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Abstract—This paper proposes a feature-weighted Minkowski
distance-based fuzzy k-nearest neighbor regression method,
called FWMD-FKNNreg. The key novelty of FWMD-FKNNreg
is its integration of feature weighting directly into the Minkowski
distance computation in FKNN regression, enabling adaptive
control of each feature’s contribution. To achieve this, we
introduce four new feature weighting schemes based on rele-
vance, redundancy, and dependency, that are developed using
fuzzy mutual information and Łukasiewicz similarity measure.
An empirical evaluation identifies the most effective weighting
strategy for FKNN regression, with relevance-based weighting
outperforming others. Based on this finding, relevance-weighted
FWMD-FKNNreg is evaluated on eight real-world datasets and
compared with six competitive regression methods, including KN-
Nreg, FKNNreg, Md-FKNNreg, support vector regression (SVR),
LASSO, and multiple linear regression (MLR). Experimental
results show that FWMD-FKNNreg achieves higher R2 and lower
RMSE values in most cases, indicating that the proposed method
offers a robust, simple, and effective alternative for regression
problems.

Index Terms—regression, fuzzy k-nearest neighbor, feature
weighting, similarity measure, fuzzy entropy

I. INTRODUCTION

In k-nearest neighbor regression (KNNreg) [1], which is
based on the principles of KNN [2] classifier, the output for
a query instance is determined by averaging the response
values of its k nearest neighbors. This method assigns equal
weight to all neighbors, which increases its sensitivity to
noise. To overcome this limitation, fuzzy k-nearest neighbor
regression (FKNNreg), also based on the FKNN [3] classifier,
was formally defined in [4] and has since gained interest for
its robustness and simplicity. It is noteworthy that although
the FKNN method [3], which extends the KNN algorithm [2],
has been extensively studied and applied in classification tasks,
its use in regression problems has received comparatively less
attention [4]. Basically, the FKNNreg computes predictions
as weighted averages of neighboring outputs, with weights
determined by a fuzzy membership function that quantifies
the similarity between the query instance and its neighbors.
A significant advantage of nearest neighbor-based regression
methods is their non-parametric nature, as they do not require
explicit assumptions about the underlying data distribution and
remain straightforward to implement and interpret [4]. Con-
sequently, FKNNreg has demonstrated competitiveness with
well-known regression techniques, particularly for nonlinear
problems, when compared with methods such as support
vector regression (SVR) [5] and least absolute shrinkage and
selection operator (LASSO) [6].

The Minkowski distance–based fuzzy k-nearest neighbor
regression (Md-FKNNreg) [4] extends FKNNreg by using the
Minkowski distance instead of the Euclidean distance. This
change addresses the limitations of the Euclidean distance
and has demonstrated improved predictive performance. In the
present study, we further enhance the Md-FKNNreg method
by incorporating feature weights into the distance calculation
to improve prediction accuracy. We call this approach feature-
weighted Minkowski distance-based fuzzy k-nearest neighbor
regression (FWMD-FKNNreg).

In feature selection, the concepts of relevance, redundancy,
and dependency are often used to identify informative fea-
tures [7]. Relevance measures the relationship between a fea-
ture and the target. Redundancy measures how much features
share information. Highly redundant features rarely add value
and may cause model’s poor performance [8]. Dependency
captures how combined features affect the target [7]. In the
proposed FWMD-FKNNreg approach, feature weights are
determined using these concepts, allowing more informative
and less redundant features to influence distance computation.
We define relevance-, redundancy-, and dependency-based
feature weights using fuzzy mutual information (FMI) [11]
and Łukasiewicz similarity [13] measures, which have not
previously been applied to this purpose. Feature weighting has
been studied in the FKNN classification approach (see e.g.,
[20]), but not explicitly with FKNNreg. Using feature weights
is especially useful for uncertain or noisy data, as it prioritizes
informative features and improves distance accuracy when
identifying nearest neighbors. Overall, the main contributions
of this paper can be summarized as follows:

– We propose four new feature weighting schemes that
assess feature relevance, redundancy, and dependency us-
ing FMI and Łukasiewicz fuzzy similarity. Each scheme
quantifies feature importance for regression. After empir-
ical analysis, we select the best feature weighting scheme
for the FWMD-FKNNreg algorithm.

– Based on the derived feature weights, a novel FWMD-
FKNNreg algorithm is introduced in which neighbor con-
tributions are weighted according to feature importance.

