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Abstract—This paper introduces FuzzyKG, a neuro-symbolic
framework for extracting interpretable symbolic knowledge from
fuzzy neural networks. FuzzyKG transforms fuzzy rules learned
by Gaussian membership functions and logical neurons into
human-readable fuzzy axioms and organizes them into a struc-
tured Knowledge Graph (KG), explicitly representing relation-
ships between features, linguistic terms, rule antecedents, and
consequents. The framework preserves the numerical semantics
of the underlying fuzzy model—such as feature relevance, rule
strength, and class polarity—while exposing them in a symbolic,
graph-based representation. Experimental results on benchmark
datasets show that FuzzyKG maintains competitive predictive
performance while producing coherent axioms and meaningful
graph structures, enabling transparent analysis and supporting
future neuro-symbolic extensions.

Index Terms—Neuro-Symbolic, Fuzzy, Neural-Networks, Ex-
plainability, Knowledge-Graphs, Interpretability

I. INTRODUCTION

Neuro-symbolic integration (NeSy) is an active research
direction in Artificial Intelligence (AI) that aims to com-
bine data-driven neural models with explicit symbolic struc-
tures. Neural approaches offer robustness when learning from
noisy or high-dimensional data, whereas symbolic represen-
tations provide interpretability, structure, and the ability to
express logical relations. This combination underlies several
established frameworks, including Logic Tensor Networks
(LTNs) [1], Lyrics [2], DeepProbLog [3], and NeurASP [4],
which embed reasoning patterns into learning architectures.
NeSy methods have been successfully applied to tasks such
as semantic image interpretation [5].

As AI systems grow in complexity, the demand for mod-
els that are both accurate and interpretable has increased,
particularly in domains requiring transparent or justifiable
decisions [6]. At the same time, effectively integrating nu-
merical learning and symbolic reasoning within a coherent
framework remains an open challenge [7], motivating research
into principled neuro-symbolic methodologies.

Fuzzy systems [8] play a key role in NeSy by encoding
human-understandable linguistic concepts through member-
ship functions and fuzzy rules, while Fuzzy Neural Networks
(FNNs) combine this interpretability with neural learning
capabilities. Although prior work has explored links between
FNNs and logical frameworks such as LTNs [1], practi-

cal integration has remained limited, motivating a focus on
extracting–rather than executing–symbolic knowledge from
learned models. Accordingly, this paper introduces FuzzyKG,
a neuro-symbolic framework that transforms fuzzy rules into
human-readable axioms and organizes them into a Knowledge
Graph (KG), explicitly capturing the relationships among fea-
tures, membership functions, and outputs to make the model’s
internal reasoning transparent, useful and analyzable.

The method relies on Gaussian membership functions, t-
norm and t-conorm operators [9], and the Moore–Penrose
pseudoinverse [10] to define rule consequents, providing all
parameters required for axiom extraction and KG construction.
By representing feature influences, linguistic assignments, and
rule polarities in a graph-based symbolic layer, FuzzyKG
exposes the model’s internal reasoning while preserving fuzzy
semantics. This enables explicit rule dependency analysis
aligned with neuro-symbolic AI objectives and, to the best of
our knowledge, constitutes the first framework to extract fuzzy
axioms directly from FNN-learned rules and organize them
into a KG that makes the decision-making structure explicit.

The remainder of the paper is organized as follows: Sec-
tion II provides the reader with the necessary background
on fuzzy systems and rule extraction, while situating our
contributions within the current state of the art. Section III
describes the proposed FuzzyKG methodology. Section IV
outlines the experimental setup, followed by the results in
Section V. Finally, Section VI concludes and suggests future
research directions.

II. THEORETICAL BACKGROUND AND MOTIVATION

Fuzzy systems and FNNs [8] have long been employed
to learn interpretable, rule-based models from data. These
approaches construct linguistic rules that remain human-
understandable by relying on Gaussian membership functions
and fuzzy operators, such as t-norms and t-conorms [9].
More recent FNN variants place increased emphasis on rule
extraction and model transparency [11], further strengthening
their role as a bridge between numerical learning and symbolic
reasoning. In the broader neuro-symbolic landscape, several
frameworks integrate externally defined symbolic knowledge
into neural architectures [1], [3]. However, such approaches
introduce symbolic constraints during learning rather than



deriving symbolic structures directly from the neural model’s
internal parameters.

