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Abstract—This paper addresses the adaptive control problem
for a family of uncertain nonlinear systems. By employing fuzzy
logic systems to approximate the unknown nonlinear terms
of the systems, we develop an adaptive control scheme that
incorporates a novel dynamic event-triggered quantized mech-
anism. The approach can effectively conserve communication
resources without relying on input-to-state stability properties
or assumptions. Theoretical analysis proves that all signals in
the closed-loop systems are globally bounded and the Zeno
phenomenon is excluded. Simulation results are provided to
validate the effectiveness of the proposed control scheme.

Index Terms—Fuzzy logic systems, event-triggered control,
quantized control, nonlinear systems, uncertainties.

I. INTRODUCTION

Networked control systems have garnered considerable re-
search interest due to their broad applications in industrial au-
tomation [1], wireless sensor networks [2], smart grids [3] and
other areas. A key feature of such systems is their reliance on
shared communication networks for real-time data exchange
among sensors, actuators and controllers. This architecture
offers distinct advantages, including low cost, high flexibility,
and ease of scalability and maintenance [4], [5]. However, the
bandwidth of actual communication channels, particularly in
wireless settings, is inherently limited. Therefore, investigat-
ing strategies for the efficient utilization of limited network
resources to fulfill control tasks is of critical importance.

Event-triggered control has attracted much attention in
recent years due to its capabilities in reducing data trans-
mission and saving communication resources [6]. In contrast
to the periodic nature of time-triggered control, it executes
sampling and communication only when specific events occur.
This action-on-demand mechanism eliminates redundant data
transmissions, thus reducing network traffic and conserving
bandwidth. On this basis, many representative works have
been published successively on event-triggered control; see
e.g., [7]–[11] and the references therein.

As modern communication channels are fundamentally dig-
ital, continuous-valued signals must be quantized into bit
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sequences for transmission [12]–[16]. This amplitude dis-
cretization reduces the size of individual data packets. It has
been shown that a combined event-triggered and quantized
control strategy can synergistically conserve communication
resources by simultaneously reducing transmission frequency
and limiting data accuracy, outperforming the use of either
method alone. Some remarkable works include [17]–[20] for
linear systems.

Nonlinearities always exist in many practical systems, thus
recent attention has been directed to event-triggered quantized
control problem for nonlinear systems [21]–[25]. However, it
should be pointed out that the event-triggering and quanti-
zation mechanisms of the above literature are static. Given
the greater advantage of dynamic triggering and quantization
in terms of efficient resource utilization, the authors in [26]
concerned the dynamic event-based quantized control for
nonlinear systems via small-gain method. In [27] and [28],
an output feedback controller was designed for nonlinear
systems with dynamic state event-triggering and quantization,
respectively. In [29], an asynchronous dynamic quantizer-
dependent event-triggered control scheme was proposed.

Notably, full knowledge of the system models in the above
literature is required, which leads to the proposed control
strategies lacking the adaptability to deal with uncertainties
commonly encountered in real-world applications. Moreover,
existing works on dynamic event-triggered quantized control
methods all relies on the input-to-state stability (ISS) condi-
tion, which is generally quite restrictive and difficult to verify.
This motivates us to raise the following question: Can we
propose an adaptive control scheme that does not depend on
the ISS assumption for uncertain nonlinear systems subject
to dynamic event-triggering and quantization mechanism? In
this paper, we are committed to addressing this challenge. The
main contributions of this work are summarized below.

1) Compared with [26]–[29] where full knowledge of the
system nonlinearities is required, more general system mod-
els containing completely unknown nonlinear functions are
considered. Under this configuration, dynamic event-triggered
quantization mechanism is introduced, which is more in line
with practical digital calculations and significantly reduces
resource burdens.

2) A novel adaptive event-triggered quantized control



Fig. 1. Control block diagram.

scheme is developed by developing fuzzy logic systems
to approximate unknown nonlinear terms of systems. More
importantly, the ISS assumption necessary for [26]–[29] is
removed successfully. It is guaranteed that all the signals of
the closed-loop systems are globally bounded and the Zeno
behavior can be excluded.

Notations: For a given matrix P , ∥P∥ is its Euclidean norm
and PT is its transpose. Ri denotes Euclidean space with
dimension i.

