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Abstract—Grouping and overlap operators are widely ex-
ploited in aggregation theory and information fusion to model dis-
junctive and conjunctive characteristics among the data inputs.
In this study, we propose a new class of fusion operators, termed
as the activation-based grouping and overlap operators. These
operators are framed by introducing a threshold-based activation
mechanism into the classical ideology of general grouping and
overlap operators. The threshold parameter 7 controls the point
at which the activation mechanism becomes functional in the
aggregation process and is chosen according to the necessities of
the decision system. The main idea of the proposed framework is
to retain the original behavior of the grouping or overlap operator
in the non-activated region, while modifying the response of
output near the boundary values by using a suitable activation
function. Several construction methods for such operators are
discussed, and their mathematical properties are examined. The
class of activation-based overlap operators have been studied as a
dual class of activation-based grouping operators. The proposed
framework offers a flexible way to design a class of fusion
operators that are sensitive towards the threshold parameter
chosen close to the boundary points, and can be efficiently
adapted to different decision scenarios. Due to their adaptive
mechanism, such operators can be utilized in a wide range
of applications, including decision-making, information fusion,
classification problems, and reliability analysis.

Index Terms—Aggregation operators, Grouping and overlap
operators, Activation-based grouping and overlap operators,
Information fusion.

I. INTRODUCTION

Grouping and overlap operators [1] are nonlinear aggrega-
tion operators, which are especially designed to model depen-
dency structure among the inputs, and have been extensively
employed in aggregation theory [2], [3], machine learning
[4], [5], and information fusion [6]. The general class of
grouping operators are formulated to mathematically quantify
the degree of support for an entity by aggregating evidence
from multiple sources, while emphasizing on the disjunctive
behavior among the inputs. In contrast, overlap operators [7]
quantify the degree to which multiple criteria simultaneously
satisfy a given condition. By explicitly modeling collective in-
teractions among data inputs, these operators have applications
in classification problems [8], [9], ensemble learning [10],
[11], pattern recognition [12], and reliability analysis [13].
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Despite the widespread utilization of classical grouping and
overlap operators, such operators exhibit fixed behavior across
the entire input domain, which may limit their suitability in
decision scenarios requiring enhanced sensitivity near critical
or boundary regions. In many real-world problems, small
variation around certain decision thresholds can significantly
influence the final outcome, while variation outside this critical
regions may be less relevant. For instance, in task of edge
detection, intensities of the pixels are selectively enhanced
only when the magnitude of the gradient exceeds a prede-
fined threshold, while insignificant fluctuations are effectively
suppressed [14], [15]. This enhancement behavior of pixel
intensities, is commonly referred as thresholding, and is widely
utilized in edge detection. This ideology aids in accurately de-
tecting the meaningful edges [16], [17]. Classical aggregation
operators [7], [18] are not designed to explicitly capture such
threshold-dependent behavior among data inputs. Motivated
by this limitation, we introduce the concept of activation-
based grouping and overlap operators. The central idea is
to incorporate a threshold-dependent activation mechanism
that selectively modifies the response of the operator only
in regions where increased sensitivity is required, while pre-
serving the original aggregation behavior elsewhere outside
the critical region. This framework allows the aggregation
process to reflect the necessities of the decision-system, by
adding threshold based enhancement of the response near
the critical region without altering the fundamental structure
of the underlying grouping or overlap operator. As a result,
the proposed operators offer greater flexibility and control in
modeling the requirements and behavior of vivid decision-
systems, particularly in the applicatory field where decision
boundaries or critical regions are of primary importance.

In this study, we develop a general theoretical framework
for activation-based grouping and overlap operators. Based
on classical theory of grouping and overlap operators, we
develop a threshold-based activation function, regulated by the
parameter 7, that modifies the aggregation behavior near the
boundary region. These aggregation frameworks are designed
to ensure that the resulting operators satisfy the significant
properties required for grouping and overlap operators in
the non-activated regions, and improve the output response
obtained from the grouping operator in the activated region



chosen near the boundary points. Different choice of activation
functions influence the behavior of the proposed operators near
the boundary points, particularly in the region close to the
activation threshold 7. The proposed framework is flexible and
allows the construction of operators with different sensitivity
levels, thus makes it possible to adjust the aggregation be-
havior according to the necessities of the considered decision-
system.