II. PRELIMINARIES

A. Łukasiewicz similarity and fuzzy entropy

A fuzzy binary relation R indicates how strongly two
variables are related. When R is a fuzzy equivalence relation,
it satisfies three key properties: it is reflexive, meaning each
element is fully related to itself, R(x, x) = 1 for all x ∈ X; it



is symmetric, so R(x, y) = R(y, x) for all x, y ∈ X; and it is
transitive, meaning that if x is related to y and y to z, then x
is at least as related to z, i.e., R(x, z) ≥ TL{R(x, y), R(y, z)}
for all x, y, z ∈ X , where TL denoted Łukasiewics t−norm,
TL(x, y) = max(x+ y − 1, 0).

Given a finite set U = {x1, x2, . . . , xn}, a fuzzy equiva-
lence relation can be represented as an n× n matrix:

Rf =


r11 r12 · · · r1n

r21 r22 · · · r2n

...
...

. . .
...

rn1 rn2 · · · rnn

 , (1)

where rij = Rf (xi, xj) ∈ [0, 1] represents the degree of
similarity between xi and xj .

1) Łukasiewicz similarity: One way to define a fuzzy
equivalence (or similarity) relation is using the Łukasiewicz
algebra [13], [14]. For elements xi, xj ∈ [0, 1], the similarity
can be defined as

Rf (xi, xj) = p

√
1− |xpi − x

p
j |, (2)

where p ≥ 1 is a parameter that controls the scaling of the
differences. This measure satisfies all three axioms: reflexivity,
symmetry, and transitivity.

2) Fuzzy entropy: The fuzzy information entropy of a fuzzy
equivalence relation Rf over n elements is defined as [11]:

FH(Rf ) = − 1

n

n∑
i=1

log
|Rf,i|
n

, (3)

where |Rf,i| =
∑n

j=1 rij denotes the sum of similarities for
the i-th element, and the logarithm base can be specified
(commonly natural log or base 2).

For two subsets f1, f2 ⊂ F , the fuzzy joint information
entropy can be defined as

FH(f1, f2) = − 1

n

n∑
i=1

log
|Rf1,i ∩Rf2,i|

n
, (4)

where Rf1,i and Rf2,i are the similarity rows corresponding
to element i in subsets f1 and f2, respectively.

Similarly, given a subset f1 ⊂ F , the fuzzy conditional
information entropy of another subset f2 ⊂ F can be defined
[12] as

FH(f2 | f1) = FH(Rf2 | Rf1) = − 1

n

n∑
i=1

log
|Rf1,i ∩Rf2,i|
|Rf1,i|

,

(5)
where |Rf1,i| =

∑n
j=1 r

(f1)
ij and |Rf1,i ∩ Rf2,i| =∑n

j=1 min{r(f1)
ij , r

(f2)
ij } denote the fuzzy cardinalities of the

i-th row for f1 and the intersection of f1 and f2, respectively.
From this, the fuzzy mutual information between f1 and f2

can be expressed in several equivalent ways:

FMI(f1; f2) = FH(f1)− FH(f1 | f2), (6)
FMI(f2; f1) = FH(f2)− FH(f2 | f1), (7)
FMI(f1; f2) = FH(f1) + FH(f2)− FH(f1, f2), (8)

where FH(f1, f2) is the joint fuzzy entropy of f1 and f2.
Using fuzzy cardinalities, (3) can be rewritten as

FMI(f1; f2) = − 1

n

n∑
i=1

log
|Rf1,i|
n
− 1

n

n∑
i=1

log
|Rf2,i|
n

+
1

n

n∑
i=1

log
|Rf1,i ∩Rf2,i|

n
(9)

This can be simplified into a compact form:

FMI(f1; f2) = − 1

n

n∑
i=1

log
|Rf1,i| · |Rf2,i|
|Rf1,i ∩Rf2,i|n

. (10)

B. Feature relevancy, redundancy and dependency

Feature relevance is a key concept in feature selection
and weighting [10], [20]. However, some features, while
relevant, may not provide additional information for class
discrimination. Such features, when combined with other
relevant features, can degrade classification performance and
are referred to as redundant features. Redundancy measures
the shared information between features [11]. Formally, for
two fuzzy relations Rf1 and Rf2 of features f1 and f2 over
U, redundancy can be defined as [11]:

Rred(f1, f2) =
1

n

∑
x∈X

log
n |Rf1 ∩Rf2 |
|Rf1 | · |Rf2 |

, (11)

where Rf denotes the similarity relation. Here, the
Łukasiewicz similarity is used. Considering class information
together with a feature, the relevance of feature f1 with respect
to class c can be computed as:

Rrel(f1, c) =
1

n

∑
x∈X

log
n |Rf1 ∩Rc|
|Rf1 | · |Rc|

. (12)

Dependency of f1 and f2 with respect to the class c can be
computed as

Rdep(f1, f2, c) =
1

|f1|
∑
xi∈f1

(
inf(Rf1 ∩Rf2 → Rc)

∪ inf(Rf1 ∩Rf2 → Rc̄)
)
, (13)

where c̄ denotes the standard complement, inf() is the mini-
mum membership value over all pairs, ∪ the standard union,
and the Łukasiewicz implication is defined as a → b =
min{1, 1− a+ b}.

C. Feature weighting with relevance, redundancy, and depen-
dency

Feature weighting can be derived from measures of rel-
evance, redundancy, and dependency among features using
(11)-(13).

For feature relevance, the weighting is straightforward. The
normalized relevance weight for feature fj is defined as

wrel
j =

Rrel(fj , c)∑m
k=1Rrel(fk, c)

, (14)

where m is the total number of features and c denotes the
target variable.



To account for feature redundancy, we evaluate the pairwise
redundancy between features. The normalized redundancy
weight is defined as

wred
j =

1/
∑m

r=1,r 6=j Rred(fj , fr)∑m
k=1(1/

∑m
r=1,r 6=k Rred(fk, fr))

(15)

This formulation ensures that features with lower redundancy
with others receive higher weights.

Feature dependency weights are derived by considering the
dependency of feature fj on other features with respect to the
target c:

wdep
j =

∑m
r=1,r 6=j Rdep(fj , fr, c)∑m

k=1

∑m
r=1,r 6=k Rdep(fk, fr, c)

. (16)

Once the three individual weights are computed, the question
arises: how to combine them meaningfully? One simple ap-
proach is to sum all three normalized weights:

wrel,red,dep
j =

wrel
j + wred

j + wdep
j∑m

k=1(wrel
k + wred

k + wdep
k )

. (17)

The idea here is that combining them will give better results.
There are other, more flexible ways to combine strategies, but
in this study, we focus on using individual weights and their
sum as our weighting methods.

D. Fuzzy k-nearest neighbor regression (FKNNreg) variants

A formal definition of the FKNNreg method [4] is given as
follows.

Let x ∈ Rm denote a new input vector and {(xi, yi)}ni=1

be a set of training samples, where xi ∈ Rm and yi ∈ R. The
Euclidean distance between x and each training point xi is
computed as

dEuc
i (x, xi) =

√√√√ m∑
j=1

(xj − xji )2, i = 1, 2, . . . , n. (18)

Based on these distances, the k nearest neighbors of x are
identified, where k ∈ N is a predefined parameter. The
predicted response value ŷ is then obtained as a weighted
average of the corresponding output values:

ŷ =

∑k
i=1 w

NN
i yi∑k

i=1 w
NN
i

. (19)

The fuzzy weight wNN
i associated with the i-th nearest

neighbor is defined by

wNN
i =

(
d

Euc(x,xi)
i

)− 2
γ−1

, i = 1, 2, . . . , k, (20)

where γ > 1 is the fuzzy strength parameter. The exponent
−1/(γ − 1) controls the degree of fuzziness in the weighting
scheme. As γ → 1, the weights become increasingly sensitive
to distance differences.

The Md-FKNNreg algorithm [4] follows the same procedure
as FKNNreg but replaces the Euclidean distance with the
Minkowski distance, allowing the model to better match the
data’s structure and thereby improve predictive accuracy.

III. PROPOSED FWMD-FKNNREG

This section introduces a novel FWMD-FKNNreg approach
for regression problems. Basically, it further improves the
Md-FKNNreg approach, allocating feature weighting, which
is defined using the relevance, redundancy, and dependence
concepts using FMI and Łukasiewicz similarity measure. The
goal of the proposed approach is to make more accurate and
reliable predictions for new data points by allowing feature
importance and the Minkowski distance to play a crucial role
in selecting an optimal set of nearest neighbors. The steps of
the FWMD-FKNNreg method are presented below:

STEP 1: Determine the weight wF
j for each fea-

ture j using one of the weighting schemes (relevance,
redundancy, dependency, or their combination, wF

j ∈
{wrel

j , wred
j , wdep

j , wrel,red,dep
j }) as defined in (14)–(17). The

effect of each weighting criterion will be experimentally
evaluated, and the best scheme will be selected.