In the general field of AI, KGs have emerged as powerful
formalisms for representing entities and their semantic rela-
tions [12], [13]. Their adoption in explainability and symbolic
reasoning underscores their role as effective intermediaries
between learning systems and symbolic analysis pipelines.
Nevertheless, despite their extensive study and demonstrated
expressive power, the potential of KGs remains largely un-
tapped. To the best of our knowledge, no existing work
provides a systematic approach to (i) extract fuzzy axioms
directly from the rules learned by an FNN, and (ii) organize
these axioms into a KG that makes explicit the internal
structure of the decision-making process. This gap constitutes
the main contribution of the present work.

A. Fuzzy Neural Networks

FNNs integrate numerical learning with the interpretability
of fuzzy systems by embedding membership functions and
fuzzy operators into neural architectures [8]. In these models,
input features are first mapped through fuzzy membership
functions–typically Gaussian–yielding degrees of member-
ship that serve as the network’s intermediate representations.
Hidden neurons then encode logical combinations of these
membership functions, forming rule antecedents such as “xi

is MFi,k”, while the output layer associates the corresponding
consequents through learned weights. As a result, the model
naturally induces a set of fuzzy rules whose structure can be
explicitly extracted and analyzed [11].

The typical FNN architecture includes: (i) a fuzzification
layer, (ii) a rule layer implementing t-norms or t-conorms, and
(iii) a final layer responsible for defuzzification. This allows
the network to approximate nonlinear decision boundaries
while maintaining a rule-based representation accessible to
symbolic inspection.

B. Axioms and Knowledge Graphs: Conceptual Definitions

a) Axioms [14]: In classical logic, an axiom is a formula
assumed to be true within a theory and used to derive further
consequences. Formally, for a first-order language L and a
theory T :

ϕ ∈ T and T |= ϕ. (1)

In fuzzy logic, axioms extend this notion by assigning
graded truth degrees in [0, 1] rather than binary values [15].
Such axioms rely on membership functions and fuzzy oper-
ators (t-norms, t-conorms) to express graded semantic con-
straints [16]. In this work, we adopt this perspective to
define fuzzy axioms as symbolic statements derived from fuzzy
rules, expressed through interval-based descriptions that retain
graded semantics while remaining model-agnostic.

b) Knowledge Graphs [17]: A KG can be defined as a
structured representation of entities and their semantic rela-
tions, formalized as a directed labeled graph

G = (V,E,L), (2)

where V is the set of nodes, L is the set of relation labels,
and

E ⊆ V × L× V (3)

is the set of relational triples.
KGs support symbolic reasoning, explanation, and structural

inspection by preserving relational dependencies in formats
that are both machine-interpretable and human-readable [18].
They are widely employed to encode domain knowledge,
constraints, and relational patterns, irrespective of whether
such structures originate from expert knowledge or are derived
from learning algorithms [17].

Together, the aforementioned definitions provide the con-
ceptual foundation for the symbolic structures developed
throughout the remainder of this paper.

III. FROM FUZZY RULES TO KNOWLEDGE GRAPHS: THE
FUZZYKG FRAMEWORK

From a broader perspective, FuzzyKG can be viewed as a
methodology that extends the classical FNN framework [19]
by introducing two additional techniques within its second
layer: one aimed at extracting fuzzy axioms from the learned
fuzzy rules, and another devoted to constructing a KG that
explicitly captures their relational structure. More specifically,
as in a traditional FNN, the overall FuzzyKG pipeline can
be described as a three-layer process: (a) fuzzification via
Gaussian membership functions, (b) logical neurons and fuzzy
rule formation, and (c) defuzzification. FuzzyKG augments
layer (b) with additional steps to enable symbolic extraction
and organization. For clarity, we next provide a step-by-step
description of the complete FuzzyKG pipeline, including the
standard components inherited from classical FNNs.

A. The FuzzyKG Pipeline

The proposed FuzzyKG model follows an eight-step
pipeline structured across the three aforementioned layers.
A comprehensive overview of this framework is provided
in Algorithm 1, which summarizes the complete process,
including training, rule extraction, axiom construction, and
knowledge graph generation.