The remainder of the paper is organized as follows. Section
II briefly reviews the necessary preliminaries on grouping and
overlap operators. In Section III, the construction methodology
of activation-based grouping operators is presented along with
study of several prominent properties. Section IV provides the
idea of activation-based overlap operators. Finally, Section V
concludes the paper and outlines possible directions for future
research.

II. PRELIMINARIES

This section provides a recapitulation for the notion of
grouping and overlap operators.

Definition 1 ( [19], [20]). A function F : [0,1]"
termed as an aggregation operator if:

- [0,1] is

1) F' is non-decreasing; ~
2) F(0)=0and F(1) =1, where 0 = (0, ...
1=(1,...,1);

Definition 2 ( [20]). An n-dimensional operator G : [0,
[0,1] is termed as grouping operator if:

,0) and
1" —

1) G is a symmetric operator;

2) G is monotonically increasing;

3) G is continuous;

4) G2)=1 < forz=(z1,...,2n), 2zi 1 7 =1;

5) G(2) =0 < for 2= (z1,...,2n), 2i =0V 4.
Example IL1. Let Z = (21,...,2,) € [0,1]"
of grouping operators are given below:

B max(zi)
1) G(3)= =

2) G(2) = —H(l—zz)
3) G(2) = miax(zi) with r > 0.

4) G(2) [I(1 = z).

i

. Then, examples

max(z,)+

Definition 3 ( [1], [20]). An n-dimensional operator O :
[0,1]™ — [0,1] is termed as an overlap operator if:
1) O is a symmetric operator;
2) O is monotonically increasing;
3) O is continuous;
4) 0(2)=1 < for Z=(zy,...
5) 0(2) =0 < for z2=(z,...,

 Zn), zi =1V i
Zn) HZZZ,LZO

Example I1.2. Examples of overlap operators are :
1) O(2) =sinZ (H z;)" with r > 0.
2) 0(2) = 1(=).
3) O(%Z) = min(z;)" r > 0.

(2

_ [1(z:)

4) O(z)zm
Definition 4 ( [21]). A mapping Go : [0,1]" — [0,1] is
called a general overlap operator if, for any vector z =
(21,22,...,2n) € [0,1]™, the following conditions are sat-
isfied:

1) Go is symmetric.

2) IfH? 12 =0, then Go(Z) = 0.

3) If 1y zi =1, then Go(2) = 1.

4) Go is increasing in each argument.

5) Go is continuous on [0, 1]™.

II1.

Definition 5. Let G : [0, 1]™ — [0, 1] be a grouping operator.
Let T, ﬂ be real numbers such that 7 < ﬁ <1, where T is an
activation threshold chosen close to 1. Let s¢ : [7,1] — [5,1]
be a monotonically increasing function satisfying sg(1) = 1.
The function G%:[0,1]" — [0, 1] defined by:

ACTIVATION BASED GROUPING OPERATORS

G(2),
5c¢(G(2)),

is termed as an activation-based grouping operator, gener-
ated by the grouping operator G, and the activation threshold
7. The function sq is referred as an activation function for
the operator G%.

if G(2) < T,

Gi(z) =
if 6(2) = 7

Remark 1. The expression that the activation threshold T is
‘close to 1’ can be interpreted in a quantitative manner. In
particular, one may consider 7 = 1—¢, where € > 0 is a small
parameter. The choice of € is not universal and depends on
the characteristics of the underlying decision system, such as
the level of sensitivity required, and the tolerance for deviation
from full agreement.

Classical grouping operators exhibit a rigid boundary con-
dition by requiring that the output value will attain the unit
value whenever at least one input argument equals one. In
practical settings, such a requirement may be strict in nature,
since values close to one already indicate a strong contribu-
tion to the aggregated outcome. The operator defined above
replaces this crisp condition with a threshold-based criteria,
allowing greater tolerance to small variations while retaining
the essential characteristics of grouping operators.

Remark 2. From the above definition, the following observa-

tions can be made:

(i) The function G% is symmetric, since, it is exploited by a

symmetric operator G.

The activation-based grouping operator G% is a mono-

tonically increasing operator since, the activation func-

tion sg is a monotonically increasing function.

