z1)v({z1}), so
g1(z1) =1/3.

o If A={x1, 22}, then
p({z1, z2})
= g1(x)v({z1}) + g1 (z2)[v({21, 22}) — v({21})]
and from that g1(x2) = 1.
o If A={x1, 29,23}, then

u({w1, 22, x3}) = ga(z1)v({z1})
+ g1(@2)[v({z1, 22}) —v({z1})]
+ g1(@3)[v({z1, 22, 23}) — v({z1, 22})],

resulting in g1(z3) = 1/3.
1
Therefore we have g1 = —. In the same way it can be shown

that this holds for all the }ierivatives, thus

G (L11111)
dv [ R 3 fs S
as proposed in Proposition 13.

IV. CONCLUSIONS

The focus of this paper was on the set-valued Maximal
chain-based integral. By construction, it is additive for a given
chain and can be illustrated through a multi-layer network.
We also looked at its special cases obtained by considering
particular measures as well as its generalizations.

The corresponding Maximal chain-based derivatives,
viewed as a generalization of additive Radon-Nikodym deriva-
tives, were also presented. We provided their definition, which
implies that the set of derivatives is always obtained, with
each derivative corresponding to one maximal chain. Some
basic properties were studied and illustrated by means of an
example.

Future research directions include analysis of computational
implications of having potentially factorial many maximal
chains, thus also the corresponding derivatives, and the char-
acterizations of families of measures that permit us to bound
this number in the set-valued integral.
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