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Abstract—In recent decades, fractional diffusion equations
have found numerous applications in various scientific fields,
particularly in industry, medicine, and finance, and especially
in computer science, specifically image processing. This paper
focuses on the fractional diffusion model and proposes a nu-
merical method known as Fuzzy transform, to approximate
its solution. The stability and convergence of the method are
rigorously analyzed. Numerical results show that the method
achieves a good balance between computational efficiency and
accuracy. Thus, confirming its suitability for hybrid computing
environments that combine artificial intelligence and numerical
methods.

Index Terms—fractional, diffusion, image processing, Fuzzy
transform.

I. INTRODUCTION

Fractional diffusion equations (FDEs) are generalizations of
classical diffusion models in which integer-order derivatives
are replaced by fractional-order derivatives (of order a < 2).
These equations are used to describe anomalous diffusion, in
which particle propagation deviates from a Gaussian distri-
bution. They are also used in physics, biology, and finance
to model nonlocal transport, heterogeneous structures, and
processes with memory effects, such as long-range pollutant
flow and anomalous heat transfer.

The fractional diffusion equations have various applications
in many scientific fields: image processing [1]—[3], industrial
[4], financial [5], [6], medical and biological [7], etc.

According to [8], [9], the fractional derivative D" of order
0 < pu<1andtype 0 < v <1 with respect to z is defined
as follows:

v v(l— d —v)(1—p
(D4 ) = @3 (D)), )

provided that the right-hand side exists. This generalized
definition gives the classical Riemann-Liouville (R-L) frac-
tional derivative operator if v = 0. For v = 1, this gives
the fractional derivative operator introduced by Liouville, but
nowadays often named after Caputo. Several authors called
D!"Y the Hilfer fractional derivative operator or the composite
fractional derivative operator. If 44 or v ia a non-integer number
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then the fractional derivative of function f is non-local, i.e. at
any point = = c it depends on all values of f, even those far
from c.

Let ACla,b] be the space of real-valued functions f(z)
which are absolutely continuous on [a,b]. If ¢ € AC]|a,b],
(0 < pu < 1) then using [8], [9], we can implicitly express
(DY f)(x) as follows:

(v —a)r~t
T
(1) )

This transformation will help us further derive the integral
form of the diffusion equation, which is the main subject of
our analysis.

(12, Doy ) () = d(x) — [ lim (I, "9)(x)]

r—a+

II. SOME PROPERTIES OF THE HILFER FRACTIONAL
DIFFUSION EQUATIONS

In this section, we provide an overview of the Hilfer
fractional diffusion equations (the general form) and discuss
some properties. We consider a fractional diffusion equation

2

DY u(x,t) = K%u(z,t}, t>0,z€0,1, @
under the initial condition lim; ;o4 I(gr“)(lf")u(:c, t) =
g(x), where K is a diffusion constant. First, we calculate the
composition of the R-L fractional integral I}, and Df}”, using
a semi-group property I&_Ig L= Igfﬁ , and a representation
(2). Then, for any function u(z,t) that satisfies the form (3),
we obtain the following:

/) v v(l— v—puv
(I, DY), t) = (I, I D) (1)
v(l— +v—puv
= (I D T ) (x, t)

t—(1=p)(1-v) (1—p)(1—
li I w(1-v) t).
T(—(1— @)1 —v) + 1) too04 OF u(@, 1)
Applying operator I}, to both sides of (3) and using equation
(2), we obtain the Volterra integro-differential equation:
t—(1=w)(1-v)

F(—(-pm(i-v)+1

K [t _, 0?
+m/o (t—71)* 1@11(96,7')0{7. 4)

=u(z,t) —

u(z,t) =

)g(fr)



In the next section, we focus on a more specific class of
fractional diffusion equations, namely those involving the
Caputo fractional derivative.

III. THE CAPUTO FRACTIONAL DIFFUSION EQUATION

In this section, we focus on equation (3), where we set
v = 1 and restrict the time variable ¢ to a finite interval [0, 1].
This means that we add boundary conditions and replace the
Hilfer derivative operator with the Caputo derivative !

oD uw,t) = I F g“ (,1).
t

After this, we consider equation (3) as a diffusion equation

with Dirichlet boundary conditions:

oDy u(x,t) = K;—;u(x,t), € (0,1],z € (0,1)
u(z,0) = g(z), z € 0,1], 5)
u(0,t) = a1 (), t € [0,1],
u(l,t) = ga(t), t € [0,1],

where K > 0, g € C*[0,1] and ¢1, g2 € C[0,1] so that

9(0) = q1(0),
g(1) = g2(0).

