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Abstract—The Wilcoxon Minimal Bin Sizes algorithm has been
recently proposed as a deterministic method for selecting the most
suitable fuzzy membership function for representing a multi-
dimensional dataset, based on null hypothesis testing. Although
the method is theoretically robust, it may require large amounts
of computations in practice for high-dimensional data, consisting
of a few hundred dimensions. In this paper, we extend the
algorithm for such datasets by evaluating several dimensionality
reduction techniques to select the most suitable which may be
integrated with the method without significantly affecting its
accuracy. The motivation behind this approach is that high-
dimensional datasets are gaining popularity in various fields
such as medicine, image processing, geolocation, biochemistry,
and computational linguistics, and for most real datasets, careful
selection of a small number of features may localize enough
variance such that the data can be effectively represented. We
validate the robustness of our method on the 8-dimensional Yeast
dataset and demonstrate its applicability on the 500-dimensional
Madelon dataset.

I. INTRODUCTION

Clustering and pattern recognition in high-dimensional
spaces are fundamental challenges in data analysis [1]. Fuzzy
Logic Systems (FLSs) [2] have gained widespread adoption
for these tasks due to their ability to model the inherent
uncertainty and vagueness in real-world data. Type-1 (T1)
fuzzy sets [3] are limited by precise membership functions
(MFs) that struggle with high noise [4]. Consequently, Type-2
(T2) [5], [6] and Interval Type-2 (IT2) [7] sets were developed
(Fig. 1), offering a Footprint of Uncertainty (FOU) for superior
modeling in noisy environments [8]-[11]. These MFs are
employed in various algorithms like fuzzy C-means [12]-[14],
document categorization [15], and parameter adaptation [16].

However, a critical dilemma for researchers is selecting the
most appropriate MF (e.g., T1, IT2, or General T2) for a given
dataset. Choosing a more complex MF increases computa-
tional cost, while a simpler MF may fail to represent the data’s
structure accurately. While T2 systems often provide better
modeling, they do not always outperform T1 systems [17]. To
address this, Raj et al. [18] proposed the Wilcoxon Minimal
Bin Size (WMBS) algorithm, a deterministic method that uses

statistical hypothesis testing [19], [20] and visual analysis [21]
to identify the optimal MF. While theoretically robust, the
WMBS algorithm suffers from the “curse of dimensionality”:
as the number of feature dimensions increases, the number
of bins required for the test grows exponentially, rendering
the method computationally infeasible for high-dimensional
datasets [22] (e.g., hundreds of features).

This paper addresses this limitation by investigating the
intersection of Dimensionality Reduction (DR) and Fuzzy MF
selection. We premise that if a DR technique can compress
high-dimensional data while preserving its fuzzy signature, the
inherent uncertainty structure-it can serve as a helper to make
the WMBS algorithm feasible. Historically, DR has evolved
from linear methods like Principal Component Analysis (PCA)
[23], factor analysis [24], and classical scaling [25] to spectral
[26] and nonlinear methods [27]. In comparative studies [28],
linear techniques often prove most reliable. It is crucial to
clarify that our primary goal is not merely data compression or
feature selection for its own sake, but rather optimal Fuzzy MF
selection. We assess usage in the context of representational
fidelity: finding the MF that best captures the geometric and
statistical properties of the data for downstream tasks like
classification.

To this end, we propose an extended framework that inte-
grates DR techniques with the WMBS algorithm. The primary
contributions of this paper are:

o Formulating a methodology to extend the WMBS algo-
rithm to high-dimensional datasets (d > 10) by evaluat-
ing DR techniques as preprocessing steps.

« Introducing the Resonance criterion to determine if a DR
technique preserves fuzzy characteristics for optimal MF
selection.

o Performing a comparative analysis of four distinct DR
methods-PCA, Kernel PCA [29], Probabilistic PCA [30],
and t-Stochastic Neighborhood Embedding (t-SNE) [31]
to determine which is most resonant for fuzzy modeling
based on information sufficiency [32].

o Empirically validate this approach on the 8-D Yeast
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Fig. 1: Different types of fuzzy membership functions: (a) Gaussian
T1, (b) triangular T1, (c) IT2 and (d) symmetric Gaussian T2.

dataset [33] and the 500-dimensional Madelon dataset
[34], demonstrating that specific DR techniques can en-
able accurate MF selection in high-dimensional spaces
where standard approaches fail.
The remainder of this paper is organized as follows. In
Section II, we briefly discuss the WMBS algorithm for multi-
dimensional (multi-D) datasets, and summarize the different
methods for dimensionality reduction. Section III describes
our proposed extension to the algorithm in some detail. In
Section IV, we discuss the datasets and the experimental
setup, and then proceed to describe the results obtained on the
different datasets. We conclude with a discussion of possible
improvements to the method in Section V.

