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Abstract—Interval-valued data are a type of Symbolic Data,
a field of statistics and artificial intelligence that deals with
multivalued data representations. Such representations arise
from the need to preserve information about data variability
during data aggregation processes, such as aggregating a con-
tinuous feature according to a categorical attribute that often
uses summary statistics like the mean or median. This paper
proposes co-clustering algorithms for interval-valued data. These
algorithms simultaneously group samples and features and have
demonstrated competitive performance in several applications.
We introduced one variant without kernel functions and two
variants employing the Gaussian kernel, making them suitable
for grouping nonlinear clusters. Experiments conducted on syn-
thetic and benchmark interval-valued datasets demonstrated the
effectiveness of the proposed algorithms, particularly the kernel-
based variants.

Index Terms—Interval-valued data, Co-clustering, Gaussian
kernel.

I. INTRODUCTION

Symbolic Data Analysis (SDA) is a field of statistics and
artificial intelligence that focuses on the analysis of multi-
valued data, such as intervals, histograms, and categories [1].
This type of data arises when the objective is to analyze
groups of individuals rather than single observations. For
instance, while data may be collected at the level of students,
the analytical goal may be to study universities. Traditional
aggregation methods, such as using the mean or median for
numerical features and the mode for categorical features, often
lead to a loss of information about data variability. Symbolic
data emerges as an alternative to these conventional strategies
for better preserving variability, enabling a more informative
representation of aggregated data. The focus of this paper is
to study interval-valued data.

Clustering is a well-known area of unsupervised learning
whose goal is to identify clusters of similar samples. Among
clustering algorithms, kernel-based methods are particularly
suited to handling nonlinear data by transforming the origi-
nal data space into a higher-dimensional kernel space. This
transformation mitigates a major limitation of two of the most
widely used clustering algorithms, K-means and Fuzzy C-
Means, which often fail to correctly identify non-spherical and
nonlinearly separable clusters.

Traditional clustering methods group only the samples, as-
sume no cluster structure in the features, and implicitly assume
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that all clusters are defined across all features. In contrast,
co-clustering algorithms simultaneously group samples and
features based on the associations between them, forming
data blocks in which samples and features are correlated. By
grouping data in two dimensions, these methods provide a
partition of the samples, as in traditional clustering, while
also yielding a partition of the features, and have demonstrated
competitive performance compared to classical clustering tech-
niques. Co-clustering methods have been successfully applied
across several domains, including recommender systems [2],
document clustering [3], and gene expression analysis [4].

Kernel-based co-clustering algorithms have also been pro-
posed in the literature. Ref. [5] introduced the first approach
combining co-clustering with kernel functions, employing a
Gaussian kernel and proposing an algorithm that computes
feature weights for sample clusters. Subsequently, Ref. [6]
presented hard and fuzzy Gaussian kernel co-clustering meth-
ods with automatic computation of the kernel width parameter.
Finally, Ref. [7] proposed a method that computes weights for
both samples and features, demonstrating strong performance
in scenarios with noise in both dimensions.

Despite the broad applicability of co-clustering algorithms,
to the best of our knowledge, no existing work has addressed
co-clustering methods for interval-valued data. In this context,
this article proposes novel co-clustering models for interval-
valued data. We introduce three variants: one without kernel
functions and two kernel-based variants using the Gaussian
kernel. Furthermore, we adopt a fuzzy framework that allows
samples and features to belong to multiple clusters with
membership degrees ranging from O to 1, which is effec-
tive in scenarios with overlapping clusters. The remainder
of this paper is organized as follows. Section II reviews
the basic theory of kernel functions. Section III presents
the proposed algorithms. Section IV reports the experimental
results. Finally, conclusions and directions for future work are
discussed in Section V. The source code and datasets are avail-
able at: https://github.com/Natandradesa/fuzzy-coclustering-
interval-data.

Remark. Due to space limitations, we simplify the summa-
tions by indicating only the varying indices, with the following
fixed ranges: i = 1,...,I,d=1,...,D,0=1,...,0, and
v=1,...,V. For example, 3. , denotes S1_, S°7 .