1) Layer (a): Fuzzification and Gaussian Membership
Functions: The initial fuzzification stage applies a fixed set
of equally distributed Gaussian membership functions to each
input dimension (Step 1). Then, membership activations (Step
2) are established in the following way: For an input variable
xj , the l-th membership function is defined as:

Ω(xj , µjl, σjl) = exp

(
−1

2

(
xj − µjl

σjl

)2
)
. (4)

The parameters µjl and σjl are defined a priori using a
uniform grid partition of the input space, as commonly adopted
in grid-based FNNs [8], [19]. For a predefined number of
membership functions (num mfs) per feature, the means µjl

are evenly distributed over the empirical range of xj , while
the standard deviations σjl ensure sufficient overlap between
adjacent Gaussians. This design guarantees complete input



coverage, interpretable linguistic partitioning, and diverse rule
formation, yielding a consistent and transparent fuzzification
across all input dimensions.

2) Layer (b): Logical Neurons and Fuzzy Rules: Logical
neurons integrate the activations of the fuzzified inputs through
a general fuzzy aggregation operator, thus computing the rule
activations (Step 3). For a rule L with inputs a1, . . . , an and
feature–rule weights w1L, . . . , wnL, the neuron output is:

zL =

n⊗
i=1

(wiL ai) , (5)

where
⊗

denotes a fuzzy operator that can be instantiated
as:

- a t-norm (
⊗

= T ) to implement an AND neuron, - a
t-conorm (

⊗
= S) to implement an OR neuron.

This formulation unifies both logical operators in a single
mathematical expression while preserving their semantic dis-
tinction through the choice of T or S. Since the rule activations
have been computed for all training samples, the consequents
of the fuzzy rules are then learned using the Moore–Penrose
pseudo-inverse [10] (Step 4).

Let Z ∈ RN×M denote the matrix of rule activations, where
ZnL = zL(x

(n)) is the firing strength of rule L for sample n,
M is the number of rules, and N is the number of training
instances. Let y ∈ RN be the vector of target values (mapped
to [−1, 1] for binary problems). The consequent vector v ∈
RM is obtained by solving the linear system

Zv ≈ y, (6)

whose least–squares solution [20] is given by:

v = Z+y, (7)

where Z+ denotes the Moore–Penrose pseudo-inverse of Z.
This closed-form solution minimizes the squared error ∥Zv−
y∥2 and assigns stronger consequents to rules that consistently
activate for samples of a given class. Note that for multi-class
problems, this procedure is applied independently to each one-
vs-all target vector.

With the rule consequents learned, the next step involves
generating fuzzy rules (Step 5). Let X = {x1, x2, . . . , xn}
denote the input features. For each feature xi, the FNN selects
one membership function Ai parameterized by a mean µi

and a standard deviation σi, corresponding to the Gaussian
in Eq. (4). A learned fuzzy rule takes the form:

RL : IF x1 is A1 AND/OR x2 is A2 · · · AND/OR xn is An

THEN y = vL,
(8)

where vL ∈ [−1, 1] is the consequent obtained from Eq. (7).
Each fuzzy set Ai associated with xi is approximated by the
interval:

xi ∈ [µi − σi, µi + σi ]. (9)

This interval provides a human-readable representation of the
region where the feature attains high membership degree.

Given the fuzzy rules extracted from the FNN, each rule is
converted into an interval-based symbolic axiom by replacing
the Gaussian membership conditions with their corresponding
interpretable intervals (Step 6). Substituting the antecedents of
Rule RL with their intervals yields the corresponding fuzzy
axiom:

AxiomL : IF x1 ∈ [µL1 − σL1, µL1 + σL1]

AND/OR · · ·
AND/OR xn ∈ [µLn − σLn, µLn + σLn]

THEN y = vL.

(10)

The resulting collection of axioms constitutes the symbolic
knowledge extracted from the FNN and serves as the input to
the construction of the FuzzyKG.