II. BACKGROUND
A. WMBS algorithm

The WMBS algorithm is an iterative, deterministic method
that selects the most suitable fuzzy MF by testing the statistical
similarity between original data and data regenerated from
the MF. The process follows three stages: 1) Forward stage:
Generating MFs from the dataset; 2) Reverse stage: Regen-
erating synthetic data via Inverse Transform Sampling; and
3) Similarity analysis: Using Wilcoxon Signed-Rank (WSR)
[20] and Rank-Sum (WRS) [21] tests to find the minimum bin
size (maximum precision) where the p-value remains above a
threshold (e.g., 0.05) . As shown in Algorithm 1, the bin size
is halved iteratively, making the complexity logarithmic.

B. Data Generation from Fuzzy MFs

A key component of the WMBS algorithm is the Reverse
Stage, where data is generated back from a membership
function to test its representational fidelity. To generate data
from a specific Fuzzy MF (e.g., Gaussian T1), we employ a
rejection sampling technique (Inverse Transform Sampling).

The domain is sampled uniformly, and points are accepted
based on their membership grade p(z), effectively creating
a synthetic dataset that statistically mirrors the uncertainty
modeled by the MF. Unlike fuzzy control systems that par-
tition individual variables, this study focuses on multivariate
fuzzy membership functions (e.g., a multivariate Gaussian or
interaction of separate dimensions) to model the geometric
structure of the high-dimensional data cluster as a whole. This
treats the problem as one of fuzzy pattern recognition rather
than linguistic approximation.

Algorithm 1 Iterative Algorithm for Determining Minimum
Bin Size for Similarity

1: procedure WILCOXONMINIMALBINSIZE(X7, X5)

2: n + size(X1)

3 maxValue < max(max(X;), max(Xa))

4: binSize < maxValue

5: datalsSimilar < true

6 while binSize > 0 and datalsSimilar == true do

7 m + [mazValue/binSize]

8 A, B < arrays of size m initialized to 0

9 for 0 <i<ndo

10: Alxy;/binSize] < Alx1;/binSize] + 1

11: Blxg;/binSize] < Blza;/binSize] + 1

12: end for

13: if SIGNEDRANK(A, B) == 0 and RANKSUM(A,
B) == 0 then

14: binSize < binSize/2

15: else

16: datalsSimilar < false

17: end if

18: end while

19: return binSize

20: end procedure

C. Dimensionality reduction techniques

PCA: Consider a random vector X = [X1,..., X,]7 with
population variance-covariance matrix [23]
O'% g12 O1p
0921 0'% “e 0—217
var(X)=2=| . . - (1)
Opl  Op2 e O’g
Each of the linear combinations
Yi =en Xy +epXo+ - +epX, 2
Yo = e X1 +enXo+ - +egp X, 3)
: 4)
Yp = eple + engg R eprp 5)

may be thought of as a linear regression, predicting Y; from
X1,Xo,...,X,. Y; has a population variance

p P
var(Y;) = Z Z CikCilOK = €;2€;. (6)

k=11=1
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Fig. 2: Flow diagram for the WMBS algorithm for determining the most suitable fuzzy MF for a given dataset.

Moreover, Y; and Y; have a population covariance
P P /

cov(Y;,Y;) = b1 D11 €ik€j10K = €;Xe; where the

coefficients e;; are collected into the vector (€415 ey eip)T
The first principal component is the linear combina-

tion of variables that has maximum variance. More for-

mally, we select €11, €12, ..., €1, that maximizes var(Y;) =

S > e1kenoy = €;Xey subject to the constraint that
/ _ P 2

erer =) ,ei; =1L

.th . .
For the ¢*" principal component, we select e;1, €2, ..., €p
that maximizes var(Y;) = Y h_; > 1 €ikCucr = €;Se;,
subject to the constraints ele; bie;; = 1 and

cov(Yy,Ys) = YO0y Yol ejreaor = €j¥e; = 0,Y) < i,
i.e., the new component is uncorrelated with all the previously
defined components.

