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Abstract—Machine Learning, a branch of Artificial Intelli-
gence, allows systems to infer patterns and make data-driven
decisions without explicit programming. Among its approaches,
supervised learning and Neural Networks are fundamental to
solving complex problems, from medical diagnoses to banking
security. Fuzzy Logic complements this area in decision-making
involving uncertain and imprecise information formalized by
linguistic variables, from modeling to computational simulation
of human reasoning. Neuro-fuzzy systems foster the integration of
these technologies by exploring hybrid models that combine fuzzy
inference with neural network learning. A prominent example is
ANFIS (Adaptive Neuro-Fuzzy Inference System), which uses
the Takagi-Sugeno method to model complex, non-linear systems
using processing layers and automatic rule adjustment. In this
context, this work proposes a generalization of the ANFIS
architecture. The generalized architecture component analyzes
the network’s performance by applying different classes of
fuzzy aggregators during the input data fuzzification step. For
validation, we use specific metrics to evaluate the results of the
proposed case studies.

Index Terms—Fuzzy Logic, ANFIS generalization, Fuzzy Ag-
gregators, Machine Learning, Neural Networks.

I. INTRODUCTION

Machine Learning (ML) [1] is increasingly present in
contemporary society, driven by technological advancements
in various fields of knowledge. From recommendations on
streaming platforms [2] to water desalination [3], fake images
detection [4], air quality prediction [5] and others.

Among the various ML approaches, Neural Networks
(NNs) [6] stand out, playing a significant role in the de-
velopment of intelligent algorithms. The diversity of current
application areas includes detecting potential rain-induced
landslides [7], supporting breast cancer diagnosis [8], and
even predicting stock behavior in the financial market [9].

Fuzzy Logic (FL) [10] provides a logical framework for
the systematic modeling of uncertainty, offering benefits for
the development of science and computational technologies.
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By addressing the uncertainty inherent in human reasoning,
FL uses linguistic variables associated with the membership
relations of Fuzzy Sets (FSs), enabling a flexible and realistic
representation of complex phenomena.

Fuzzy inference systems can provide interpretations of
complex, imprecise processes through qualitative represen-
tations and inference rules established by experts, derived
from numerical data or statistical methods. The process begins
by fuzzifying non-fuzzy inputs (numerical data), typically
derived from measurements or observations, and mapping
them to fuzzy input sets. Next, the fuzzy inference mechanism
is executed to activate fuzzy rules, expressed as linguistic
statements. Thus, operations are performed with fuzzy sets,
including rule antecedent matching, implication, and fuzzy
inference. The fuzzy input sets, related to the rule antecedents,
and the output set, associated with the consequent, are eval-
uated to identify the rules to be applied. After generating the
fuzzy output set, the defuzzification step follows, in which the
qualitative information produced by the inference system is
transformed into a numerical value that defines the result [11].

In this context, the Adaptive Neuro-Fuzzy Inference System
(ANFIS) [12] is designed as a hybrid solution that combines
the adaptive learning capabilities of neural networks with the
approximate reasoning provided by FL, using the Takagi-
Sugeno inference method [13]. ANFIS provides a clear inter-
pretation of how various inputs affect the output in a system in-
volving complex, and non-necessarily linear input-output data
relationships. The ANFIS architecture considers five layers,
starting with the fuzzification of the input data. Following this,
there is the calculation and normalization of rule weights, the
selection of rule consequences, and finally, the aggregation
that generates the result after the learning process. This hybrid
architecture supports automatic adjustment of fuzzy rules and
Membership Functions (MFs), thereby capturing patterns in
the input data more precisely through supervised learning.

As an example of ANFIS application, the work of Serri [14]
stands out, using ANFIS as a tool to control nonlinear systems,
specifically for the efficient control of water levels in a
didactic plant. In this study, ANFIS replaces the Proportional-



Integral-Derivative (PID) controller, replicating the traditional
controller response with a shorter actuation time. The ANFIS
implementation used is publicly available [15] and will be
considered in this study.

Continuing previous studies addressing aggregators and
fuzzy operators, such as t-norms and t-conorms, this work aims
to explore the application of these aggregators directly in the
ANFIS architecture to observe changes in the results predicted
by the network when incorporating this new approach.