It is known [14] that in the proposed formulation, there is a
unique solution to the problem (5). This property is important
for substantiating the fact that the numerical method proposed
below leads to an exact solution. The latter is assumed to be
sufficiently smooth.

Our main technical trick is to replace the differential
equation in (5) with an integro-differential system containing
Volterra and Fredholm integral operators. We first apply the
operator I, to both sides of the fractional Caputo diffusion
equation in (5), similar to how we applied the same operator
to (3) and obtained (4). After that we obtain the following
Volterra integro-differential system where 2 € (0,1],¢ € [0,1]:

u(z,t) = g(z) + % fot(t —T)u-t 8am2u(x T)dr,

u(0,1) = q(t), (6)

u(l,t) = ga(1).
From now on, our methodology will focus on transforming
(6) into a form that includes only integral operators. The main
idea consists in introducing a new unknown function y(z,t) =
aa—;u(a:,t), where € (0,1] and ¢ € [0,1], and rewriting the
problem (6) assuming that the function y(x, -) is continuous in
a neiborhood of 0, i.e. in (0, 1]. For a fixed ¢ € [0, 1], using the
Taylor expansion formula for z € (0, 1] with the remainder in
integral form, we obtain the following representation:

u(z,t) = qi(t) + 2ug(0,1) + /Ow(fc =y, 0dg, (D)

'In this text, the Caputo derivative is used to simplify the description of the
proposed method. As we saw in the previous section, the result of applying
the fractional integral I(’)‘ to the Hilfer or Caputo derivative preserves the
leading term and differs in the term related to the initial condition. This has
virtually no effect on the proposed method, as can be verified in the final
section using numerical tests.

which for x = 1 changes to:

w(1,t) = aa(t) = g1 (8) + s (0,1) + / (1 - (e, t)de,

and then, by the boundary condition u(1,t) = g2(t), on

1
ua(0,1) = 2(8) — () — / (- Oy(e.nde. @

Substituting (8) for u, (0,t) in (7), we get
(e t) =(1 = 2)ar () + 2aa() + | (o= €l )
) 0
- 1— Jt)de. 9
o [ - ote. e ©

Now we replace the function u in (6) with its new represen-
tation from (9) and rewrite (6) in terms of the new unknown
function y:

/ “(a — e)yle t)de

0

K [t al
w0 | =
—a [ (1 -ete.nie

=g(x)— (1 —2)q1(t) — xzqa2(t). (10)

Finally, we replace y with J, where
Y(x,t) = y(x,t) — g"(2), (1)
so that the new function has zero initial condition

lim; ¢+ g(x,t) = 0, which follows from (5).
To write the new form of the system (6), we denote

e L(7 fo r—¢ g t)d§
o Iy ) fo W(x, 7)dr,
o I3(y )(fﬂt *xfo (1-¢ (f,t)dé

Moreover, we denote the function p(z,t) as follows:

o) — (1 — )u (1) Kg'(z)

m
e ffo-oran [e orios)

Then, the new form of the system (6) consists of only one
equation

L) (x,t) — I3(y)(z,t) —
where the unknown function ¥ must be found for =z €
[0,1],¢ € [0, 1].

After obtaining the solution ¥ to the problem (12), we first
evaluate the intermediate function y using (11) and then, using
(9), obtain the desired solution u to the problem (6) as follows:

w(e,t) =(1 - )1 (1) + wgalt) + / “(@— Ol 1)de

p(z,1) —zga(t) + t*

KIQ(?)(xvt) :p(x’t)v (12)

—a [ (- ouenie

Thus, the proposed method for solving the problem (5)
consists of finding a solution ¥ of the problem (12), and then



applying the equalities (11) and (9) to find the desired solution
u of the problem (5).