II. PRELIMINARIES AND PROBLEM FORMULATION

In this paper, the system model is described as follows:

ẋi = xi+1 + fi(x̄i), i = 1, · · · , n− 1,

ẋn = u+ fn(x), (1)

where x = [x1, · · · , xn]
T ∈ Rn is the system state, x̄i =

[x1, · · · , xi]
T , u ∈ R is the control input, fi(x̄i) : Ri → R is

the unknown smooth nonlinear function with fi(0) = 0.
In this paper, we use fuzzy logic systems (FLSs) to approx-

imate unknown functions on some compact set. The FLSs are
described as follows.

If-Then Rules:
Rule(l): If z1 is Al

1, z2 is Al
2, · · · , zk is Al

k

Then: yB is Bl

where z = [z1, · · · , zk]T ∈ Rk is the input variable of FLSs
and yB is the output variable. l defines the number of fuzzy
rules. µAl

i
(zi) and µBl(yB) are the membership functions of

the fuzzy sets Al
i and Bl.

Based on the center average defuzzifier, product inference,
Singleton fuzzifier, FLSs is expressed as

yB(z) =

∑L
l=1 Θl

∏k
i=1 µAl

i
(zi)∑L

l=1[
∏k

i=1 µAl
i
(zi)]

(2)

where Θl satisfies µBl(Θl) = max{µBl(yB)|yB ∈ R}.
Let

Θl =

∏k
i=1 µAl

i
(zi)∑L

l=1[
∏k

i=1 µAl
i
(zi)]

, l = 1, · · · , L (3)

where θ = [θ1, · · · , θL]T is a fuzzy weighting vector, Θ(x) =
[Θ1, · · · ,ΘL]

T is a basis function vector. Then, (2) is rewritten
as

yB(z) = θTΘ(z). (4)

Lemma 1 [30]: For a continuous function f(x) defined on
a compact set Ω, there exist a FLS (4) satisfying

sup
x∈Ω

|f(z)− θTΘ(z)| ≤ ϵ (5)

where ϵ > 0 is a constant.

III. CONTROLLER DESIGN

In this section, we provide the procedure of adaptive fuzzy
event-triggered quantized controller design via the backstep-
ping method. The control block is shown in Fig. 1.

First, the coordinate transformation is introduced as

ζ1 = x1, ζi = xi − αi(x̄i−1,
¯̂
θi−1) (6)

where i = 2, · · · , n; ¯̂θi−1 = [θ̂1, θ̂2, · · · , θ̂i−1]
T with θ̂j being

the estimate of the unknown constant θ∗j = ∥θj∥2; αi is the
virtual control law to be designed.

Now, we elaborate the design procedure. It follows from (1)
and (6) that

ζ̇1 = ζ2 + α2 + f1,

ζ̇i = ζi+1 + αi+1 + fi +Πi,

ζ̇n = u+ fn +Πn, (7)

where i = 2, · · · , n− 1 and Πi = −
∑i−1

j=1
∂αi

∂xj
(xj+1 + fj)−∑i−1

j=1
∂αi

∂θ̂j

˙̂
θj . With system (7), we construct the Lyapunov

function as follows

Vζ =

n∑
i=1

(
1

2
ζ2i +

1

2Γi
θ̃2i ), (8)

where θ̃i = θ∗i −θ̂i. Then, the derivative of Vζ can be calculated
as

V̇ζ =

n−1∑
i=1

ζiζi+1 +

n−1∑
i=1

ζiαi+1 + ζnu+

n∑
i=1

ζifi

+

n∑
i=2

ζiΠi −
n∑

i=1

1

Γi
θ̃i
˙̂
θi

=

n−1∑
i=1

ζi(αi+1 + gi(ξi))−
n∑

i=1

1

Γi
θ̃i
˙̂
θi

+ ζn(u+ gn(ξn)), (9)

where g1(ξ1) = f1 and gi(ξi) = ζi−1 + fi + Πi with ξi =

[x̄T
i ,

¯̂
θTi−1]

T for i = 2, · · · , r.
Since the nonlinear function fi in (1) is unknown, this

makes gi also unknown. Therefore, by Lemma 2, there exist
FLSs θTi Θi(ξi) such that

gi(ξi) = θTi Θi(ξi) + ϵi(ξi), |ϵi(ξi)| ≤ ϵ̄i, i = 1, · · · , r,



where ϵ̄i > 0 are known constants. Then, it is easy to calculate
that

ζigi(ξi) =ζi(θ
T
i Θi(ξi) + ϵ(ξi))