The paper is organized as follows. Section II recalls some
important background concepts. In Sect. III details of the
methodology and the computational environment are dis-
cussed. Then, Section IV provides the results and a brief
analysis of the experiments. And at last, Section V presents
the conclusions and future works.

II. PRELIMINARY CONCEPTS

The proposed generalized architecture rests upon the syn-
ergy between FSs and adaptive neural architectures. To provide
the foundation for the modifications introduced in this work,
this section recalls these fundamental definitions.

A. Fuzzy Logic

Fuzzy Logic [10] generalizes classical logic by allowing el-
ements to belong to sets with different degrees of membership,
modeling uncertainties and linguistic terms [16]. A Fuzzy Set
(FS) A in a universe X ̸= ∅ is characterized by its Membership
Function (MF) defined as follows.

Definition 2.1: The MF denoted by µA(x) : X → [0, 1]
defines the membership level of x to subset A, where the
FS A is given by:

A = {(x, µA(x)) : x ∈ X}. (1)

Definition 2.2: A function M : [0, 1]n → [0, 1] is an n-ary
aggregation function (aggregator) if it verifies the following
axioms [17]:

(A1) If xi ≤ yi for each i = 1, . . . , n, then
M(x1, . . . , xn) ≤ M(y1, . . . , yn) (isotonicity);

(A2) M(0, . . . , 0) = 0 and M(1, . . . , 1) = 1 (boundary
conditions).

Among the various fuzzy connectives, the binary aggregator
called fuzzy t-norm is defined as follows:

Definition 2.3: A triangular norm, t-norm for short, is a
binary operation T : [0, 1]2 → [0, 1], such that ∀x, y, z ∈ [0, 1],
satisfies [18], [19]: commutativity, associativity, monotonicity,
and the boundary condition: T (x, 1) = x.

To assess the impact of different logical behaviors on the
performance of the generalized architecture, we consider a
diverse set of t-norms. These include both fundamental non-
parametric t-norms and parametric families, as detailed in
Tables I and II.

TABLE I
DEFINITIONS OF THE PARAMETRIC AND NON-PARAMETRIC T-NORMS

USED IN THE COMPARATIVE STUDY (PART 1).

Definition 3D graphic

TM (x, y) = min(x, y)
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TP (x, y) = x · y
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TL(x, y) = max(0, x + y − 1)
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TD(x, y) =


x, if y = 1,

y, if x = 1,

0, otherwise.
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TNM (x, y) =


min(x, y),

if x + y > 1,

0,

otherwise.
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B. Inference Systems & Fuzzy Control

A Fuzzy Inference System (FIS) models decision processes
through “If-Then” linguistic rules, allowing the construction
of interpretable controllers that replace complex mathematical
models [20]. The main components of a FIS, include the
fuzzification step (mapping inputs to membership degrees), the
database and rule base, the inference unit, and the defuzzifi-
cation unit (converting FSs to crisp values) [21], [22].

The rules have the deductive format “If antecedent then
consequent”, where the antecedent defines the activation con-



TABLE II
DEFINITIONS OF THE PARAMETRIC AND NON-PARAMETRIC T-NORMS

USED IN THE COMPARATIVE STUDY (PART 2).

Definition 3D graphic
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ditions and the consequent represents the inferred output.
Mathematically, the controller’s behavior is defined by a fuzzy
relationship R between the input spaces X and the output Y ,
as defined in Eq. (2) [23]:

µR(A,B)(x, y) = µA(x) → µB(y). (2)

1) Takagi-Sugeno Controller: The Takagi-Sugeno method
is a high-precision controller that models the consequent of
a rule as a linear function of the input terms, avoiding com-
putationally exhaustive defuzzification. In a first-order model,

the output of each rule Ri is given by fi(x) =
∑

aijxj + bi,
and the overall output FTS(x) is obtained by the weighted
average [13]: FTS(x) =

∑n
i=1 µAi

(x)·fi(x)∑n
i=1 µAi

(x) ,

where the weights µAi
(x) correspond to the rule activation

degree. This structure resembles a local linear regression for
each activated rule [24]. Although robust, the manual defini-
tion of its parameters is complex in large volumes of data,
a gap that the ANFIS architecture addresses by integrating
neural network mechanisms for automatic adjustment.