Definition (Interval-valued dhta). An interval-valued data



point is defined as a realization ¢ = [a,b], where a,b € R
and a < b. Let X = [z;4]1<i<s denote an interval-
1<d<D

valued data matrix composed of I samples described by D
interval-valued features. Each entry x;4 is an interval of the
form z;4 = [zL,2¥)], with z£, < 2¥, where z£, and 2¥]
represent the lower and upper bounds, respectively, of the d-
th feature for the i-th sample. An interval-valued data matrix
X can also be defined as set of I samples {xy,...,X;,...Xs },

where the ¢-th sample is described by a vector of intervals

Xi = [(szl? szl)a ) (.I‘Zl;i,l‘%), ) (‘r'LLD’ng)]

II. KERNEL FUNCTIONS THEORY

Kernel-based algorithms have been widely developed due
to their ability to group nonlinear clusters. These methods are
based on kernel functions [8], which map the original data
into a higher-dimensional space, commonly referred to as the
kernel space, by means of a nonlinear transformation 2. The
main idea behind this mapping is to obtain a more suitable
cluster structure in the kernel space; that is, the clustering
task is expected to be easier in this space, as the clusters are
expected to be better defined.

The applicability of kernel methods is largely due to the
kernel trick [9]. Using the kernel trick, the mapping €2 does not
need to be known, since the inner product in kernel space can
be calculated directly in input space using a kernel function K,
ie K(x,,x%s) = Q(x,) " Q(xs). Based on this, the Euclidean
distances in the kernel space can be calculated as:

12(x) = (x4 |* = [2(x,) — Q(x4)] " [2(x,) — Qx,)]
= Q(x,) TQx,) — 2Q(x,) TQ(xs) + Qxs) TQ(x)
= K(xr, %) — 2K(x, x5) + K(x5,X5) (D

Kernel-based methods have been developed under two main
approaches [10]: clustering in the original space, in which
the cluster prototypes (representative values) are defined in
the input space and the mapping to the kernel space is
performed implicitly, and clustering in the kernel space, where
the prototypes are defined directly in the kernel space. In the
latter case, distances are computed in the original space using
Eq. (1).

A common choice for the kernel function is the Gaussian
kernel. In the co-clustering framework, it is necessary to define
an appropriate kernel, since distances are computed between
data points rather than between vectors. To this end, we rely
on the definition presented in Ref. [5] for conventional (real-
valued) data. Accordingly, the Interval Gaussian kernel for the
co-clustering framework is defined as

ML IN2 (U _ U
K(xrj,xsl)exp{ [(af;—ah)?+(af] xsz)z]}’ )
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where 02 (0 > 0) is the width hyperparameter. Based on the
Gaussian kernel, and considering the distance in Eq. (1), we
have:

||Q(m7]) - Q(xsl)HQ =2- QIC(xrja xsl) (3)

III. CO-CLUSTERING ALGORITHMS FOR
INTERVAL-VALUED DATA

This section presents the main contribution of this paper:
fuzzy co-clustering methods for interval-valued data. Unlike
traditional clustering methods, which group only samples,
co-clustering algorithms simultaneously group samples and
features, providing clusters of samples associated with clusters
of features, and vice versa. Accordingly, the proposed co-
clustering algorithms produce a fuzzy partition of I samples

into O clusters, represented by the matrix G = [g;0] 1<i<7 >
1<0<0

subject to g;, € [0,1] and ZOOZI gio = 1. In parallel, they
also produce a fuzzy partition of D features into V' clusters,
represented by H = [hgy]1<4<p, subject to hg, € [0,1] and

1<o<V
Z’L‘)/Il hay = 1.

By simultaneously grouping in two dimensions, these meth-
ods produce O x V data blocks (also referred to as co-
clusters), denoted by XZ, for the lower bounds and XU, for the
upper bounds. Each data block is represented by a prototype,
which is a representative value for that block. The prototypes

are represented by the matrix C = [cou]1<0<0, Where each
1202V

prototype ¢,, is an interval of the form c,, = [cL, cl,], with
ck < U . Here, L, and Y, denote the prototypes associated
with the lower-bound block X% and the upper-bound block
XU | respectively.