(i) If G(2) < 7, then G%(Z) = G(Z), and hence, no
activation is required within this region. If G(Z) > 7, then
the activation function is utilized to improve the response
of G, and then G%(Z) = sq(G(2)) € (3,1].

(ii)



(iv) The function G% need not be continuous. For instance,
Consider the activation-based grouping operator defined
as follows:

G(2), ifG(Z)<T
if G(2)>T

where G is any grouping operator and the activation
Sunction is taken as sg(t) =1V t € [7,1]. Then clearly
G% is not continuous.

(V) Gi(2) =0 <= z;=0Vi.

Gzi(3)=
1,

Remark 3. On choosing T 1 in the activation based
grouping operator, and considering that sg(1) = 1, we have
G:(Z) = G(2) V zZ € [0,1]". Thus, the activation-based
grouping operator reduces to the classical grouping operator.
Furthermore, if T < 1 and the activation function is chosen as
sa(t) =1 forall t € [T,1], then once the activation threshold
is reached, the aggregation operator value jumps immediately
to 1.

Example III.L1. 1) On considering the activation function

™

sl(t):B+ ]1-: (tﬁ%)a € [’Fal]

Rl

and the grouping operator G(Z), defined as G(Z)
max(z;), the following activation-based grouping op-
K3

erator is obtained:

max Zi), G(Z) < T,
G)': 2 = ~
@ BJr =% (max(z) = 7), G(2) =7
2) On considering the activation function
< - (t—7\" _
sa(t) = B+ (1—p) (1%) , te[r1], a>1.
and the grouping operator G(Z), defined as G(Z) =
1 =TI = 2), the following activation-based grouping
oper(;tor is obtained:
1-T10 = 2), G2 <T
Gi3)=¢_ = I-T(1—z) =7\ @ o
p+010-5) (u) , G(Z) =T
3) On considering the activation function
N eA(t—f') -1 ~
S3(t)25+(1 m, tG [7—,1], )\>O

and the grouping operator G(Z), defined as G(Z) =1 —
[1(1 = 2;), the following activation-based grouping

(3

operator is obtained
1— JTI = z), G(2)<T
Gi(3) = ' (
T - _oaf1- /H(l—zi)—i—)
5 + (]- - 5) £ ex(I—-7)_1 _17 G(Z) 2 ’7’1

4) On considering the activation function

s4(t) =1, telr,1],
and the grouping operator G(Z), defined as
max(z;)
G(2)= : , the following activation-

m?x(zi)Jr H(I*Zz‘)

based grouping operator is obtained:

max(z;)
L G2 <T
G;k__(g) _ m?x(zi)+\/]:[(lfzi)
1 G(3) > 7
Theorem IIL.1. Let G : [0,1]" — [0,1] be a grouping

operator and let T be a fixed threshold such that T < 1. Let
G3 7 and G35 - be two activation-based grouping operators
constructed from G using the same threshold T and activation
functions sgy : [T,1] — [61, 1], s@s @ [71] = [Bo,1],
respectively, where T < 31,8y < land sg,(1) = sgo(1) = 1.

Define a function HZ : [0,1]" — [0, 1], by:
ifG(Z) < T
saa(sc1(G(2)), ifG(2) >+

Then HZ is an activation-based grouping operator.

G(2),

Proof. Since, s, and s@g, are both activation functions, both
of them are monotonically increasing real valued functions
and moreover, sg1(1) = sg2(1) = 1. Now, for any t1,ts €
[7,1] with ¢; < t3 we will have sg;(t1) < s@i(t2) and
consequently, (sg2 0 sg1)(t1) < (sg2 © sa1)(t2) and hence,
s@208a: [T,1] — [52, 1], is also an increasing real valued
function, and (sg2 © 8@1)(1) = 1, so it is clear that HZ is
an activation-based grouping operator with activation function

S@o2 © 81 and with activation threshold 7. [
Example IL.2. Let sg : [7,1] = [51,1] and sgy : [7,1] =
[B2,1] given by, sei(t) = B1 + 1 61 (t —7) and sgs(t) =

Bo+(1—Pa) (1=2)*, where o > 1, be two activation functions.
Let G(2) = max(zl) be the grouping operator where z =
(#1,+ -y 2n)- Let G1 ; and G5 - are two activation-based

groupmg operators which are generated from G using sgq
and sgq, respectively. Then, using the composition theorem
as stated above we can form a new activation-based grouping

operator HX : [0,1]" — [0, 1], given by:
max z;, ifG(z) < 7,
Hi) =
3G2<3G1(maxzi))a fG(z) =7