C. Architecture & ANFIS Layers

Neural Networks are adaptive structures composed of layers
of neurons interconnected by weights, whose learning occurs
by adjusting these weights to minimize the discrepancy be-
tween the network output and the target value [25], [26]. In
the context of ANFIS, this directed graph architecture is used
to functionally represent the fuzzy inference process, allowing
premise parameters (membership functions) and consequent
parameters to be automatically optimized via supervised learn-
ing algorithms [27]. In this way, the NN structure provides the
necessary computational basis for the model’s adaptive capac-
ity, combining the convergence efficiency of neural networks
with the interpretability of fuzzy logic.

ANFIS is a neuro-fuzzy system that implements a Takagi-
Sugeno inference model within an adaptive neural network
framework, making it effective for modeling nonlinear systems
and time series [12], [28]. ANFIS learning uses a hybrid
algorithm that combines the Gradient Descent Method (GDM)
to adjust the parameters of the membership functions (premise)
and the Least Squares Estimator (LSE) for the parameters of
the linear functions (consequent) [29].

x1

µA1(x1)

µAn(x1)

Layer 1:
Fuzzification

Layer 2:
Antecedent

Layer 3: 
Normalization

Layer 4: 
Consequent

Layer 5: 
Output

Π1 N1

∑

xn
µB1(xn)

µBn(xn)

𝑓1
ω11 ω11

x1 xn

Π2
ω12

Π3
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Πn
ωn

N2
ω12

N3
ω21

Nn
ωn

ω11⋅ 𝑓1

𝑓2

x1 xn

𝑓3

x1 xn

𝑓n

x1 xn

ω12⋅ 𝑓2

ω13⋅ 𝑓3

ωn⋅ 𝑓n

Fig. 1. A Sugeno structure of the ANFIS model. Adapted from [12].

The architecture, seen in Fig. 1, is organized into five layers,
where the output of the i-th node in layer k is denoted by Ok

i :

• C1 (Fuzzification): Extracts the membership degrees of
the entries x in the fuzzy sets Ai: O1

i = µAi(x).
• C2 (Antecedent): Calculates the firing strength (ωi) of

each rule via t-norms (e.g., the product t-norm): ωi =
µAi

(x) · µBi
(y).

• C3 (Normalization): Normalizes the firing strength:
ω̄i = ωi/

∑
ωj .



• C4 (Consequent): Applies the linear consequent func-
tions: O4

i = ω̄ifi = ω̄i(pix+ qiy + ri).
• C5 (Output): Computes the global output like the sum

of the contributions: fout =
∑

ω̄ifi.
The training aims to minimize the total squared error E =∑
(Ti− fouti)

2, where Ti is the target value, through forward
propagation and backpropagation cycles [12].

III. THE NEW ARCHITECTURE: GENERALIZATION AND
PROTOCOL

This section details the proposed method and the experi-
mental protocol used to evaluate its performance. We begin
by describing the generalization of the second layer, where
the static product operator is replaced by a flexible selection
module. Subsequently, we outline the experimental configu-
ration, including the optimization of parametric t-norms and
the cross-validation protocol. By systematically varying the t-
norm classes across diverse datasets, we aim to identify how
different logical aggregators influence the network’s ability to
model non-linear relationships and handle data uncertainty.

A. The proposed Generalization

The new method extends the original architecture of [12]
by making Layer 2 (antecedent generation) more flexible.
While standard ANFIS invariably uses the Product t-norm
(TP ), the proposed architecture inserts an Aggregator Se-
lection Module in the second layer of ANFIS. Thus, the
calculation of the activation strength ωi, originally defined
by

∏n
j=1 µAij (xj), is replaced by a generic operator B:

ωi = B(µAi1(x1), . . . , µAin(xn)).
Note that B encompasses non-parametric t-norms (TM , TŁ,

TD, TNM ) and parameterized t-norms (TF
λ , TSS

λ , TD
λ , TH

λ ,
TSW
λ , TY

λ ). To mitigate combinatorial explosion, n(MF ) = 2
was fixed by attribute, resulting in n(R) = 2n(A) rules.