The symbolic knowledge extracted from the FNN com-
prises two complementary structures: (i) fuzzy rules expressed
through membership-function conditions, and (ii) fuzzy ax-
ioms obtained by transforming these conditions into interval-
based, human-readable constraints. While distinct in form,
both artefacts provide semantically aligned representations of
the model’s reasoning process. To integrate these representa-
tions within a unified relational structure, we construct a KG
(Step 7)–or, more specifically, a FuzzyKG–that organizes both
rules and axioms as interconnected symbolic entities.

a) Rule-level representation.: Let X = {x1, . . . , xn}
denote the input features, each equipped with a set of Gaussian
membership functions Mi = {MFi1, . . . ,MFiKi

}. A fuzzy
rule learned by the FNN takes the form:

Rule L : IF x1 is MF1k1∧· · ·∧xn is MFnkn THEN y = vL,
(11)

where vL encodes class polarity and confidence, and wiL ∈
[0, 1] quantifies the contribution of feature xi to rule L.

Each antecedent condition is mapped to a linguistic-term
node Tik ≡ (xi,MFik), representing the statement that feature
xi belongs to membership region MFik. The rule antecedent
is therefore represented semantically as a set of weighted links
to linguistic-term nodes.

b) Axiom-level representation.: Following the procedure
done in (Step 6), each rule is then converted into an interval-
based fuzzy axiom

AxiomL : IF xi ∈ [µLi−σLi, µLi+σLi] for all i THEN y = vL.
(12)

This representation abstracts away the Gaussian shape while
preserving the semantic region in which each antecedent has
maximal membership.

To encode this symbolic structure, we introduce interval-
term nodes

ILi ≡
(
xi, [µLi − σLi, µLi + σLi]

)
, (13)

each corresponding to the interval-based linguistic condition
of the axiom. These nodes provide a higher-level view of the



antecedent semantics, bridging the gap between fuzzy sets and
symbolic intervals.

c) Unified KG structure.: Both rule-level and axiom-
level nodes are incorporated into a single graph

G = (V,E), V = Vterm∪Vinterval∪Vrule∪Vaxiom∪Vout.
(14)

The node sets are:

Vterm = {Tik}, (feature–MF terms) (15)
Vinterval = {ILi}, (interval-based antecedents) (16)

Vrule = {RL}, (fuzzy rules) (17)
Vaxiom = {AL}, (fuzzy axioms) (18)
Vout = {OvL}. (consequents) (19)

Edges encode the semantic components of both structures:

RL
HASANTECEDENT−−−−−−−−−−→ Tik, (20)

weight(RL, Tik) = wiL, (21)

AL
HASINTERVAL−−−−−−−→ ILi, (22)

RL
HASCONSEQUENT−−−−−−−−−−→ OvL , (23)

AL
HASCONSEQUENT−−−−−−−−−−→ OvL . (24)

Thus, the KG simultaneously captures: (i) the MF-based
structure of the learned rules, (ii) the interval-based semantics
of the fuzzy axioms, and (iii) the shared consequents linking
the two views.

d) Class polarity and confidence.: As in the rule-based
view, the consequent vL induces

class(L) = sign(vL), conf(L) = |vL|, (25)

which are attached to both RL and AL, as well as to the
corresponding output node OvL

.
e) Symbolic serialization.: The full graph is exportable

to RDF/OWL using the predicates HASANTECEDENT, HAS-
INTERVAL, and HASCONSEQUENT. Attributes such as feature,
MF index, interval bounds, impact, rule score, and confi-
dence are preserved as annotation properties, enabling logical
querying, alignment with existing ontologies, and downstream
reasoning tasks.

3) Layer (c): Defuzzification Process: Finally, Once each
fuzzy rule has produced its activation level zL and its learned
consequent vL, the model aggregates all rule contributions into
a crisp output ŷ. This defuzzification step (Step 8) follows
the standard weighted-sum formulation used in fuzzy neural
networks [8], [19]:

ŷ =

M∑
L=1

fΓ(zL, vL), (26)

where M is the number of rules. The function fΓ imple-
ments the rule contribution operator:

fΓ(zL, vL) = zL · vL, (27)

i.e., the firing strength of the rule zL scales its consequent
vL. For binary classification, vL ∈ [−1, 1] represents the
polarity and confidence of rule L towards the two classes,
while zL quantifies the degree to which the input satisfies the
antecedent. This formulation ensures that rules with higher
activation and stronger consequents exert greater influence
on the final decision. The defuzzified value ŷ can then
be converted into a class label via the sign function, i.e.,
class = sign(ŷ).