Remark 4. Let Gi - and G ; be two activation-based
grouping operators on [0,1]", ‘constructed with the same
activation threshold T and the grouping operator G, with
activation functions sg1 : [7,1] (B1,1] and sqs
[7,1] — [Ba,1] respectively, where ¥ < B1,82 < 1 and
sa1(1) = s@a(l) = 1. Define the function HX : [0,1]" —
[0,1] by:

HZ(Z) = max {Gi_’._(z), G;:(2)}.



Then, HZ is an activation-based grouping operator.

Proof. Since, we know that s and sgy are both activation
functions, so sg1(1) = 1 and sgy(l) = 1, and both
s@1 and sgo are monotonically increasing operators. Hence,
maX{SG]_,SGQ} is also monotonically increasing operator
where max {sg1,sq2} @ [F,1] — [B2,1] (or [7,1] —
[51, 1]). Hence, HZ is an activation-based grouping opera-
tor with activation threshold 7 and with activation function
max{scl,s(;g}. O

Example IIL3. Let s¢, : [7,1] — [41,1] and sgs : [7,1] —
(82,1, given by, sG1(t) = 1+ T2 (t = 7) and sgs(t) =
Ba+(1—p2)( i:; ) where o > 1, respecnvely. Let us consider
the grouping operator G(Z), defined as G(z) = 1—[[(1—z;).

Then, from the above theorem we can obtain the alctivation-
based grouping operator HZ : |0, 1]” — [0, 1] given by

H:(z) = Inax{G ), G5+ ()},

where the functions G* - and G* 7 are defined as:

1 =TI = =), ifG(z) <7
G;ﬂ-_(,%) = ‘ 1-6; B

Bi+ 2 (1-T[(1—2z)—7), ifG(E)>7.

1= = ), ifG(Z) <7
G5 :(2) = ' 1 [I(—z) -7 o

BZ +(1—B2) <_7~.> , ifG(2) > T.

Theorem IIL.2. Let G : [0,1]™ — [0, 1] be a grouping op-
erator. Let G - and G be two activation-based grouping
operators constructed from the same grouping operator G and
the same activation threshold 7, but with possibly different
activation functions sg, : 7,1 — [B1,1] and sgs :
[7,1] — [B2,1], where 7 < B1,82 < 1 and sg,(1) =
sga2(1) = 1, respectively. Let A\ € [0,1] and define the
function HZ : [0,1]™ — [0,1] by:

H;(é) = /\G;,-T-(é) + (1= G;,;—(E)-

Then, HZ is an activation based grouping operator.

Proof. Since, we know that sg; and sg4 are both activation
functions, so sg1(1) = 1 and sgo(1) = 1. Also, both sg;
and sgo are monotonically increasing real valued functions.
Now, sguz(t) = Asgi(t) + (1 — ) sga(t), t € [7,1],
is a monotonically increasing function as it is the convex
combination of two monotonically increasing functions and
also sgyz(1) = 1. Then, we can conclude that HZ is an
activation-based grouping operator with activation threshold
7 and activation function sgpx : [7,1] — [0 + (1 —

N)Be, 1]. O

Theorem IIL3. Ler G : [0,1]" — [0,1] be a group-
ing operator. Let G} 7 and G - be two activation-based
grouping operators constmcted from the same grouping op-
erator G and the same activation threshold T, with acti-
vation functions sg, and Sgo, respectively. Assume that

sgy ¢ [T,1] = [p1,1] and sgy : [T,1] — [Ba, 1], where

T < B < By <1 Ifsgi(t) < sga(t) Vit € [7,1], then
t2(5) < G34(5), V2 e [0,1)"

Proof. If sg1(t) < sga(t), ¥Vt € [7,1], then sg1(G(2)) <

8G2(G(2)) V 2, when G(z) > 7. Since, G} ; and G ; are
formed from the same grouping operator G, the result follows
immediately from the definition of activation based grouping
operators. O

Theorem IIl4. Let G : [0,1]" — [0,1] be a grouping
operator. Let G% be an activation-based grouping operator
constructed from G using an activation threshold T and an
activation function sg such that it satisfies sg o Sg = Sg-
Let (G%)* denote the activation-based grouping operator
obtained by applying the same activation mechanism again
to G%, using the same threshold T and the activation function
sa. Then, (G%)" = G=%.