B. Configuration and Protocol

The experimental process was conducted in three integrated
stages. Initially, 15 datasets were selected from the KEEL
repository [30] and preprocessed using categorical label coding
and normalization. Training utilized 5-fold cross-validation [1]
to ensure statistical robustness. The final performance (accu-
racy) is the arithmetic mean of the iterations, where in each
round, four subsets trained the model and one validated the
results. For the parametric t-norms, the λ parameter was opti-
mized via exhaustive search over the domain of each family,
selecting the parameter with the highest average accuracy. As a
stopping criterion, two epochs was determined, as preliminary
analyses indicated premature convergence without significant
gains beyond the second epoch. The systematic execution
compared the baseline (classic ANFIS with TP ) against the
generalized architecture variants using 11 selected t-norms.

C. Considered Dataset

The experiments were conducted on 15 datasets from
the Knowledge Extraction based on Evolutionary Learning
(KEEL) dataset repository [30]. Their main features are pre-
sented in Table III, with their Id, name, and the number

of Instances (Inst.), Attributes (Aatt.), and Classes (Cla.).
Due to ANFIS’s requirement for exclusively numerical entries,
categorical variables were mapped beforehand.

TABLE III
FEATURES OF THE DATASETS USED IN THE EXPERIMENTS.

Id Dataset name Inst. Att. Cla. Id Dataset name Inst. Att. Cla.

1 Appendicitis 106 7 2 9 Iris 150 4 3
2 Balance 625 4 3 10 Led7digit 500 7 10
3 Banana 5300 2 2 11 Newthyroid 215 5 3
4 Bupa 345 6 2 12 Phoneme 5404 5 5
5 Ecoli 336 7 8 13 Pima 768 8 2
6 Glass 214 9 6 14 Titanic 2201 3 2
7 Haberman 306 3 2 15 Yeast 1484 8 10
8 Hayes-roth 160 4 3

D. Computational Environment

The experiments performed on the datasets, seen in Ta-
ble III, considered a machine equipped with an AMD Ryzen
Threadripper PRO 5955WX processor (16 physical cores and
32 threads), 64 GB of RAM, x86-64 architecture supporting
32-bit and 64-bit instructions, and Ubuntu 20.04 LTS OS.

The implementation was made in Python and followed the
ANFIS structure from the repository used in [14], publicly
available at [15].

Once the execution was complete, the data was processed.
The results were collected, organized, and analyzed to com-
pare the aggregator classes of the new approach with the
baseline performance (original ANFIS), culminating in the
generation of tables for the consolidation and discussion of
the experimental findings, which will be properly discussed in
the following section.

IV. RESULTS AND ASSESSMENTS

This section presents the empirical results and a comparative
performance analysis of the proposed generalized architecture
against the standard ANFIS baseline. The evaluation focuses
on classification accuracy across 15 diverse datasets, assessing
how integrating 12 t-norm classes affects the model’s predic-
tive power.

Table IV summarizes these results, organized by dataset
(rows in alphabetical order) and fuzzy aggregators (columns),
including the baseline product t-norm. The table includes
the overall average accuracy per aggregator (MAgg) and the
average performance per dataset for the new model (M DS).
Values in bold indicate the best performance for each dataset.

The comparative analysis (Table IV) shows that the gener-
alized architecture surpassed the baseline in 11 of 15 datasets
(73.3%). In 86.6% of cases, the results were equal to or better
than the original ANFIS. Notably, in the Led7digit dataset
(Id 10), the new approaches achieved an average accuracy of
0.1670, a significant improvement over the 0.1360 achieved
by the standard model.

The results indicate that the proposed variants exhibit su-
perior consistency, with TSW

λ and TF
λ emerging as the most

effective aggregators. Performance gains are particularly evi-
dent in datasets such as Led7digit, while in higher-dimensional
datasets (e.g., Ecoli and Glass), flexible operators capture more



TABLE IV
RESULTS OF THE CLASSES OF T-NORMS APPLIED TO ALL 15 DATASETS.