Algorithm 1 FuzzyKG: Training, Axiom Extraction, and
Knowledge Graph Construction
Input: dataset X, target vector y, number of membership
functions num mfs.

Layer (a): Fuzzification Steps 1–2

Step 1: Fuzzification. Partition each input dimension into
num mfs Gaussian membership functions. Compute uniformly
spaced centers µjl and standard deviations σjl.
Step 2: Membership activations. Evaluate Gaussian member-
ship functions (Eq. 4) for all samples, producing activations
ai,l(x).

Layer (b): Logical Neurons and Fuzzy Rule Formation
Steps 3–7

Step 3: Logical neuron layer. Compute rule activations using
the generalized fuzzy aggregation operator (Eq. 5), yielding
zL(x) for L = 1, . . . ,M . Or, more specifically, an activation
matrix Z ∈ RN×M , where ZnL = zL(x

(n)) for all samples.
Step 4: Learn rule consequents. Compute the least–squares
optimal consequent vector using the Moore–Penrose pseudo-
inverse:

v = Z+y. (28)

Step 5: Generate fuzzy rules. For each rule L, combine:
• the selected membership function for each feature,
• the corresponding feature impact wiL,
• and the learned consequent vL,

producing rules of the form in Eq. (8).
Step 6: Convert rules into fuzzy axioms. Replace each
antecedent MFik by its interval representation [µik−σik, µik+
σik] (Eq. 9), producing axioms of the form in Eq. (10).
Step 7: Build the FuzzyKG. Create nodes for features–
MF pairs, rules, and consequents; connect them us-
ing antecedent and consequent edges with attributes
{impact,rule_score,confidence} as described in
Sec. III-A2.

Layer (c): Defuzzification Step 8

Step 8: Defuzzification process. Transform the fuzzy output
to the crisp value using a Singleton (Eq. 26).

Output: Learned fuzzy rules, fuzzy axioms, the corresponding
symbolic Knowledge Graph and the final output.

Overall, Algorithm 1 illustrates FuzzyKG as an extension



of a classical FNN, retaining the conventional FNN pipeline
(Steps 1–5 and Step 8) and augmenting it with two additional
steps, namely Steps 6 and 7.

IV. EXPERIMENTAL SETTING

This section presents the experimental objectives and eval-
uation setting adopted for FuzzyKG. As the core contribution
of the proposed approach is symbolic knowledge extraction–
comprising fuzzy rules, axioms, and KGs–the experimental
analysis prioritizes interpretability and structural coherence
over predictive performance. Owing to the lack of estab-
lished benchmarks for assessing rule-to-axiom and axiom-
to-knowledge-graph transformations, controlled classification
datasets are used to study the symbolic structures produced
by the model.

A. Dataset and Models

We evaluated the adaptability and interpretability of
the FuzzyKG model on binary classification tasks using
three datasets from the UCI Machine Learning Reposi-
tory1—Iris [21], Mammography [22], and Liver [23]. Ex-
periments were conducted using different neuron types
(i.e., And-Neuron and Or-Neuron) and varying numbers of
membership functions, and performance was assessed using
interpretability-oriented metrics such as distinguishability and
consistency, alongside traditional measures including accuracy,
precision, F-score, and recall (further details follow).

B. Interpretability Metrics

The symbolic structures extracted by FuzzyKG (fuzzy rules,
axioms, and their induced KG) are evaluated through es-
tablished interpretability metrics used in fuzzy rule–based
systems [24]. These metrics quantify three complementary
properties: (i) how distinct the rules are (distinguishability).
Below we formally define each measure.

a) Distinguishability Matrix.: The distinguishability ma-
trix D ∈ RL×L evaluates how different two rules are in terms
of their antecedent membership functions. For rule indices i
and j:

dij = 1− exp

(
− (µi − µj)

2 + (σi − σj)
2

2

)
, (29)

where µ and σ denote the centers and standard deviations of
the Gaussian membership functions used in the antecedents.
Values close to 0 indicate highly overlapping antecedents,
while values near 1 indicate well-separated rules. As usual,
dii = 1.

b) Consistency Matrix.: The consistency matrix C ∈
RL×L quantifies the agreement among rule consequents. Given
rule outputs vi and vj :

cij = exp(−|vi − vj |). (30)

Values near 1 reflect similar consequents, while values near 0
indicate divergent or contradictory conclusions. By definition,

1Available at: http://archive.ics.uci.edu/ml/index.
phphttp://archive.ics.uci.edu/ml/index.php

cii = 1. This metric is widely used in fuzzy rule–based
systems to assess coherence in rule bases [25].