STEP 2: Compute the weighted Minkowski distance between
x and xi:

dMink
i (x, xi) =

 m∑
j=1

wF
j |xj − x

j
i |
p

1/p

(21)

STEP 3: Sort the distances calculated in the previous step and
identify the set of k nearest neighbors of x.

STEP 4: Compute the fuzzy weight for each nearest neighbor
i using the weighted Minkowski distances:

wNN
i =

(
dMink
i (x, xi)

)− 2
γ−1 , i = 1, 2, . . . , k, (22)

STEP 5: Estimate the output value of x by the weighted
average of the outputs yi of its k nearest neighbors:

ŷ =

∑k
i=1 w

NN
i yi∑k

i=1 w
NN
i

. (23)

The above steps are summarized in the pseudocode1 pro-
vided in Algorithm 1.

1The MATLAB code of the FWMD-FKNNreg algorithm can be found
from: https://github.com/MahindaMK/Feature-weighted-FKNN-regression-
using-fuzzy-mutual-information-and-ukasiewicz-similarity.git



Algorithm 1 FWMD-FKNNreg

Require: training data {(xi, yi)}Ni=1, test instance x, number
of neighbors k, Minkowski parameter p

Ensure: predicted output ŷ for x
1: Step 1: Compute feature weights wF

j (using relevance,
redundancy, dependency, or their combination using (14)–
(17) schemes and select the best)

2: Step 2: For each training sample xi, compute the weighted
Minkowski distance:

dMink
i (x, xi) =

( m∑
j=1

wF
j |xj − x

j
i |
p
)1/p

3: Step 3: Sort the distances {dMink
i } and select the indices

of the k nearest neighbors
4: Step 4: Compute fuzzy weights for each neighbor i:

wNN
i =

(
dMink
i (x, xi)

)− 2
γ−1 , i = 1, . . . , k

5: Step 5: Predict output using the weighted average:

ŷ =

∑k
i=1 w

NN
i yi∑k

i=1 w
NN
i

6: return ŷ

IV. EMPIRICAL SETUP

A. Datasets

We assessed the effectiveness of the developed weighting
schemes and the proposed regression method using eight
public multi-dimensional datasets from the UCI and KEEL
repositories. Table I summarizes these datasets, including the
number of features and instances for each.

TABLE I: Data information.

Dataset Number of features Number of samples
AutoMPG 6 392
Anacalt 7 4052
Baseball 16 337
Dee 6 365
Laser 4 993
Stock 9 950
Treasury 15 1049
Yacht 7 308

B. Testing methodology

The empirical analysis consists of two phases: (I) eval-
uating the performance of the developed feature weighting
schemes with FKNNreg, and (II) assessing the proposed
FWMD-FKNNreg approach. Both analyses use 50/50 holdout
cross-validation, repeated 20 times following [20]. Before
applying cross-validation, each dataset was normalized, and
the average performance across all runs was reported. The
evaluation metrics are the goodness-of-fit value (R2) and root
mean squared error (RMSE), which are standard in regression
analysis.

C. Baseline models and parameter settings

We compared the performance of the proposed FWMD-
FKNNreg approach with several competitive and widely used
regression methods, including support vector regression (SVR)
[5], least absolute shrinkage and selection operator (LASSO)
[6], and multiple linear regression (MLR) [21]. The key
hyperparameters of all models were optimized using a grid
search strategy within cross-validation to ensure a fair and
unbiased comparison, as in [4].

For the KNN and FKNN regression methods, the number
of neighbors (k) was tuned within the range of 1 to 25. The
Minkowski distance parameter (p) was chosen from the set
{1, 1.5, . . . , 5}, and the fuzzy strength parameter was fixed
at 1.5 for both the FWMD-FKNNreg and MD-FKNNreg
approaches, following [22]. For SVR, the kernel function was
selected from linear, radial basis function (RBF), and poly-
nomial kernels, as recommended in [23]. The regularization
parameter (λ) for the LASSO model was optimized over the
set {0.001, 0.01, 0.1, 1, 10, 100}. For the MLR model, four
model types were evaluated: linear, interaction, pure quadratic,
and quadratic, according to [4]. All other parameters for SVR,
LASSO, and MLR were set to their default values as im-
plemented in the MATLAB Statistics and Machine Learning
toolbox.