Kernel PCA: Given N points z; € R(d < N), if we
map them to an N-dimensional space using the transfor-
mation function ®(z;), where ® : R? — R¥, it becomes
convenient to obtain a hyperplane that divides the points into
arbitrary clusters [29]. Further, to avoid computations in high-
dimensional spaces, we define an N x N kernel K as

K =k(z,y) = (®(x),0(y)) = ®(x)"®(y) (D

which represents the inner product space. The kernel-
formulation of PCA is restricted in that it computes not the
principal components themselves, but the projections of our
data onto those components. To evaluate the projection from
a point in the feature space ®(zx) onto the k' principal
component V¥, we compute

N
V() = (Y a0 ()"0 (2). ®)
i=1

To calculate af, we solve the eigenvector equation

NXa = Ka, &)

where IV is the number of data points in the set, and A\ and a
are the eigenvalues and eigenvectors of K. Then, to normalize
the eigenvectors a”, we require that

1= (VHTvk, (10)
In practice, a large dataset leads to a large K, such that storage
becomes an issue. To alleviate this, clustering is performed on
the dataset, and means of the clusters are used to populate the
kernel. Since even this method may yield a relatively large
K, it is common to compute only the top P eigenvalues and
eigenvectors of K.

Probabilistic PCA: An arbitrary set of centered data with
n observations and d dimensions, Y = [Y7,...,Y,]T may
be viewed as having a linear relationship with some em-
bedded latent-space data x, [30]. Assume Gaussian noise
as y, = Wz, + n, where x,, is the g-dimensional latent
variable associated with each observation, and W € RP*¢
is the transformation matrix which relates the observed space
to the latent space.

Considering a spherical Gaussian distribution for the noise
with a mean of zero and a covariance of S~'I, the like-
lihood for a particular observation y,, can be expressed as
P(Yn|Tn, W, 8) = N(yn|Wx,, 3 I) where N denotes the
distribution function of a multivariate normal distribution for
Yy, Wwith, in this case, mean Wz, and covariance matrix
B71I. We define a conditional probability model for the
high dimensional data along with some Gaussian noise. To
obtain a solution for W, we take the standard approach of
marginalizing x,,, putting a Gaussian prior on W and solving
using maximum likelihood.

To obtain the marginal likelihood we integrate over the
latent variables, i.e.,

P(yn|W,b) = /p(ynlxn, W, b)p(zy,)d,, (11)



with a unit covariance, zero mean Gaussian distribution as
the prior distribution over x,. The marginal likelihood of
yn is then described as p(y,|W,B) = N(y,|0, WWT +
B~1I). Assuming identical and independent data, the total
likelihood is the product of the individual probabilities, i.e.
p(Y|W, ) = Hfj:l p(yn|W, B). A solution for W is obtained
by maximizing this probability.

t-SNE: Given N high-dimensional samples z1,...,Zn, t-
SNE first computes probabilities p;; that are proportional to
the similarity of objects x; and x; [31], as

cap(=|lzi — x;|*/207)

pili = (12)
N S exp(— [z — wi][2/207)
Dj)i + Piy;
g = 13

The bandwidth o; of the Gaussian kernels is chosen such
that the perplexity of the conditional distribution equals a
predefined perplexity. For this reason, smaller (larger) values
of o; are used in denser (sparser) parts of the data space. The
objective of t-SNE is to learn a d-dimensional map yy, ..., yn
(y; € RY) that accurately reflects the similarities p;;. For this,
it measures similarities ¢;; between two points in the map y;
and y; as

0 = (L+ [y — sl !
! Zk¢m(1+ [y — yml[*) 71

The locations of the points y; are determined by minimizing
the (non-symmetric) KL divergence [32] of the distribution @
from the distribution P, i.e.,

Dii
KL(PIIQ) = > pyjlos 2
ij K

(14)

15)

The result of this optimization, which is performed using gra-
dient descent, is a map that adequately reflects the similarities
between the high-dimensional inputs.