Proof. Here the activation function is s¢ : [7,1] — [5,1].
Now, using the definition of (G;E_)* we can write

N G:(2), if Gx(2) < 7,
(Gi)*(z){ o )
sc (Gx(2)), if GL(3) > 7,

Th

where Z is an input value from [0, 1]”. Now, if G%(Z) <
then we claim that G(2) < 7, as otherwise if G(2) > 7 then
G%(%Z) = sg(G(Z)) and consequently G%(Z) > 7, Wthh is
a contradiction to our assumption. Hence, if G%(Z) < 7, then
G%(%Z) = G(Z). Similarly, if GX(2) > 7, then G(Z) > 7 and
then G%(Z) = sa(G(2)). So, we will get that (G%)*(2) =
G(3) if G1(5) < 7 and (GL)'(3)= sa(sc(G(2) if
G%(%Z) > 7. Now, using the fact that sg is an idempotent
function, we can conclude that (G%)* = G%. O

Let O : [0,1]" — [0,1] be an overlap operator. Then, by
[20], we know that O can be expressed as:
5 _ p(2)
OC) = rizva >
for some p*,¢* : [0,1]" — [0, 1], such that:
1) p* and ¢* are symmetric functions;
2) p* is increasing and ¢* is decreasing;
3) p(2) =0 < [[z:=0;

1
4) ¢*(2)=0 <= [Jz=1
5) p* and g* are contlinuous functions.

Theorem IILS5. Let O : [0,1]" — [0,1] be an overlap op-
erator represented in the form O(Z) = W(q)()’ where p*

and q* satisfy the above mentioned properties and let G(Z)=
1- O(i —Z2). Then, G is a grouping operator. Moreover, if we
choose real numbers T, B such that 7 < B and a monotonically
increasing real valued function sq : [7,1] — [3,1] such that

sGg(1) = 1, then the function G% : [0,1]" — [0, 1], defined
as:
S {Q*(«?), Q') <7,
sc (Q*(%), Q*(3) =7



w3y -1 p(i-5)
where, Q*(2) = 1 p*(1-2)+q*(1-2)’

activation-based grouping operator.

VZ. Then, G% is an

Proof. 1tis clear that G is symmetric and continuous as p* and
g* are symmetric and continuous. G(Z) = 1 if and only if 3 z;
such that z; = 1, and G(Z) = 0 if and only if z; = 0 V i. So,
G is a grouping operator. Now, from the way G is defined,
it is clear that G is an activation-based grouping operator

with activation function s and activation threshold 7. O
Example IIL4. We take p*(2) = ([[2)+ and ¢*(3) =
(IT z)w

max(1 — z;). Then, we construct O(Z) = - ’
‘ (I Zz‘)"+miax(1fz,;)

and then G(2)=1—-0(1 — %), is a groupir;g operator. Now,
taking the function sg(t) = 8 + i:g (t—7), telr1], we
can form the activation-based grouping operator G% defined

o {Q*(i), Q)<
sc¢(Q*(2), Q*(3) =7
[(A-z)"
where, Q*(2) = 1 2 , VZ.

H(lfzi)% +max z;
i i

Remark 5. Ler G : [0,1]" — [0,1] be a grouping operator.
Let G% be an activation-based grouping operator constructed
from G using an activation threshold T and an activation
function sg. If the activation function sg is continuous on
[7,1] and satisfies sg(T) = 7, then G% is a continuous
function.

Proof. Since, the activation function s is continuous, then
using the fact that composition of two continuous functions
is again continuous and sg(7) = 7, we will get that G% is
continuous. O

IV. ACTIVATION-BASED OVERLAP FUNCTIONS

Definition 6. Let O : [0,1]" — [0, 1] be an overlap operator.
Let 7 and (B be real numbers such that 0 < ([ < T,
where T is an activation threshold chosen close to 0. Let

so : [0,7] — [0, 8], be a monotonically increasing function
satisfying so(0) = 0.