Since in most cases the exact solution to the considered
problem (5) and the related to it problem (12) cannot be
expressed analytically, numerical methods are needed to find
approximate solutions. In the next section, we present a
powerful and flexible method known as fuzzy (F-)transform
for finding approximate solutions to the problem (12) .

IV. PROPOSED METHOD (FUzZZY TRANSFORM)

The F-transform provides a stable and flexible approxi-
mation framework that does not require high smoothness of
the underlying function, making it particularly suitable for
problems with weak singularities and memory effects, such
as fractional differential and integral equations. The theory
of fuzzy transforms was originally proposed by I. Perfilieva
in [10] and then further generalized in [11]. This theory
provides a good example of how fuzzy modeling can be
applied to solving classical problems using efficient numerical
methods. Similar examples of applying fuzzy methodology to
conventional problems can be found, for example, in [15],
[16].

For the purpose of solving integral equations with a weakly
singular kernel we introduce a graded fuzzy partition:

Definition 1: [12]

elet0<e<l,n=[l],y>1

o Choose nodes t; = (%)7, i=1,---,n.

o Fuzzy sets Ag,A;---,A, : [0,1] — [0,1], identified
with their continuous membership functions, constitute a
fuzzy partition of [0,1] with nodes 0 =tg < t; < --- <
t, = 1, if they fulfill the following conditions:

1) (locality) For all kK = 1,--- ,n—1, Ax(t) =0 i
t ¢ (tk_1,tk+1); Ao(t) =0if¢ % [O,tl); An(t) =
0if t & (tn,1];

2) (positiveness) Forall k =1, - ,n—1, Ag(t) > 0if
t e (tkfl,tk+1), A()(t) >0ift € [O,tl); A, t) >
0ift e (tnfl,tn];

3) (normality) For all k=0, --

—

, M, Ak(tk) =1.

°
o
e
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Fig. 1. The graded partition with v = 2.

Remark: If v = 1, we have the h-uniform fuzzy partition
with h = %

Definition 2: [11] Let n > 2, and Ay, ..., A, be a fuzzy
partition of [0, 1] with nodes tg,?1,...,t,. Let function f €
L?[0,1]. Then,

1) the (direct) FO-transform of f is a vector of real numbers

(F9, ..., F?) such that
FO_ Lo FO) Ax(t)dt
k — Th+4+1 9
Lo At

where we set t_; =ty =0 and t,41 =1, =1
2) the inverse F'-transform of f is a function f% € C[0,1]
represented as

fo) =Y FRAL®),

k=0

where (EY,...,F?) is the direct FO-transform of f.

In the next section, we apply the F-transform to find an
approximate solution of (12).

V. APPROXIMATE SOLUTION. ALGORITHM

The proposed algorithm is hybrid, as it combines theoretical
pre-processing and, based on it, a numerical method. Before
applying the F-transform to both sides of the equation (12),
we choose fuzzy partitions of the intervals [0, 1] on both the
t and z axes as follows:

o For a positive integer m > 2, let 0 = z¢g < 21 <

. < %y, = 1 be nodes and By(z),..., By, (x) be the

L_uniform fuzzy partition of [0,1] with the triangular
shapes.

o For a positive integern > 2and v > 1, let¢; = (%)V,z =

0,---,n be nodes of a graded fuzzy partition [0, 1] with

Ap(t), -+, An(t) as the corresponding triangular basic

functions (see [12] for details).
Let us denote A(t) = (Ag(t) Ai(t) An(t))T and
B(z) = (Bo(x) Bi(x) Bm(x))T. We will proceed
in 3 steps:
1) Let us approximate Io(x,t) first. Fix a constant [ (I =
0,...,m), denote 7,(t) = y(x;,t). Then, based on [12],
we obtain the following result

Iy(zy, to) T8 () (to) Y%
Iy(zy,ty) ¢ () (t) v

. == . ~ L* .’ )
Iy (2,t5) 161 (y1)(tn) Ygon

where L* is defined in [12]. Then, denote Y the n x m
matrix of F'-transform components of 7(z, ).