III. PROPOSED METHOD

In this section, we outline our proposed methodology for
comparing the different dimensionality reduction techniques as
a preprocessing module for the WMBS algorithm [18], [21].
Let us first define some new terms for this purpose.

1) A dimensionality reduction technique is said to be in
resonance with the WMBS algorithm, if the output of the
algorithm on the original dataset is the same as its output
on the dataset obtained after removing a significant
number of features.

2) A d-dimensional dataset is said to be sufficiently rep-
resentable with respect to the WMBS algorithm, if it
may be reduced without significant loss in variance,
using some dimensionality reduction technique, to N
features, such that N < k for some k& which depends
on the system configuration such as computation power
and storage space.

3) Any technique which may reduce a significantly repre-
sentable dataset is called a helper.

We now state the following hypothesis without proof: The
WMBS algorithm is robust, in practice, for any sufficiently
representable dataset if it has at least one helper which is in
resonance with the algorithm.

With this definition in place, our comparison methodology
has two objectives: (i) to identify a helper technique for
reducing a given dataset, subject to the system constraint k,
and (ii) to show that the identified helper is resonant with the
WMBS algorithm.

In most modern systems and for current trends in memory
sizes, k has been found to be approximately 10-12. Further,
for most datasets (where d is in the order of a few hundreds)
which have been organized from real sensors, the variance
in the features may be sufficiently correlated such that a
subset of features (smaller than the aforementioned k) may be
able to adequate for capturing the variance information. For
such datasets, most of the popular dimensionality reduction
techniques may be identified as helpers, and therefore our first
objective is met.

The remaining task, therefore, is to identify the helper that
is in resonance with the WMBS algorithm. Without loss of
generality, suppose there are two helpers P and ) for a
given d-dimensional dataset X . Let us assume that the helpers
may be able to reduce X to either of dimensions d; or ds
(di,ds < k, where k is system-dependent). Let X{ (X?)
and XF(XS) be the reduced datasets containing d; and ds
features, respectively, obtained from X using helper P (Q).

Now, if each of these datasets are provided as input to the
WMBS algorithm, suppose the most appropriate fuzzy MF that
may represent them (i.e., the output of the WMBS algorithm)
be denoted by M{, ML, ME and M, respectively. Then,
we have the following.

If Mlp(MlQ) is found to be the same as MQP(MQQ), then
P (Q) may be considered to be in resonance with the WMBS
algorithm. If both P and () are resonant helpers, either method
may be chosen for dimensionality reduction depending upon
their computational complexity. If neither P or () are resonant,
the WMBS algorithm may not be guaranteed to be robust on
the dataset.

If M{ is found to be the same as MJ, this suggests that
the reduced datasets X¥ and XZ represent almost similar
variance despite having different number of features. The
smaller d; (i € {1,2}) may then be considered to contain
sufficient information so as to represent the entire dataset
X. With such an assumption, it may be argued then that
the WMBS algorithm, given the original dataset X, would
provide the same result as either X{ or XZ. The helper
P, therefore, is in resonance with the algorithm and may be
used for dimensionality reduction. This method of determining
whether a helper is resonant is also outlined in Fig. 3.

IV. EXPERIMENTAL RESULTS
A. Experimental Setup

To ensure reproducibility, we detail the hyperparameters
used in our experiments.
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Fig. 3: Outline of the method to determine if a helper P is resonant
with the WMBS algorithm for a dataset X.
TABLE I: Hyperparameter Settings

P is not

Dataset Xp
resonant

—
d, dimensions

Algorithm | Parameter Setting

PCA 95% Variance Retained

k-PCA RBF Kernel, 0 = 1.0

t-SNE Perplexity = 30, Learning Rate = 200
WMBS Initial Normalized Bin Size = 0.1
WMBS Significance Threshold a = 0.05

We first validate our proposed method and hypothesis on
the 8-D Yeast dataset [33], obtained from the UCI machine
learning repository. The dataset consists of 1484 instances and
the classification objective is to predict the cellular localization
sites of proteins. Raj et al. [18] have earlier shown that for bin
size n = 0.25, an SGT2 fuzzy MF is able to approximate the
Yeast data most closely.