The proposed algorithms minimize a general objective func-
tion J, given by Eq. (4), that measures the local heterogeneity
within each data block, based on the distances between data

points and their corresponding prototypes:

J = Z (gio)m(hdv)nQO(xid,cov)a

o,v,1,d

“4)

where ¢(+) denotes a suitable distance function specific to each
method, and m,n € (1,00) are the fuzzifier parameters that
control the degree of fuzziness of the memberships for objects
and variables, respectively.

A. Interval Fuzzy Double K-means (IFDK)

The Interval Fuzzy Double K-means (IFDK) is an extension
of the traditional Interval Fuzzy C-Means (IFCM) [11] for the
co-clustering framework. The IFCM minimizes the following
objective function

Tirpr =Y (gi0)"(haw)" [(wfy—cb,)* + (@i —c5,)?] (5)
0,v,1,d

From a random initialization of the fuzzy partitions G and
H, the IFDK algorithm alternates among three steps to update
the prototypes C, the sample partition G, and the feature
partition H. The objective function J;pp g is minimized using
the Lagrange multiplier technique, considering the constraints
imposed on each component, which leads to the following
Lagrangian function:

I ) D v
L=Jirpr—Y i (Zgi0_1>_zed <Zhdv_1> ;
=1 o=1 d=1 =1

(6)



where ~;, and 6, are the Lagrange multipliers.

The minimizers of Jippk are obtained by setting the partial
derivatives of £ (Eq. (6)) with respect to each component to
zero, while keeping the others fixed. By doing so, we obtain:
Step 1. Representation: The prototype matrix C has its com-
ponents computed as follows:

I D d(giO)m(hdv)nziLd

= 2 7
Cov >i.a(Gio) ™ (haw)™ @

U= Zi,d(.‘]m)m(hdv)nx% )

o Xialgio)™ (hay)”
Since zkF d < z%, by Eqgs. (7) and (8), we easily conclude
that ¢k, < cU, satisfying the condition for interval data.

Step 2. Sample assignment: The fuzzy membership matrix of
the samples G is updated according to the following rule:

° /p SR
gio=[Z(D:) ] : )

r=1

where

Dio = Y _(hao)" (@ — b)) + (@fy— 5,)]
v,d

(10)

Step 3. Feature assignment: The fuzzy membership matrix of
the features H is updated according to the following rule:

|4 ’D/ nil -t
_ dv
hd”[z(m> ] ’
s=1 s
where

’D;h) = Z(gm)m [(Ivl;] - 651;)2 + (xgii C([)J;))z}

0,1

(1)

12)

These steps are repeated until the change in the value of
Jrrpxi becomes sufficiently small, indicating convergence.

B. Interval Kernel Fuzzy Double K-means (IKFDK)

This section introduces the Interval Kernel Fuzzy Double
K-means (IKFDK) algorithms. These methods are useful for
grouping samples and features with nonlinear structures. We
propose two variants corresponding to each kernel-based clus-
tering approach.

1) Interval Kernel Fuzzy Double K-means in the Original
Space (IKFDK-0): The IKFDK-O variant is an extension
of the traditional Kernel Fuzzy C-Means for Interval Data
(KFCM-1V) [12] to the co-clustering framework. This method
defines the prototypes in the original input space and mini-
mizes the following objective function:

Jikrpk-0="Y_, (gio)"(hav)"|xia) — cov|’

0,v,i,d

=2 > (i)

0,v,1,d

hdv K<xidacov)] 5 (13)

where m and n are defined as before, and () in given in
Eq. (2).

The minimization process is similar to that of the IFDK al-
gorithm presented previously. The minimizers of Jixrpx—o
are obtained using the Lagrange multiplier technique. The
corresponding Lagrangian function is identical to Eq. (6), with
Jrrpr replaced by Jrxrprx—o (see Eq. (13)). Thus, the
minimizers of Jixrpx—o are given as follows.

Step 1. Representation: The prototype matrix C has its com-
ponents computed as follows:
L Zi d(gio)m(hdv)nlc(xida cov)xiLd

= = 14
Cov Zi,d(gio)m(hdu)nlc(zidyCm}) ( )

U= Zi,d(giO)m(hdv)n’C(Iida Cov)x% (15)

. Zi@(gio)m(hdv)nlc(xid» Cov)
Since zX = < x%, by Egs. (14) and (15), we easily conclude
that ¢k, < ¢V, satisfying the condition for interval data.