≤ θ∗i
2ε2i

Θi(ξi)Θ
T
i (ξi)ζ

2
i +

1

2
ε2i +

1

2
ζ2i +

1

2
ϵ̄2i , (10)

where εi > 0 are design parameters. Substituting (10) into (9),
we have

V̇ζ ≤
n−1∑
i=1

ζi(αi+1 +
1

2
ζi +

1

2ε2i
θ̂iζi) +

n∑
i=1

1

2
ε2i

+ ζn(u+
1

2
ζn +

1

2ε2n
θ̂nζn) +

n∑
i=1

1

2
ϵ̄2i

−
n∑

i=1

1

Γi
θ̃i(θ̂i −

Γi

2ε2i
ζ2i ). (11)

Design the virtual control law αi+1 for i = 1, · · · , n as

αi+1 = −biζi −
1

2
ζi −

θ̂i
2ε2i

Θi(ξi)Θ
T
i (ξi)ζi, (12)

where bi > 0 are design parameters. Then, θ̂i is updated by

˙̂
θi = −δiθ̂i +

Γi

2ε2i
ζ2i (13)

where Γi > 0 and δi > 0 are design parameters. On this basis,
the inequality (11) can be rewritten as

V̇ζ ≤ −
n∑

i=1

biζ
2
i + ζn(u− αn+1)

+

n∑
i=1

(
1

2
ε2i +

1

2
ϵ̄2i +

δi
Γi

θ̃iθ̂i). (14)

In conventional control schemes, the controller is typi-
cally defined as u = αn+1. This implies that the control
action is continuously applied to the system, regardless of
its actual need adjustment, resulting in unnecessary resource
expenditure. To address this issue, a dynamic event-triggered
quantized mechanism is employed in this work. The triggering
condition for αn+1 is defined as{

αs
n+1(t) = αn+1(tl), ∀t ∈ [tl, tl+1),
tl+1 = inf{t > tl : |α̃(t)| ≥ ρ1

r(t)},
(15)

where α̃(t) = αs
n+1(t) − αn+1(t), ρ1 > 0 is a design

parameter, tl (l ∈ Z+) is the update time. During the time
t ∈ [tl, tl+1), the control signal holds as the constant αn+1(tl).
r(t) is a dynamic parameter generated by

ṙ(t) = αφ(M − r(t)), r(0) = 1, (16)

where α > 0 and M > 1 are design parameters, φ(M − r(t))
is a continuous design function where φ(M − r(t)) > 0 with
r(t) < M and φ(0) = 0.

Then, the triggered control signal αs
n+1(t) is quantized at

the encoder side. The quantizer is modeled as follows

αsq
n+1(t) = q(αs

n+1(t)) = q(αn+1(tl)), ∀t ∈ [tl, tl+1), (17)

which satisfies the following property

|q(αs
n+1(t))− αs

n+1(t)| ≤
ρ2
r(t)

, (18)

where ρ2 > 0 is a design parameter.
Let the actual controller u as

u(t) = αsq
n+1(t), ∀t ∈ [tl, tl+1). (19)

It follows from the dynamic event-triggering mechanism and
quantization mechanism that

ζn(u− αn+1) = ζn(α
sq
n+1 − αs

n+1 + αs
n+1 − αn+1)

≤ |ζn|(|αsq
n+1 − αs

n+1|+ |αs
n+1 − αn+1|)

≤ |ζn|(
ρ1 + ρ2

r
)

≤ β1

2
ζ2n +

1

2β1
(ρ1 + ρ2)

2, (20)

where β1 > 0 is a design parameter.
Then, (14) can be rewritten as

V̇ζ ≤ −
n−1∑
i=1

biζ
2
i − (bn − β1

2
)ζ2n +

1

2β1
(ρ1 + ρ2)

2

+

n∑
i=1

(
1

2
ε2i +

1

2
ϵ̄2i +

δi
Γi

θ̃iθ̂i). (21)

Remark 1: In networked control systems, the communi-
cation channels have the requirement of saving bandwidth.
Embedding event-triggers and quantizers simultaneously can
suppress the issuance of redundant control instructions, while
compress the transmitted input information. In this way, the
efficiency of data transmission in communication can be
improve effectively. This operation also aligns well with the
practical digital signal processing chain, where analog signals
are invariably first sampled and then quantized for digital
conversion.

Remark 2: It can be readily deduced that the function r(t)
monotonically increases from 1 to M . Through qualitative
analysis, this characteristic has the advantage in effectively
balancing the relationship between communication resources
and control performance. Specifically, when the system state or
control signal exhibits large magnitudes, the trigger threshold
and quantization accuracy can be relaxed to tolerate larger
measurement errors to reduce unnecessary sampling. As the
system state or control signal approaches the origin, a smaller
trigger threshold and a higher quantization accuracy can make
the system control more precise and thus enhance the system
performance. More crucially, r(t) is a dynamically generated
parameter rather than a static calculation based on the last
transmitted value. This affords superior flexibility, allowing
the trigger threshold and quantization accuracy to adapt in
accordance with the real-time evolution of the system.