Fig. 4 represents p-statistic vs. bin size n obtained on apply-
ing the WMBS algorithm on the original and the reduced Yeast
datasets (using the PCA method). Conceivably, the values of
the p-statistic for the reduced data are sufficiently close to
the original data, especially for the 4-dimensional reduced
data, such that PCA may be considered as a resonant helper
for the Yeast dataset. Moreover, the statistics suggest that an
SGT2 fuzzy MF may be the most suitable for representing the
reduced data, hence justifying the validity of our hypothesis.

Let us now consider the Madelon data [34]. It is an artificial
dataset which was part of the NIPS 2003 feature selection
challenge. This is a two-class classification problem consisting
of 4400 instances and 500 features. We applied dimensionality
reduction on this dataset using the 4 methods described earlier,
and the data was reduced to 3 and 4 dimensions. These were
then given to a WMBS module and the results obtained are
summarized in Table II.

From the table, we may observe that different fuzzy MFs
are adjudged most suitable for representing the 3 and 4-
dimensional reduced Madelon data, when reduction is done
using PCA and kernel PCA. Consequently, these methods
are not resonant with the WMBS algorithm for the Madelon
dataset. Further, t-SNE only reduces a data to 2 and 3
dimensions for visualization. Therefore, we may conclude that
probabilistic PCA is a resonant helper for the given dataset,
and hence it may be used in conjunction with the WMBS
algorithm without loss in accuracy.

V. CONCLUSION AND FUTURE WORK

In this paper, we proposed a deterministic method for
selecting one of several dimensionality reduction techniques
to be used in conjunction with the WMBS algorithm for
datasets consisting of large number of features. In addition
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Fig. 4: Comparison of p-statistic obtained using Wilcoxon’s tests on
the 8-D (blue) Yeast dataset with the reduced 3-D (purple) and 4-
D (green) data. Signed-rank test statistics for (a) T1 fuzzy, (b) IT2
fuzzy, and (c) SGT2 fuzzy MFs; and Rank-sum test statistics for (d)
T1 fuzzy, (e) IT2 fuzzy, and (f) SGT2 fuzzy MFs.

to establishing a framework for such an analysis, we also
showed the validity of our hypothesis on the 8-D Yeast dataset.
Without providing a rigorous proof, the intuition behind the
method was evident from discussions and experiments. From
results obtained, it was found that different techniques may be
suitable to reduce different datasets, since PCA and probabilis-
tic PCA performed well on the Yeast and Madelon datasets,
respectively.

Since the t-SNE algorithm has recently shown immense
promise in dimensionality reduction, we believe it may be
suitable for visualizing large datasets in order to estimate the
choice of fuzzy MF to represent the data. For instance, if the
2-D or 3-D scatter obtained with t-SNE consists of several
ellipsoidic clusters, a Gaussian T1 or SGT2 fuzzy MF may
be considered most suitable for the representation. Further, in
case of a randomly distributed high-dimensional dataset, an



TABLE II: Wilcoxon test statistics for Madelon data vs data sets generated from T1, IT2 and SGT2 Fuzzy MFs

DR Method Type 3 Dimensions 4 Dimensions
Bin Size p-WSR / p-WRS | Bin Size p-WSR / p-WRS
T1 0.1 0.9418 / 0.2886 0.5 0.9588 / 0.9358
PCA IT2 0.05 0.2562 / 0.8834 0.5 0.8767 / 0.8850
SGT2 0.05 0.1801 / 0.7375 0.5 0.8767 / 0.8951
T1 0.1 0.8749 / 0.2377 0.5 0.3314 / 0.2702
k-PCA IT2 0.05 0.6112/0.7714 0.5 0.0645 / 0.2222
SGT2 0.05 0.1486 / 0.3162 0.5 0.2695 / 0.1836
T1 0.1 0.7672 / 0.2073 0.5 1/ 0.8065
p-PCA IT2 0.2 0.0676 / 0.5904 0.5 0.8361 / 0.6376
SGT2 0.1 0.5488 / 0.1643 0.5 1/0.7774
T1 0.2 0.1634 / 0.7829 - -
t-SNE IT2 0.2 0.3062 / 0.7372 - -
SGT2 0.2 0.1563 / 0.7842 - -

ensemble of several techniques may be applied to obtain a
better low-dimensional representation of the data than what
is obtained from a single approach. An analysis of the results
obtained from the different module may then be used to assign
weights to the various components in the ensemble. This is
currently under investigation.
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