Step 2. Sample assignment: The fuzzy membership matrix of
the samples G is updated according to Eq. (9), using

Dio = Z(hdv)n [1 - IC(:EM,COU)}

v,d

(16)

Step 3. Feature assignment: The fuzzy membership matrix of
the features H is updated according to Eq. (11), using

Dél'u = Z(gw)m [1 - K:(l'id, Cov)]

0,1

a7

These steps are repeated until the change in the value of
JikFpr—o becomes sufficiently small, indicating conver-
gence.

2) Interval Kernel Fuzzy Double K-means in the Kernel
Space (IKFDK-K): The IKFDK-K variant assumes that the
prototypes are located in the original space, here represented

by ¢}, Vo,v. This variant minimizes the following objective
function:
JIkFDK-K = Z (gio)™ (hav)™ |Uwia) — 51> (18)

0,v,1,d

The corresponding Lagrangian function is identical to
Eq. (6), with J;ppk replaced by Jrxrpr— Kk (see Eq. (18)).
Thus, we have that the minimizers of Jixrpr_x are given
as follows.

Step 1. Representation: Taking the partial derivative of the
Lagrangian function w.r.t ¢!}, we obtain:

ov?

CQ o Zi,d(gio) (hdv)nQ(xzd)
oy g (ha) (19)

Since the mapping €2 is not explicitly known, the prototypes
in the kernel space given by Eq. (19) cannot be computed
explicitly. However, by substituting Eq. (19) into Eq. (1), the
distances in the kernel space can be computed as follows:

_ 227< 1 Zs 1 g)ro( ’C(Iidwﬁrs)
21—1 Iro Zs:l h,
Za 1 Zb 1 27 =1 Zé 21 Yao bugroh?ulc(xabv Tys)
(Z£:1 91’5) (25:1 h?v)

Coull? =1

192(zia) —

+ (20)




Equation (20) computes distances in the kernel space di-
rectly from the input space using the kernel trick, without
explicitly evaluating the mapping Q(-). The second term
measures the similarity between the data point and the cor-
responding data block, while the third term represents the
overall similarity among the points within this block. Note
that the third term is constant with respect to the data point
and depends only on the data block. Since the second term
has a negative sign, lower similarity between the data point
and the data block leads to a larger distance.

Step 2. Sample assignment: The fuzzy membership matrix of
the samples G is updated according to Eq. (9), using

Dio = _(haw)"[[Qwia) — 5, |1?
v,d

ey

Step 3. Feature assignment: The fuzzy membership matrix of
the features H is updated according to Eq. (11), using

Dy = Y (9i0) " Qi) — 6|1

0,1

(22)

These steps are repeated until the change in the value of
JrkFprx—Kk becomes sufficiently small, indicating conver-
gence.

C. Complexity and Convergence

Assuming that the algorithms require M iterations until
convergence, the time complexity of the IFDK and IKFDK-
O algorithms is O(MOVID). In contrast, the IKFDK-K
variant has a time complexity of O(MOVI?D?), which is
considerably higher. The main computational bottleneck lies
in computing distances in the kernel space (Eq. (20)), which
has a complexity of O(OVI2D?). It is worth noting that,
since interval-valued datasets are generally small or medium
in size [13], the applicability of the algorithm remains feasible.
However, for large datasets, using IKFDK-K may become
impractical.

The proposed algorithms follow an alternating optimization
scheme, where each update step is obtained by minimizing
the corresponding objective function with respect to one
component while keeping the others fixed. Therefore, the
objective functions are non-increasing at each iteration. Since
they are bounded below, the sequence of values converges.
Consequently, the algorithms converge to a stationary point.

D. Algorithm

Algorithm 1 summarizes the steps of the proposed algo-
rithms IFDK, IKFDK-O, and IKFDK-K.

IV. EXPERIMENTAL EVALUATION

In this section, we evaluate the effectiveness of the proposed
methods through experiments conducted on synthetic and
benchmark interval-valued datasets. For comparison purposes,
we consider two traditional clustering methods closely related
to the proposed algorithms, namely Interval Fuzzy C-Means
(IFCM) [11] and Kernel Fuzzy C-Means for Interval Data
(KFCM-1V) [12].