Remark 3: In this paper, a dynamic parameter r(t) is
introduced within the adaptive fuzzy control scheme. The
parameter r(t) is designed as a system signals-independent
function, which embedded in both event-triggering mechanism



and quantization mechanism to avoid the waste of communi-
cation resources in a flexible manner. All design parameters in
the dynamic equation of r(t) are subject solely to the lenient
conditions given in (16). Observe that the design function
ϕ(M − r(t)) is not defined explicitly, so the form of (16)
is highly flexible and encompasses numerous possible imple-
mentations. In particular, the first-order nonlinear differential
equation in [8] is recovered as a special case of our general
framework.

IV. MAIN RESULTS

Now, we state the stability analysis.
Theorem 1: Consider the uncertain nonlinear system de-

scribed by (1) in the presence of dynamic event triggering and
quantization mechanisms (15)-(18). By applying the adaptive
fuzzy controller (19) with (12) and (13), all the signals of
the closed-loop system are globally bounded. Furthermore, the
occurrence of the Zeno phenomenon is eliminated.

Proof: In (21), it follows from Young’s inequality that

δi
Γi

θ̃iθ̂i ≤ − δi
2Γi

θ̃2i +
δi
2Γi

(θ∗i )
2. (22)

Combining (21) with (22), one obtains that

V̇ζ ≤ −
n−1∑
i=1

biζ
2
i − (bn − β1

2
)ζ2n −

n∑
i=1

δi
2Γi

θ̃2i

+

n∑
i=1

(
1

2
ε2i +

1

2
ϵ̄2i +

δi
2Γi

(θ∗i )
2)

+
1

2β1
(ρ1 + ρ2)

2. (23)

By choosing c̄i = bi for i = 1, · · · , n− 1, c̄n = bn − β1

2 > 0,
and defining Θ =

∑n
i=1(

1
2ε

2
i+

1
2 ϵ̄

2
i+

δi
2Γi

(θ∗i )
2)+ 1

2β1
(ρ1+ρ2)

2,
the derivative of Vζ is deduced as

V̇ζ ≤ −
n∑

i=1

c̄iζ
2
i −

n∑
i=1

δi
2Γi

θ̃2i +Θ ≤ −c̄Vζ +Θ, (24)

where c̄ = min{2c̄1, · · · , 2c̄n, δ1, · · · , δn} is a positive design
parameter. Multiplying (24) by ec̄t and integrating it on [0, t],
one gets

Vζ ≤ Vζ(0)e
−c̄t +

Θ

c̄
. (25)

Hence, there exists a time T = max{0, 1
c̄ ln(

c̄V (0)
σΘ )} for any

0 < σ < 1 satisfying V ≤ (1 + σ)Θc̄ , ∀t ≥ T . From the
construction of Vζ , one further has

ζ2i ≤ 2Vζ ≤ 2(1 + σ)
Θ

c̄
(26)

θ̃2i ≤ 2ΓiV ≤ 2Γi(1 + σ)
Θ

c̄
(27)

which means that ζi and θ̃i are bounded. Thus, xi and αi is
bounded. It follows from θ̃i = θ∗i −θ̂i that θ̂i is bounded. Based
on (15)-(19), the control input u is bounded. In conclusion,
all signals of the closed-loop systems are bounded.

Now, we perform the analysis to exclude the Zeno phe-
nomenon. Recall that α̃(t) = αs

n+1(t) − αn+1(t), ∀t ∈
[tl, tl+1). The derivative of α̃(t) is calculated as d

dt ∥α̃(t)∥ =
d
dt (α̃

T (t) ∗ α̃(t)) 1
2 = sign(α̃(t)) ˙̃α(t) ≤ ∥α̇n+1(t)∥. By (12),

α̇n+1 must be a continuous function. It follows from the above
stability analysis that all the variables of α̇n+1 are bounded.
Hence, there exists a positive constant ν1 that ∥α̇n+1(t)∥ ≤ ν1.
According to α̃(tl) = 0 and limt→tl+1

α̃(t) = ρ1

r(t) ≥ ρ1

M ,
the lower bound of inter-execution intervals of the state event
trigger must satisfy T1 ≥ ρ1

Mν1
. Therefore, the Zeno behavior

can be avoided for the event-trigger (15). In this way, the proof
of Theorem 1 is complete.