Ix(wo,t0)  Ia(w1,t0) I (2m, to)
; Iy(zo,t1)  Ia(w1,t1) Iy (zpm, t1)
2 = . . .
IQ(x07t7L) IQ(xlytn) IQ(xmatn)
Yogo Ylgo Yrgz,o
YO.l Yl 1 Ym 1
~ L . ’ ' =L'Y. (13)
}/0071’7, Ylo,n onzn



2) Then, we approximate [ (x,t). Let us denote x(x, &) =

3)

(x — &) and fix a constant k (k =0, - - -
7*(x) = §(z,t)). Then, we have

,n) and denote

L (2, ) = Vi (x) = /0 (o, €7 (€) .

Then,

L (g, tr) = Vel ()
~ (Yor Yk Yo k) (KT 0 P)B(xy).
Then,
Ii(zo,t0) 11(w1,10) I (2, to)
. Ii(xo,t1)  Ii(x1,t1) Li(zpm,t1)
1= . . .
Li(zo,tn) Ti(w1,tn) Li(zm,ty)
Yoo Y1l Yoo
v, v°, - Y?
- (.),1 1,1 .,1 (ICTQP) (14)
YOO,n Ylon Yr(r)L,n
—Y(K” ® P), (15)
where K and P are defined in [13] and
® is Hadamard product. Let wus denote
Pgo Py Ppo
P()Ol PPy o Py
P = ’ ,’ ’ be matrix of
POn Plon PO

Fuzzy transform components of p(x t).

The last step is approximate I3(z,t). Fix any [ =
0,---,mand k =0,---,n, and denote p, = fol(l -
&)Y(&, ty)dE we have

Ty(an, 1) = ( [ 1o m)d&)

Let us denote x = (zg @1

PrLy.

;). Then, we have

(Is(zo,tr)  I3(21,tk) Is(zm,te))  (16)
= ¢k (0 = Tm) = PrX. (17)
In addition, denote Q2 = (wo w1 wm) where
1
a= [ (1-oBis
0
2
s, 1=
={h(1—1h), 1=1,---,m—1,
B2 l=m.

Then, the number ¢y, could be approximate as follows
by Fuzzy-transform

YE;@"' Yo

m,

o — / (1— &7 (©)de ~ (Y,

k) Q7.

Then, vector (16) could be approximate as

(13(I0atk’) I3(z1atk) 13(IWL7tk))
~ (Yo Y You) 07x.
Then,
Is(xo,t0) Is(z1,t0) I3(xm, to)
; I3(xo,t1)  Is(z1,t1) I3(xp, t1)
3= . . )
Is(zo,tn) I3(z1,tn) I3(xpm,ty)
Yoo Yo Yoo
0 g o0
~ Y(?’l YLI Yot OTx =Y x.
YOO,n Ylon Yr(r)L,n

Then, we replace I; as (14) and I, as (13) with the
corresponding factors in (12). Then, equation (12) could be

approximated as
Y (K" o P) - Q"x)

Then, we use the vectorization operator vec. Let H =
((ICT opP)T - XTQ) @ Inxn — Imxm @ KL¥. Then,

vec(Y) = H tvec(P).

~ KL'Y = P. (18)

Then, by the inverse FO-transform, we obtain the approxima-
tion g, of 7.

Yap(®,1) = A(t)YB(2).

Finally, as we described at the end of Section III, after using
(11) and (9), we find an approximate solution u,p to the
diffusion equation in (5).

In the next section, we consider two examples illustrating
the effectiveness of the proposed method, which is achieved
by applying the F-transform to find approximate solutions.

VI. NUMERICAL TESTS
Example 1: Let us consider the problem (5) where p = 1/2:
g(x) ==,
ai(t) = S,
w(t) =1+ 5 + g

and the exact solution is
2
2t (D) o,

t
u(, ) 2 T 2UrZu+1)

In accordance with the proposed methodology, we first trans-
form the system under consideration into the equation (12)
with a new unknown function %, characterized in (11). The
right-hand side of (12) is p(x,t) = w22t“ — o 24 After
that we apply the F-transform and find the FO-transform
approximation Y of the auxiliary solution ¥.