The function O% : [0,1]" — [0, 1], defined as:
s0(0(2)), ifO(%) <7,

031(2) -
0(z), ifO(z) > 7,

is termed as an activation-based overlap operator.

Let O : [0,1]" — [0,1] be an overlap operator. We
can consider the activation function as the constant function
so(t) = 0Vt € [0,7], then Of reduces to the following

form:
03(2) - {0’
T 0(2),

if O(2) < 7,
ifO(z)>7.

From the construction of the function O;f_, it is clear that
the function is symmetric and non-decreasing but need not be

continuous.

Example IV.1. The following are examples of activation-
based overlap functions.
1) On considering the activation function
z ~ (1=t —F\“
s1(t) =1— {6+(1ﬂ) <(1_)7~_T> ],t € [0,1—7].
and the overlap operator O(Z), defined as O(Z) =

[1(z:), the following activation-based overlap operator

K3
is obtained:

O:(2) =14 i
P*(z) O(2) <.
~ ./ O-TIE)) -7\
where P*(2) = 1 — [ﬁ +(1-p) (1—%) }
VZ
2) On considering the activation function
eMA=)—=7) _

so(t) = 1— {Bﬂlﬁ) 1] ,t€[0,1-7], A >0,

ek(lf%) -1

and the overlap operator O(Z), defined as O(Z) =
[1(z:), the following activation-based overlap oper-

1
ator is obtained

H(zi)a O(Z> >T
01z =\
M*(z), O() <7
- B X((l— 1}(20)—%)
where M*(Z) =1 — |+ (1 - ) “—=a=5— 1}.
3) On considering the activation function
s3(t) =0, te[0,1—7],

and the overlap operator O(Z), defined as O(2)=1 —

max(1—z;)

, the following activation-based over-
max(1—z;)+, [T1(z:)

lap operator is obtained:

max(1—z;)
i

B m?x(l—zi)Jr\/l;I(Zi)

Theorem IV.1 (Duality Theorem). Let G% : [0,1]" — [0, 1]
be an activation-based grouping operator constructed from
a grouping operator G, an activation threshold 7, and an
activation function sg : [7,1] — [B,1],where T < § <
1, sg(1) = 1. Define the function O% : [0,1]" — [0,1]
by O:(Z) = 1 — G%(1 — %). Then, O% is an activation-
based overlap operator, based on the activation function
50 : [0,70] = [0,1 — f], given by, so(t) =1 — sa(l —1t)
and To =1-—T7.



Proof. We know that sg is a monotonically increasing real
valued function and moreover, sg(1) = 1. So, so : [0,7o] —
[0,1—f], given by, so(t) = 1—sg(1 —t), is also monotoni-
cally increasing and, so(0) = 0. Now, using the definition of
G;‘i_, we can conclude that the function O;’i_ is an activation-
based overlap operator with activation threshold 7o =1 — 7,
and activation function sqp.

O

V. CONCLUSION

The main intention behind the proposed study is to develop
a theoretical framework for an activation-based grouping and
overlap operators. These operators are governed by a threshold
parameter 7, which determines the decision point from where
the activation needs to be initiated. The value of this threshold
depends on the underlying decision system which is under
consideration. The construction methodology of the activation
based grouping operators has been well established, and their
fundamental properties have been extensively studied. The
proposed operators are formulated in such a way that the
output response are activated through suitable activation func-
tions near the boundary region, while preserving the original
behavior of the grouping or overlap operator in the non-
activated regions. The proposed operators are sensitive near
the threshold value, and thus the activation-based grouping
and overlap operators exhibit strong potential for practical ap-
plications, particularly in decision-making, reliability analysis,
information fusion, etc.

In future studies, the theory of activation-based grouping
and overlap operators can be extended to ensemble learn-
ing and classification problems. Furtermore, such class of
activation-based grouping operators can be utilized in feature
extraction [22], pattern recognition [23], etc. Despite the
promising theoretical results established in this work, certain
limitations remain for such class of operators. In particular,
the selection of an appropriate threshold value often requires
empirical tuning due to the heterogeneous nature of real-world
data, which is largely dependent on the necessities of the
decision-system. Consequently, further research is needed to
develop efficient and adaptive parameter learning strategies
which are data-dependent to enable scalable and practical
large-scale implementations [24].
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