V. SIMULATION

Consider the following system adapted from Chua’s circuit

V̇C1 =
1

C1R
(VC2 − VC1)−

1

C1
f(VC1),

V̇C2
=

1

C2R1
(VC2

− VC1
)− 1

C2
IL,

İL =
1

L
u− 1

LR2
VC2 −

R0

LR2
IL, (28)

where VC1
and VC2

represent the voltages across the capacitors
C1 and C2, respectively; IL represents the current through
the inductor L, u is the actual control input; f(VC1) is the
current through Chua’s diode, which is a nonlinear function.
For simulation, define C1 = C2 = 1, R = 1, R0 = 1, R1 =
10, R2 = 2, L = 1, and f(VC1

) = −VC1
+ VC1

sin(VC2
).

Let x1 = VC1
, x2 = VC2

and x3 = IL, system (28) can be
rewritten as follows

ẋ1 = x2 − x1 sin(x2),

ẋ2 = x3 +
1

10
x2 −

1

10
x1,

ẋ3 = u− 1

2
x2 −

1

2
x3. (29)

Following the backstepping design procedure in Section III,
we can develop the adaptive fuzzy event-triggered quantized
controller as

ζ1 = x1,
ζ2 = x2 − α2,
ζ3 = x3 − α3,

α2 = −b1ζ1 − 1
2ζ1 −

1
2ε21

θ̂1ζ1,

α3 = −b2ζ2 − 1
2ζ2 −

1
2ε22

θ̂2ζ2,

α4 = −b3ζ3 − 1
2ζ3 −

1
2ε23

θ̂3ζ3,

˙̂
θ1 = −δ1θ̂1 +

Γ1

2ε21
ζ21 ,

˙̂
θ2 = −δ2θ̂2 +

Γ2

2ε22
ζ22 ,

˙̂
θ3 = −δ2θ̂2 +

Γ3

2ε22
ζ23 ,

ṙ = − 1
2r

2 + 3r, r(0) = 1,
u = αsq

4 ,

(30)

where the parameter ρ1 in the triggering threshold is chosen
as ρ1 = 1, and the dynamic quantizer is designed as

q(z) =

{
zisgn(z), zi − r

2 ≤ z ≤ zi − r
2 ,

0, |z| ≤ z0,
(31)



where z0 = εi+1η for i = 3, 4, z1 = z0+
r
2 , zj = zj−1+r with

j = 2, · · · , and r = 2εi+1η is the length of the quantization
interval. Clearly, the property (18) is satisfied for (31).

In simulation, choose the design parameters as b1 = 3,
b2 = 4, b3 = 3, δ1 = δ2 = δ3 = 1.5, Γ1 = 0.55, Γ2 = 0.1,
Γ3 = 2.05, ε1 = ε2 = ε3 = 0.707, ρ2 = 1. The fuzzy mem-
bership functions are selected as µf l

i
= exp[− (zi−2+0.5l)2

8 ]
with l = 1, · · · , 7. The initial conditions are chosen as
x1(0) = 3, x2(0) = 0, x3(0) = −3, θ̂1(0) = θ̂2(0) = θ̂3(0) =
0. The simulation step size is set to 0.0001s. Simulation
results in Figs. 2-4 indicate that all the signals of the closed-
loop system converge to a neighborhood of the origin within
approximately 6s and remain in that vicinity thereafter. Under
the given step size, a time-triggered controller would require
5∗106 transmissions during the initial 500s. Under the event-
triggered controller proposed in this paper, the number of
recorded transmissions across the communication channel is
14248. This corresponds to a 99.71% reduction in the total
number of transmissions. These results clearly highlight the
advantage of the proposed dynamic event-triggered control
algorithms in the sense of reducing communication traffic.
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VI. CONCLUSION

In this paper, we investigate the control problem for un-
certain nonlinear systems, in which fuzzy logic systems are
employed to approximate the unknown nonlinearities. Con-
sidering that the resources in the communication channel are
limited, a dynamic event-triggered quantized mechanism is
constructed. Without the ISS assumptions, an adaptive fuzzy
event-triggered quantized control scheme is constructed by
developing the backstepping design procedure. According to
Lyapunov analysis method, it is proven that all closed-loop
signals are globally bounded and the Zeno behavior is ex-
cluded. As a promising direction for future research, it would
be interesting to extend the control framework to achieve faster
stability properties of the nonlinear systems, such as finite-time
or fixed-time stability.
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