Id ANFIS (TP ) TD
λ TF

λ TH
λ TSS

λ TSW
λ TY

λ TAA
λ TM TŁ TD TNM M DS

1 0.8775 0.8684 0.8775 0.8775 0.9152 0.8957 0.8957 0.8775 0.8775 0.8957 0.8684 0.8775 0.8842
2 0.6864 0.6864 0.6864 0.6864 0.6864 0.6928 0.6864 0.6864 0.6864 0.6864 0.6864 0.6864 0.6870
3 0.5674 0.5672 0.5674 0.5674 0.5674 0.5617 0.5666 0.5666 0.5666 0.5613 0.5632 0.5613 0.5652
4 0.7101 0.7101 0.7101 0.7101 0.7420 0.7101 0.7101 0.7101 0.7101 0.7101 0.7101 0.7101 0.7130
5 0.2620 0.2709 0.2709 0.2709 0.2710 0.3215 0.2710 0.2709 0.2709 0.2710 0.2650 0.2650 0.2745
6 0.4577 0.4670 0.4577 0.4577 0.4577 0.4720 0.4670 0.4577 0.4577 0.4672 0.4670 0.4577 0.4624
7 0.7451 0.7451 0.7451 0.7451 0.7614 0.7451 0.7451 0.7451 0.7451 0.7451 0.7451 0.7451 0.7466
8 0.7496 0.7496 0.7496 0.7496 0.7496 0.7496 0.7496 0.7696 0.7496 0.7496 0.7496 0.7496 0.7514
9 0.9733 0.9733 0.9733 0.9733 0.9733 0.9733 0.9733 0.9733 0.9733 0.9733 0.9733 0.9733 0.9733

10 0.1360 0.2260 0.2300 0.2260 0.1360 0.1360 0.1360 0.1960 0.2300 0.1360 0.1100 0.1040 0.1696
11 0.8140 0.8140 0.8140 0.8140 0.8140 0.8140 0.8140 0.8140 0.8140 0.8140 0.8140 0.8140 0.8140
12 0.7515 0.7519 0.7517 0.7518 0.7515 0.7519 0.7519 0.7517 0.7517 0.7519 0.7519 0.7519 0.7518
13 0.7799 0.7786 0.7812 0.7799 0.7799 0.7877 0.7786 0.7812 0.7812 0.7877 0.7786 0.7812 0.7814
14 0.7760 0.7760 0.7760 0.7760 0.7760 0.7760 0.7760 0.7760 0.7760 0.7760 0.6820 0.7760 0.7675
15 0.3235 0.3228 0.3221 0.3241 0.3235 0.3302 0.3228 0.3221 0.3221 0.3302 0.3228 0.3235 0.3242

MAgg 0.6407 0.6472 0.6475 0.6473 0.6470 0.6478 0.6429 0.6465 0.6475 0.6437 0.6325 0.6384

complex relationships. This suggests that parametric t-norms
improve adaptability to nonlinear dependencies.

A. Execution time

TABLE V
RUNTIME ANALYSIS BY DATASET.

Id Rules Inst. Avg(h) Max(h) Id Rules Inst. Avg(h) Max(h)

1 27 106 3.16 4.47 9 24 150 1.46 1.46
2 24 625 0.59 0.59 10 27 500 4.89 4.89
3 22 5300 1.12 1.12 11 25 215 1.80 1.80
4 26 345 1.92 1.92 12 25 5404 14.58 16.89
5 27 336 3.45 3.45 13 28 768 32.83 46.51
6 29 214 41.35 45.81 14 23 2201 6.35 6.35
7 23 306 1.19 1.19 15 28 1484 73.37 74.45
8 24 160 1.29 1.29