V. RESULTS

The experimental evaluation considers two complementary
dimensions of the proposed approach: (i) the predictive per-
formance of the underlying FNN model, and (ii) the structural
properties, coherence, and interpretability of the symbolic
knowledge extracted in the form of fuzzy rules, axioms, and
the corresponding Knowledge Graph.

Table I reports the classification results on the Iris dataset
for different neuron types (AND/OR) and varying numbers
of membership functions (MFs). All results are averaged over
five runs.

The best performance is achieved with two membership
functions, where both the AND-neuron and OR-neuron config-
urations attain 100% accuracy, precision, recall, and F1-score.
This result indicates that the learned rule bases are sufficiently
expressive to capture the class boundaries, even in the presence
of Gaussian fuzzification and weighted logical aggregation.

Beyond classification, the extracted fuzzy rules and their
corresponding axioms provide a transparent description of the
decision process. Tables IV and V illustrate examples of the
generated symbolic structures. For instance, a typical axiom
derived from the rule base is:

IF x1 is around [−2.11,−0.91] with σ = 0.60 AND
x2 is around [−1.99,−0.82] with σ = 0.58, THEN
the predicted class has score v = −0.88.

Here, the consequent v expresses both the predicted class
(sign(v)) and the confidence of the rule (|v|), enabling a direct
symbolic interpretation of the model’s internal behaviour.

Tables II and III show that the or-neuron consistently
outperforms the and-neuron across both datasets, achieving its
best performance with three MFs on Mammography (accuracy
0.811, precision 0.805) and two MFs on Liver (accuracy 0.721,
precision 0.690). These results highlight the importance of
the number of membership functions in optimizing or-neuron
performance.

Focusing on the Iris dataset, the four input fea-
tures—sepal length, sepal width, petal length, and petal width
(x1, . . . , x4)—are used for fuzzy rule extraction. Each feature
is modeled with two Gaussian membership functions (MF1
and MF2), corresponding to lower and higher regions of the
normalized feature domain, without imposing domain-specific
linguistic semantics.

Both And-Neuron and Or-Neuron architectures successfully
capture the separable structure of the data. As reported in Ta-
bles IV and V, the AND-based model achieves 96% accuracy,
while the OR-based model reaches perfect separation (100%).
This difference follows directly from the aggregation oper-
ators: AND-neurons enforce stricter conjunctive activation,
whereas OR-neurons aggregate evidence more permissively,
leading to broader input-space coverage. These behaviors
emerge solely from the fuzzy aggregation mechanisms, in-
dependent of any prior knowledge of Iris morphology. The



NT MFs Acc. F1 Rec. Prec.
and 2 0.96 ± 0.00 0.97 ± 0.00 1.00 ± 0.00 0.94 ± 0.00
and 3 0.73 ± 0.00 0.77 ± 0.00 0.69 ± 0.00 0.87 ± 0.00
and 4 0.55 ± 0.07 0.61 ± 0.10 0.55 ± 0.13 0.69 ± 0.04
or 2 1.00 ± 0.00 1.00 ± 0.00 1.00 ± 0.00 1.00 ± 0.00
or 3 1.00 ± 0.00 1.00 ± 0.00 1.00 ± 0.00 1.00 ± 0.00
or 4 1.00 ± 0.00 1.00 ± 0.00 1.00 ± 0.00 1.00 ± 0.00

TABLE I
PERFORMANCE METRICS (MEAN, STD) OF THE FNN MODEL BY NEURON TYPE (NT) AND NUMBER OF MEMBERSHIP FUNCTIONS (MFS) FOR IRIS