V. RESULTS

This section first presents the empirical results from the
analysis of weighting schemes, followed by a comparison
of the proposed FWMD-FKNNreg approach with baseline
models.

A. Evaluation of the feature weighting schemes

In this experiment, we evaluated the proposed feature
weighting schemes within the FKNNreg framework, which
served as the baseline. The weighting schemes tested include
relevance-based (wrel), redundancy-based (wred), dependency-
based (wdep), and their combined sum (wrel+red+dep). The
performance was assessed using the average RMSE as a
function of the number of nearest neighbors (k) across mul-
tiple datasets. Our results indicate that the wrel improved
the prediction accuracy of FKNNreg in five out of eight
datasets (AutoMPG, Anacalt, Stock, Treasury, and Yacht). The
improvements were particularly significant for the Anacalt,
Yacht, and Treasury datasets, as illustrated in Fig. 1. For other
weighting schemes, FKNNreg with the wdep showed slight
improvement on the Baseball dataset, whereas wred performed
better on the Dee dataset. In the case of the Laser dataset,
no weighting provided the best results. Note that in Fig. 1,
w represents the baseline with no specific feature weighting,
meaning all features are given equal weight. Overall, the
experimental results suggest that wrel is the most effective
weighting scheme for FKNNreg. Consequently, we adopted
wrel for feature weighting in the proposed FWMD-FKNNreg
method.
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Fig. 1: Performance comparison of FKNNreg across different
feature weighting methods over selected datasets.

B. Evaluation of the FWMD-FKNNreg performance

In this phase, we evaluated the performance of the pro-
posed FWMD-FKNNreg approach using relevance-based fea-
ture weighting.

Table II presents the average R2 values for each regression
method across the tested datasets. FWMD-FKNNreg delivers
the best results on five datasets: AutoMPG (87.62%), Anacalt
(97.26%), Baseball (64.54%), Stock (98.75%), and Yacht
(96.45%). It also performs competitively on the Dee, Laser,
and Treasury datasets. Notably, FWMD-FKNNreg increases
R2 by more than 2 pp on Anacalt and 4.6 pp on Yacht com-
pared to FKNNreg. Overall, it achieves the highest average R2

of 92.33%, especially outperforming MD-FKNNreg (91.52%),
FKNNreg (90.91%), and KNNreg (90.39%) methods. The
RMSE results in Table III confirm these trends.

Table IV summarizes the optimal parameter settings for each
regression method across the datasets. For FWMD-FKNNreg
and MD-FKNNreg, small values of k and low-to-moderate
Minkowski order p are always chosen. This suggests that
local neighborhood structures and robust distance metrics are
effective. Parameter choices vary by dataset, reflecting data-
dependent model behavior. Selecting p near 1 or 2 highlights
the importance of feature-weighted distance modeling.

VI. CONCLUSIONS

In this paper, first we developed four feature weighting
schemes using relevance, redundancy, and dependency mea-
sures based on fuzzy mutual information and Łukasiewicz sim-
ilarity, and empirically evaluated their effectiveness in FKN-
Nreg. The objective was to determine the most effective feature
weighting scheme for improving regression performance and,
based on these findings, to propose a new FKNNreg method
that incorporates feature weights and Minkowski distance.

Experiments on eight real-world datasets show that
relevance-based feature weighting improves FKNNreg per-
formance compared to other schemes. We therefore use
relevance-based weights in the proposed FWMD-FKNNreg
and compare it with six competitive regression methods,
including KNNreg, FKNNreg, Md-FKNNreg, LASSO, SVR,
and MLR. FWMD-FKNNreg outperforms baseline approaches
in most cases, achieving higher R2 and lower RMSE values.
These results indicate that relevancy-based FWMD-FKNNreg
offers a robust, simple, and effective approach for a wide
range of regression problems. Despite that, One limitation is
that FWMD-FKNNreg depends on grid-search tuning of the
Minkowski parameter p. This approach can be suboptimal or
require a lot of computing power. Future research could focus
on adaptive or locally varying ways to select p.
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