Table V presents the runtime performance across the 15
evaluated datasets. The results indicate that the computational
cost of the proposed ANFIS generalization is primarily driven
by the dimensionality of the input space rather than the number
of instances. Since the number of fuzzy rules in the ANFIS
architecture grows exponentially with the number of attributes
(2n for two membership functions per input), datasets with
high dimensionality, such as Yeast (n = 8) and Glass (n = 9),
exhibited the highest execution times, reaching up to 73.37h
and 41.35h, respectively. The impact of the rule base size
becomes evident when comparing the Banana (Id 3) and Pima
(Id 13) datasets. Although Banana contains significantly more
instances (5300 vs. 768), its low dimensionality (n = 2)
results in only 4 rules, allowing execution to complete in
1.12h. In contrast, Pima (n = 8, 256 rules) requires over
32h. This confirms that the antecedent layer complexity is
the main bottleneck for the A2-ANFIS model. Furthermore,
the variability in execution time across different t-norms was
found to be marginal, ranging between 1% and 16%. This
suggests that while the choice of fuzzy aggregator significantly
impacts predictive accuracy, the computational overhead of
switching between different t-norms (e.g., Minimum TM vs.
Dombi TD

λ ) is negligible within the overall training process.

B. Statistical Analysis of Results

To validate the proposed extensions, a statistical analysis
was performed following Demšar’s [31] recommendations.
The Friedman test yielded a p-value of 0.041, rejecting
the null hypothesis and confirming that varying the t-norms
statistically alters the system’s performance.

The Nemenyi post-hoc test identified the best average ranks
for TSW

λ (4.7), TŁ (5.4), and TSS
λ (5.5), all outperforming

the standard ANFIS (7.4). Despite the conservative nature
of the Nemenyi test for k = 12 algorithms, a clear trend of
performance gain was observed with the proposed operators.

For a sensitive pairwise comparison (control vs. treatment),
the Wilcoxon signed-rank test confirmed that TSW

λ (p =
0.0251) and TŁ (p = 0.0425) significantly outperform the
original ANFIS (p < 0.05). These results indicate that replac-
ing the algebraic product with flexible t-norms yields a genuine
optimization of inference capacity, with TSW

λ standing out as
the most robust choice.

V. CONCLUSIONS

This work introduces a novel architecture, i.e., an approach
that generalizes the traditional neuro-fuzzy ANFIS model by
allowing the integration of different t-norms in the antecedent
layer. Replacing the fixed product t-norm with parametric and
nonparametric operators, the proposal delivered the network
greater adaptive flexibility, essential for handling uncertainty
in complex datasets.

The analysis demonstrates that t-norm performance corre-
lates with their 3D geometric properties. The parameter λ
provides adaptive flexibility, allowing parametric operators
to emulate fundamental behaviors (e.g., TM , TP , or TD)
and tune antecedent curvature to data-specific needs. While
simpler datasets (e.g., Iris and Newthyroid) show convergence
across different aggregators, the Schweizer-Sklar (TSS

λ ) and
Sugeno-Weber (TSW

λ ) t-norms excel in complex scenarios by
modeling non-linear dependencies. Ultimately, this flexibility
allows A2-ANFIS to overcome the rigidity of the standard
product operator, especially in high-dimensional problems.



Experimental results demonstrated that the baseline ANFIS
model in 73.3% of the tested cases and remained the same
in 13.3%. The Schweizer-Sklar (TSS

λ ) and Sugeno-Weber
(TSW

λ ) operators stood out, achieving the best results across
different datasets, demonstrating that adjusting the λ parameter
allows for the capture of fundamental nonlinear patterns.
Furthermore, in critical cases such as the Led7digit dataset,
the appropriate choice of aggregator resulted in significant
performance gains.

Observing Table IV, the M DS column validates the
work’s proposal, as it demonstrates that, in most cases, using
alternative aggregators results in higher accuracy than the fixed
use of the product t-norm. Although in two cases (datasets
with IDs 3 and 14) performance was slightly lower, the overall
balance is largely positive, raising the overall average accuracy
of the system.

Future research will move in two distinct directions. First,
the framework will be expanded to include new datasets.
Additionally, we intend to develop a hybrid learning algorithm
that enables the automatic tuning of the t-norm parameters
(λ) during the training cycle itself, thereby reducing the
computational overhead associated with exhaustive searches.
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[7] A. A. M. Lêu, S. F. Amorim, and A. F. L. Amorim, “Aplicação de redes
neurais artificiais para predição de deslizamentos de terra induzidos por
chuvas,” Revista Polı́ticas Públicas & Cidades, vol. 13, no. 2, pp. e1344–
e1344, 2024.

[8] L. C. A. Da Silva and J. R. Monteiro, “Sistema para apoio ao di-
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