DATASET

NT MFs Acc. F1 Rec. Prec.
and 2 0.80 ± 0.00 0.80 ± 0.00 0.82 ± 0.00 0.79 ± 0.00
and 3 0.77 ± 0.00 0.78 ± 0.00 0.81 ± 0.01 0.74 ± 0.01
and 4 0.76 ± 0.02 0.76 ± 0.02 0.78 ± 0.03 0.74 ± 0.02
or 2 0.80 ± 0.00 0.80 ± 0.00 0.85 ± 0.00 0.76 ± 0.00
or 3 0.81 ± 0.00 0.81 ± 0.00 0.81 ± 0.00 0.81 ± 0.00
or 4 0.80 ± 0.00 0.80 ± 0.00 0.80 ± 0.00 0.80 ± 0.00

TABLE II
PERFORMANCE METRICS (MEAN, STD) OF THE FNN MODEL BY NEURON TYPE (NT) AND NUMBER OF MEMBERSHIP FUNCTIONS (MFS) FOR

MAMMOGRAPHY DATASET

NT MFs Acc. F1 Rec. Prec.
and 2 0.53 ± 0.00 0.36 ± 0.01 0.30 ± 0.01 0.44 ± 0.00
and 3 0.60 ± 0.07 0.57 ± 0.06 0.62 ± 0.05 0.54 ± 0.07
and 4 0.51 ± 0.07 0.49 ± 0.05 0.55 ± 0.05 0.45 ± 0.06
or 2 0.72 ± 0.00 0.67 ± 0.00 0.64 ± 0.00 0.69 ± 0.00
or 3 0.67 ± 0.00 0.62 ± 0.00 0.62 ± 0.00 0.62 ± 0.00
or 4 0.71 ± 0.00 0.66 ± 0.00 0.64 ± 0.00 0.67 ± 0.00

TABLE III
PERFORMANCE METRICS (MEAN, STD) OF THE FNN MODEL BY NEURON
TYPE (NT) AND NUMBER OF MEMBERSHIP FUNCTIONS (MFS) FOR LIVER

DATASET

And-Neuron with 2 MFs
— Rules — Output
IF x1 is MF1 with impact 0.64 AND x2 is MF1
with impact 0.27 AND x3 is MF1 with impact
0.04 AND x4 is MF1 with impact 0.02

[-1]

IF x1 is MF1 with impact 0.81 AND x2 is MF1
with impact 0.91 AND x3 is MF1 with impact
0.61 AND x4 is MF2 with impact 0.73

[1]

— Axioms —
IF x1 is around [-2.74 - -1.0] with sigma 0.87
AND x2 is around [-3.54 - -1.33] with sigma
1.10 AND x3 is around [-2.17 - -0.85] with
sigma 0.66 AND x4 is around [-2.08 - -0.82]
with sigma 0.63

[-1]

IF x1 is around [-2.74 - -1.0] with sigma 0.87
AND x2 is around [-3.54 - -1.33] with sigma
1.10 AND x3 is around [-2.17 - -0.85] with
sigma 0.66 AND x4 is around [1.08 - 2.34] with
sigma 0.63

[1]

TABLE IV
GENERATED RULES AND AXIOMS FOR AND-NEURON MODEL WITH 2

MFS

resulting fuzzy axioms, derived from the learned rules, are
presented as follows:

Or-Neuron with 2MFs
— Rules — Output
IF x1 is MF1 with impact 0.82 OR x2 is MF1 with
impact 0.68 OR x3 is MF1 with impact 0.84 OR x4 is
MF1 with impact 0.76

[-1]

IF x1 is MF1 with impact 0.98 OR x2 is MF2 with
impact 0.57 OR x3 is MF2 with impact 0.98 OR x4 is
MF1 with impact 0.84

[-1]

— Axioms —
IF x1 is around [-2.74 - -1.0] with sigma 0.87 OR x2 is
around [-3.54 - -1.33] with sigma 1.10 OR x3 is around
[-2.17 - -0.85] with sigma 0.66 OR x4 is around [-2.08
- -0.82] with sigma 0.63

[-1]

IF x1 is around [-2.74 - -1.0] with sigma 0.87 OR x2 is
around [1.99 - 4.19] with sigma 1.10 OR x3 is around
[1.13 - 2.44] with sigma 0.66 OR x4 is around [-2.08 -
-0.82] with sigma 0.63

[-1]

TABLE V
GENERATED RULES AND AXIOMS FOR OR-NEURON MODEL WITH 2 MFS

∀x1, x2,x3, x4 ∈ R4 :