Algorithm 1 IFDK, IKFDK-O, and IKFDK-K

Imput: X, 0, V,m, n, o2, T
Initialization: randomly initialize G and H under the
required constraints. For IKFDK-O, randomly select the
prototypes C from X. .
repeat
Step 1: Representation .
IFDK: update C according to Egs. (7) and (8).
IKFDK-O: update C according to Egs. (14) and (15).
IKFDK-K: compute |Q(z;4)—c} ||? based on Eq. (20).
Step 2: Sample assignment
IFDK: update G based on Eq. (9) using Eq. (10).
IKFDK-O: update G based on Eq. (9) using Eq. (16).
IKFDK-K: update G based on Eq. (9) using Eq. (21).
Step 3: Feature assignment
IFDK: update H based on Eq. (11) using Eq. (12).
IKFDK-O: update H based on Eq. (11) using Eq. (17).
IKFDK-K: update H based on Eq. (11) using Eq. (22).
until the change in JIFDK9 J]KFDKfo, and JIKFDKfK
is small or there is no change.
Output: G, H, and C (for IFDK and IKFDK-O).

A. Synthetic datasets

We consider two synthetic datasets to evaluate the efficiency
of the proposed methods under controlled scenarios. Each
dataset consists of 60 samples and 60 features, partitioned into
three clusters of 20 elements each, yielding nine data blocks
of 400 points each. To generate the interval-valued datasets,
we initially created seeds o4 from a Gaussian distribution
with block-specific parameters, i.e., ajg ~ N (toy,Tov). The
intervals were then constructed as [c;q— Bid, &iqa+Bia), Where
Biq follows a uniform distribution on the interval [0, 2], i.e.,
Bia ~ U(0,2). The parameters and a heatmap of the generated
seeds for each dataset are displayed in Figure 1.

1

Samples

41 55

41 60

41

Features Features

(a) Synthetic dataset 1 (b) Synthetic dataset 2

Fig. 1: The parameters (1, o) and a heatmap of the generated
seeds «;q4 for the synthetic datasets.

We conducted a Monte Carlo simulation with 100 repli-
cates. In each replicate, the methods were run 50 times with
different initializations, and the results corresponding to the
initialization that yielded the lowest value of the objective
function were used. To assess the performance of the methods,
we employed the Adjusted Rand Index (ARI) [14] to quantify
the agreement between an a priori hard partition and the hard
partition produced by the algorithms. The ARI ranges from
—1 to 1, with 1 indicating perfect agreement and values close



to 0 or negative indicating agreement due to chance. Since the
feature labels are also known, we additionally employed the
Co-clustering Adjusted Rand Index (CARI) [15]. The CARI
is an extension of the ARI designed to compare two pairs of
partitions for samples and features simultaneously, making it
suitable for evaluating block structures. Hard partitions were
obtained by assigning samples and features to the clusters
with the highest membership values. Furthermore, in order
to obtain a partition of the features for computing the CARI,
we applied IFCM and KFCM-IV to group the features, since
these methods do not naturally provide feature partitions.

We set the number of sample and feature clusters to three
(O =V = 3), corresponding to the number of a priori classes.
Furthermore, the parameters m and n were fixed at 1.1, and
the width parameter o2 for the kernel-based methods was
estimated according to Ref. [16] as 02 = %, where
Q10 and Qo denote the 0.1 and 0.9 quantiles, respectively,
of [|xE — xL||? + ||x¥Y — xY||2 for r # s in the traditional
clustering, or (z%, — z%)? + (2Y, — 2Y%)? for a # r and
b # s in the co-clustering framework. The maximum number
of iterations was set to 100.

Table I presents the results of the experiments conducted on
the synthetic datasets. In Synthetic Dataset 1 (see Figure 1(a)),
the sample clusters are well separated in the first feature
cluster, characterized by distinct means and low variability.
In the second feature cluster, the sample clusters overlap,
while the third feature cluster (20 features) corresponds to
noise with respect to the sample clusters, with equal means
and high variance, which makes the task challenging for
traditional clustering algorithms. In this scenario, the proposed
co-clustering algorithms outperform the traditional clustering
techniques in terms of sample partitioning. Although KFCM-
IV achieves better results than IFDK and IKFDK-O for the
feature partition, the analysis of the block structure using
the CARI reveals that the proposed methods yield superior
performance, with IKFDK-K achieving a perfect result.