In more detail, for any number n, we set m = n + 1 and
form the partitions xg, - - - ,x,41 and tg, - - ,t,, as discussed
in the proposed method. After applying the F-transform and

:"1’/‘4—|—




finding an approximation of Y, we stop further calculations,
since the exact solution u (known for this example) can be
used to calculate the exact solution 7 of the equation (12). In
this example,

Y, 1) = g (2, 1) — g () = 2, (19)

Therefore, the quality of the approximation will be assessed
using the L' norm, which measures the average absolute
difference between the approximate and exact solutions. To do
this, we construct a matrix Ex whose elements are g(x;, t;),
i1=0,---,n+1,7=0---,n, and compare it with Y:

2 1Yi —Ex;;
n(n+1)

||yap - g”lzl = (20)

Table I shows the errors between the exact values of 3 and
their approximations obtained using our proposed method.

TABLE 1
THE L' ERROR BETWEEN 7 AND ITS APPROXIMATION Yap INEX. 1

n LT Error

2 4.3548¢e — 2
4 1.2953e — 2
5 8.6385e — 3
10 | 2.3861le — 3
20 | 6.4529¢ — 4

The Figure 2 shows the errors between 7 and its approxima-
tion g, in the form of the error curves [7(z,1) — Y, (=, 1)],
taken on the interval [0,1] and for n equal to 2,4,5,10 and
20, respectively. In this figure, we see a rapid decrease in
the approximation errors as the number n of elements in the
fuzzy partition increases. The following colors are used for
this purpose:

e Blue line: n = 2,

e Red line: n =4,

e Magenta line: n = 10,

e Green line: n = 20.

x10°

L 1 I I 1 L 1 1 1
] 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fig. 2. The error curves [y(z, 1) — ¥, (z, 1)| at the time ¢ = 1 in Ex. 1.

Figure 3 shows 2D plots of the approximate and exact
solutions of equation (12), which corresponds to the fractional
diffusion equation in (5), considered in Example 1.

Fig. 3. The graphs of the approximate y,, (top) and exact y (bottom)
solutions of the equation (12) considered in Example 1.

Example 2: In this example, we consider the fractional
diffusion equation (3) with the Hilfer derivative and the
corresponding initial-boundary value problem:

Dy u(z,t) = K Zyule, t) + f(z,t), te0,1),2€[0,1],

limy op 15wz t) = g(z), @€ (0,1,
u(0,t) = q1(¢), t€[0,1],
u(1,t) = gat), t € [0,1].

3y

where f(z,t) € C*([0,1],C*(0,1]), g € C*0,1], q,
g2 € C1|0, 1] are given functions, « is an unknown function,
and K > 0 is a positive number. We show that the proposed
method is fully applicable to this case, justifying our claim in
Section IIL

The above equation will use the following parameters:

K=

fla,t) =T(u+1)(1 +22) - L,

g(z) =0, (22)
q(t) =tH,

QQ(t) = 2tH.

which has the exact solution u(z,t) = t#(1 + z2). In the
calculations we used the value ;4 = 0.5. Similar to Example
1, we use the (20) norm to measure the errors of the exact and
approximate auxiliary solutions and illustrate this in Table II.

TABLE I
THE L' ERROR BETWEEN 7 AND ITS APPROXIMATION Yap INEX. 2

n LT Error

2 6.9032¢e¢ — 2
4 1.5844e — 2
5 9.7950e — 3
10 2.2130e — 3
20 | 5.2271le—4




The Figure 4 shows the errors between ¥ and its approxima-
tion 7, in the form of the error curves [j(z, 1) — Y, (=, 1)],
taken on the interval [0,1] and for n equal to 2,4,5,10 and
20, respectively. In this figure, we see a rapid decrease in
the approximation errors as the number n of elements in the
fuzzy partition increases. The following colors are used for
this purpose:

e Blue line: n = 2,

e Red line: n =4,

L4 b

e Magenta line: n = 10,
L]
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Fig. 4. The error curves [§(z, 1) — o, (2, 1)] at the time ¢ = 1 in Ex. 1.

VII. CONCLUSION

In this paper, we demonstrated that fuzzy modeling meth-
ods, and especially the F-transform method, can be success-
fully applied to solving classical problems, particularly those
in which ordinary differential and integral calculus is general-
ized to its fractional form. Numerical methods are particularly
in demand for problems of this type. We analyzed a class
of diffusion equations with fractional partial derivatives and
demonstrated how they can be efficiently solved numerically
using the fuzzy transform methodology. Implementation of the
proposed algorithm using neural networks, and particularly
PINN, is a topic for future research.
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