(x1 ∈ [−2.74,−1.0]) ∧ (x2 ∈ [−3.54,−1.33]) ∧
(x3 ∈ [−2.17,−0.85]) ∧ (x4 ∈ [−2.08,−0.82])

=⇒ y = −1
(31)

∀x1, x2,x3, x4 ∈ R4 :

(x1 ∈ [1.62, 3.36]) ∨ (x2 ∈ [1.99, 4.19]) ∨
(x3 ∈ [1.13, 2.44]) ∨ (x4 ∈ [1.08, 2.34])

=⇒ y = 1

(32)

Specifically, the extracted axioms for the Iris dataset reveal
highly interpretable decision boundaries. For instance, the
negative-class axiom (corresponding to Iris setosa) asserts that
a sample is classified as class −1 whenever all of the following



interval constraints are simultaneously satisfied:

x1 ∈ [−2.74,−1.00],

x2 ∈ [−3.54,−1.33],

x3 ∈ [−2.17,−0.85],

x4 ∈ [−2.08,−0.82].

(33)

These intervals correspond to the membership-function centers
and spreads of the “small” linguistic terms for sepal and
petal dimensions, which are consistent with the compact
morphology of Iris setosa.

Conversely, the positive-class axiom identifies the remaining
Iris species whenever any of the following conditions holds:

x1 ∈ [1.62, 3.36]

x2 ∈ [1.99, 4.19]

x3 ∈ [1.13, 2.44]

x4 ∈ [1.08, 2.34].

(34)

These ranges align with the larger sepal and petal measure-
ments typical of Iris versicolor and Iris virginica, and they
emerge directly from the structure of the Or-neuron fuzzy rule.

Knowledge Graph representation. Fuzzy rules and their
extracted axioms are mapped to a Knowledge Graph (KG),
where rules correspond to relational nodes, antecedent terms
(feature–MF pairs) to entity nodes, and consequents to out-
put nodes. Edges encode feature relevance and membership-
function identity, while node attributes represent class polarity
and confidence, making the dependencies among features,
rules, and classes explicit. Complete KG visualizations are
provided in the Appendix.

Interpretability metrics. Interpretability is further assessed
using quantitative metrics, with full results reported in the
Appendix. Distinguishability and consistency analyses (Fig. 3)
indicate that most rules are structurally distinct and exhibit
consistent consequents within each class, confirming the co-
herence of the extracted symbolic knowledge.

VI. CONCLUSIONS AND FUTURE WORK

This paper presented FuzzyKG, a neuro-symbolic frame-
work that extracts interpretable fuzzy rules from Fuzzy Neural
Networks (FNNs) and organizes them into symbolic axioms
and structured Knowledge Graphs (KGs). By combining fuzzy
membership functions, logical neurons, and graph-based rep-
resentation, FuzzyKG makes the internal reasoning of FNNs
explicit, readable, and relationally structured. Experimental
results show that the extracted axioms capture meaningful
decision boundaries, while the resulting graphs reveal rule
interactions, feature relevance, and class polarity in a trans-
parent symbolic form. Future work will address redundancy
and scalability issues through rule pruning or merging, adap-
tive membership-function optimization, and the generation of
axioms in the original data domain. We also plan to integrate
reasoning mechanisms directly over the extracted Knowledge
Graphs, further strengthening the link between sub-symbolic
learning and symbolic knowledge representation.

APPENDIX

APPENDIX: KNOWLEDGE GRAPH VISUALIZATIONS

Fig. 1. Knowledge Graph constructed from the fuzzy rules extracted by the
FNN for the Iris dataset. Antecedent nodes represent feature–membership-
function pairs; rule nodes encode the logical neuron structure and consequent
polarity; consequent nodes reflect the class score. Edge thickness denotes the
impact weight associated with each antecedent.

Fig. 2. Knowledge Graph representing the symbolic axioms derived from the
fuzzy rules of the Iris dataset. Each interval-based antecedent is linked to the
axiom node that aggregates the logical condition. Consequent nodes encode
the class polarity and confidence extracted from the FNN outputs.



Fig. 3. Distinguishability Matrix and Consistency Matrix- Iris Dataset.
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