In Synthetic Dataset 2 (see Figure 1(b)), the last sample
cluster represents noise for the feature clusters, while the last
feature cluster represents noise for the sample clusters, as
both exhibit equal means and high variance. As a result, only
four distinct blocks are present. In this scenario, the proposed
algorithms outperform the traditional clustering methods in all
cases, demonstrating a strong ability to recover the true block
structure in the presence of noise in both dimensions. In par-
ticular, the IKFDK-K variant exhibits excellent performance.

B. Benchmark datasets

In this subsection, the algorithms are applied to six bench-
mark interval-valued datasets. Table II presents a summary of
these datasets.

In this case, there is no a priori partition for the features.
Therefore, our goal is to evaluate the ability of the methods
to recover the true sample cluster structure. In addition to the
ARI index, we also consider the Hullemeier index (HUL) [17].
The HUL also measures the agreement between two partitions,
but it takes into account the fuzzy partition produced by the

TABLE I: Mean (standard deviation) across 100 Monte Carlo
replicates. ARIg and ARIr represent the ARI for samples and
features, respectively. Blue and red values indicate the best
and second-best results, respectively.

Synthetic Dataset 1 Synthetic Dataset 2

Algorithm == by - ARIp CARI ARIg ARIp CARI
IFCM 0.38 (0.07) 0.44 (0.11) 0.31 (0.06) 0.35 (0.07) 0.52 (0.11) 0.33 (0.07)
KFCM-IV 0.38 (0.08) 0.88 (0.06) 0.50 (0.06) 0.35 (0.08) 0.52 (0.11) 0.33 (0.06)
IFDK 0.73 (0.18) 0.58 (0.14) 0.57 (0.17) 0.60 (0.09) 0.72 (0.11) 0.56 (0.09)
IKFDK-O 0.95 (0.13) 0.66 (0.23) 0.74 (0.19) 0.77 (0.12) 0.69 (0.14) 0.65 (0.10)
IKFDK-K 1.00 (0.00) 1.00 (0.00) 1.00 (0.00) 0.94 (0.14) 1.00 (0.01) 0.96 (0.10)
TABLE II: Summary of the benchmark datasets.

ID Dataset I D ¢C

ABAL  Abalone 24 7 3

CARS Car models 33 8 4

HORS  Horse 12 7 4

FISH Freshwater fish species 12 13 4

FUNG  Fungi 55 5 3

CITY City temperature 37 12 4

The datasets can be obtained in Ref [13].

algorithm rather than a hard one, with the aim of capturing data
overlap that is lost when hard partitions are used. The HUL
lies in [0, 1], with a value of 1 indicating perfect agreement
between the partitions.

We set the number of sample clusters equal to the number
of a priori classes, i.e., O = C. For the sake of simplicity,
the number of feature clusters was set equal to the number
of sample clusters (V' = O), as commonly adopted in co-
clustering applications [5]-[7]. Furthermore, the parameters
m and n were set to 1.1, and the width parameter o2 for the
kernel-based methods was estimated according to Ref. [16], as
described in Section IV-A. The algorithms were executed 100
times with different initializations, and the evaluation metrics
were computed for the run that yielded the lowest value of
the objective function (best fit) as well as the average value
across all runs.

The results are reported in Table III. It can be observed that
one of the proposed kernel-based variants achieved the best
performance in most cases. Conversely, the IFDK variant did
not achieve competitive results when compared to the other
methods. When analyzing the average performance across all
datasets (avr.), the proposed variants IKFDK-K and IKFDK-O
achieved the first and second best performances, respectively,
for the best solution analysis. Regarding the average solution,
IKFDK-O obtained the best performance in terms of ARI,
while IKFDK-K and KFCM-IV outperformed the other meth-
ods with respect to the HUL index.

In terms of average ranking (avr. rank), which represents
the mean ranking position (with 1 corresponding to the best
and 5 to the worst performance) of the methods across
datasets, IKFDK-O and KFCM-IV achieved the best results
for ARI, whereas IKFDK-K obtained the best performance
for HUL, followed by IKFDK-O and IFCM, considering the
best solution case. With respect to the average results, the
proposed IKFDK-O variant achieved the best performance for
both evaluation metrics. The KFCM-IV method presented the



TABLE III: Results on benchmark datasets. Blue and red values indicate the best and second-best performances, respectively.
The value preceding the parentheses corresponds to the best result according to the objective function (lowest value), while
the value in parentheses represents the average result across all initializations.

Datasets ARL T HUL 1
IFCM KFCM-1V IFDK IKFDK-O IKFDK-K IFCM KFCM-1V IFDK IKFDK-O IKFDK-K

CARS 0.279 (0.338)  0.279 (0.339)  0.279 (0.293)  0.365 (0.391) 0.354 (0.355) 0.661 (0.740) 0.661 (0.742) 0.661 (0.682) 0.722 (0.715) 0.763 (0.763)
FUNG 0.396 (0.232)  0.339 (0.281)  0.022 (0.036) 0.311 (0.171) 0.422 (0.093) 0.726 (0.637) 0.696 (0.668) 0.521 (0.529) 0.677 (0.609) 0.747 (0.574)
HORS 0.366 (0.303)  0.366 (0.305) 0.366 (0.362) 0.427 (0.390) 0.366 (0.354) 0.788 (0.759) 0.788 (0.761) 0.788 (0.789) 0.803 (0.798) 0.788 (0.784)
CITY 0.566 (0.537) 0.566 (0.523) 0.546 (0.534) 0.546 (0.536) 0.546 (0.503) 0.793 (0.779) 0.793 (0.774) 0.785 (0.779) 0.785 (0.780) 0.789 (0.770)
FISH -0.047 (-0.030) -0.047 (-0.024) -0.047 (-0.028) 0.103 (0.055) -0.061 (0.084) 0.515 (0.611) 0.515 (0.629) 0.515 (0.588) 0.663 (0.651) 0.606 (0.683)
ABAL 0.020 (0.053)  0.020 (0.053)  0.020 (0.047) 0.020 (0.103) 0.193 (0.039) 0.580 (0.585) 0.580 (0.585) 0.582 (0.588) 0.581 (0.594) 0.608 (0.585)
avr. T 0.263 (0.239)  0.254 (0.246)  0.198 (0.207) 0.295 (0.274) 0.303 (0.238) 0.677 (0.685) 0.672 (0.693) 0.642 (0.659) 0.705 (0.691) 0.717 (0.693)

avr. rank | 2.000 (3.167) 2.167 (2.833) 2.833 (3.833) 2.000 (1.667)

2.333 (3.333)

2.500 (3.167) 2.667 (2.833) 3.167 (3.500) 2.500 (2.000) 1.667 (2.833)

second-best performance, tied with the IKFDK-K variant in
terms of HUL.

The IFDK variant did not achieve competitive results when
compared to the other methods, exhibiting the overall worst
performance. Since this method is based on a squared Eu-
clidean distance measure, the presence of outliers in the
datasets may have affected the model, whereas such effects
are less expressive in kernel-based methods.

V. CONCLUSIONS

In this paper, we introduced the first co-clustering algo-
rithms for interval-valued data. We proposed the Interval Fuzzy
Double K-means (IFDK) algorithm, as well as its kernelized
extensions, namely the Interval Kernel Fuzzy Double K-
means in the Original Space (IKFDK-O) and the Interval
Kernel Fuzzy Double K-means in the Kernel Space (IKFDK-
K), which employ the Gaussian kernel to identify nonlinear
cluster structures. Experiments conducted on synthetic and
benchmark interval-valued datasets demonstrated the effective-
ness of the proposed methods compared to traditional interval
fuzzy clustering approaches, particularly in scenarios involving
noisy data, as illustrated by the synthetic datasets. On the
benchmark datasets, the proposed kernel-based algorithms
achieved superior or competitive results, whereas the IFDK
method was outperformed by the other methods.

For future work, we plan to investigate the impact of the
parameters m and n on the performance of the models and to
explore the incorporation of other kernel functions, such as the
polynomial kernel. Finally, we also intend to study strategies to
reduce the computational complexity of the IKFDK-K variant,
which exhibited the best overall performance but suffers from
high computational cost.
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