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Abstract—There is a demand for clustering methods that can
efficiently handle large-scale data. Adaptive Resonance Theory
(ART)-based clustering algorithms adaptively generate prototype
nodes that represent local data regions during learning. This
mechanism allows ART-based methods to scale to large datasets.
However, ART-based methods tend to generate an excessive
number of nodes, which reduces scalability and often degrades
clustering performance. This paper addresses these limitations
by extracting an explicit cluster structure from the generated
nodes through node grouping with a criterion that combines node
importance and similarity. Experiments on 19 real-world datasets
show that the proposed algorithm achieves superior clustering
performance compared with state-of-the-art clustering methods.

The source code is available at https://github.com/Masuyam
a-lab/CAplusTC

Index Terms—Clustering, Adaptive Resonance Theory, Hier-
archical Clustering.

I. INTRODUCTION

Clustering is a fundamental technique in data analysis. It
groups data according to similarity and extracts latent structure
and representative characteristics in an unsupervised manner.
Representative clustering methods include the k-means algo-
rithm [1] and the Gaussian Mixture Model [2]. However, these
methods require the number of clusters k to be specified in
advance.

The representative methods that do not require the number
of clusters in advance include Density-Based Spatial Cluster-
ing of Applications with Noise (DBSCAN) [3], First Integer
Neighbor Clustering Hierarchy (FINCH) [4], and Torque Clus-
tering (TC) [5]. DBSCAN performs density-based clustering
and identifies dense regions in the data space, and FINCH
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performs hierarchical clustering based on distances among
data points. TC is a state-of-the-art hierarchical clustering
method that merges clusters by considering both inter-cluster
distance and cluster mass, where the mass is defined as the
number of samples in each cluster. TC defines torque using
the mass and the distance between two clusters, and it merges
clusters based on this torque. However, TC requires an n× n
distance matrix over data points, and the memory and time
costs grow rapidly with the dataset size. This computational
burden makes TC difficult to apply to large-scale datasets.

Adaptive Resonance Theory (ART)-based clustering can re-
tain previously learned knowledge and adapt to newly arriving
data [6]–[8]. ART-based methods form clusters by measuring
the similarity between an input sample and existing prototype
nodes. Among the similarity measures used in these methods,
the Correntropy-Induced Metric (CIM) provides a localized,
kernel-based notion of similarity that can be less sensitive to
the curse of dimensionality in high-dimensional data. CIM-
based ART plus (CA+) [9] automatically sets a vigilance
parameter based on pairwise similarities among active nodes,
and it uses this similarity threshold to decide whether to update
an existing prototype node or create a new node. However,
CA+ does not explicitly construct a cluster structure, which
often results in a larger number of clusters than the number
of classes in the dataset.

This paper proposes CA+TC, a method that constructs a
clearer cluster structure from the nodes generated by CA+ and
extends the practical applicability of TC to large-scale datasets.
CA+ structures the data distribution by representing local den-
sity with a set of prototype nodes whose size is much smaller
than the original number of data points. TC then structures
these nodes into clusters using the inter-node distance matrix.
This combination allows the two methods to compensate for
each other’s weaknesses. The main contributions of this paper
are summarized as follows.



(i) CA+TC is proposed, in which CA+ generates nodes
and TC extracts the cluster structure from the inter-node
relationships by applying it to the generated nodes.

(ii) CA+TC constructs a clearer cluster structure from the
nodes generated by CA+ via torque-based node grouping
and improves ARI and AMI.

(iii) Experiments on real-world datasets in an online setting
with a time-invariant data stream demonstrate the effec-
tiveness of the proposed method.

The paper is organized as follows. Section II describes CA+
and TC as related methods. Section III presents the proposed
method. Section IV reports experimental results. Section V
concludes this study.

II. PRELIMINARIES

This section reviews the components used in the proposed
method. We first introduce correntropy and the Correntropy-
Induced Metric (CIM), and then describe the bandwidth se-
lection based on Silverman’s rule. Finally, we summarize the
learning procedures of CA+ and TC.

A. Correntropy and CIM

As the similarity measure, correntropy [10] is used as
a kernel-based similarity between two data points x =
(x1, x2, . . . , xd) and y = (y1, y2, . . . , yd) as

Ĉ(x,y, σ) =
1

d

d∑
i=1

κσ (xi, yi) . (1)

In this equation, κσ(·) denotes a positive definite kernel with
bandwidth σ. This study adopts the Gaussian kernel

κσ (xi, yi) = exp

(
− (xi − yi)

2

2σ2

)
. (2)

CIM is defined from correntropy [10] as

CIM(x,y, σ) =
[
1− Ĉ(x,y, σ)

] 1
2

. (3)

The Gaussian kernel in (2) is used without the normalization
constant 1√

2πσ
, therefore CIM(x,y, σ) ∈ [0, 1].

B. Kernel Density Estimation by the Silverman’s rule

The bandwidth matrix of the kernel function is determined
by Silverman’s rule [11] as

H =

(
4

2 + d

) 1
4+d

Γλ− 1
4+d , (4)

where Γ is a d-dimensional rescaling vector computed from
the per-dimension standard deviations over λ samples. The
bandwidth for CIM is set to

σ = median (H) . (5)

Algorithm 1: Learning procedure of CA+
Input:
a set of data points Xc

Output:
a set of nodes Y
a set of winning counts M

1 while existing data points to be trained do
2 Input a data point x (x ∈ Xc).
3 if the number of active nodes λ is not defined or

|Y| < λ/2 or Vthreshold is not calculated then
4 Create a node as y|Y|+1 = x and set M|Y|+1 = 1.
5 Update Y , M, and A by inserting the new node.
6 Calculate σ|Y|+1 with A by (5) and update S.
7 Calculate R in (7) and D = det(R) by (6).
8 if D < 1.0e−6 then
9 Calculate the number of active nodes as

λ = 2|A| and Vthreshold by (8).
10 else
11 Set the number of active nodes as λ =∞.

12 else
13 Select the 1st and 2nd winner indices by (9) and

(10) and calculate Vs1 and Vs2 in (11) and (12).
14 if Vthreshold < Vs1 then

/* Case I */
15 Create a node at x and initialize it in the same

manner as above.
16 else

/* Case II and Case III */
17 Update Ms1 by (16) and update ys1 by (17).
18 Update A by inserting the 1st winner node.
19 if Vs2 ≤ Vthreshold then
20 Update ys2 by (18).

21 if λ <∞ and |A| > λ/2 then
22 Delete the oldest active node from A.

C. CA+

CA+ is an ART-based clustering algorithm that supports
online learning. During learning, a node set Y and a winning
count set M are updated in an incremental manner. CA+
also estimates a similarity threshold Vthreshold from training
data, and manual tuning of the vigilance parameter is not
required. The overall learning procedure of CA+ is described
in Algorithm 1.

1) Diversity and the Active Node Set: CA+ keeps an active
node set A ⊆ Y . The size of A determines the recalculation
interval λ used for updating Vthreshold. The diversity of A
is assessed by a DPP-based criterion [12]. The diversity is
defined as

D = det(R), (6)

where

R = [exp (1− CIM(yi,yj , σ))]1≤i,j≤|A| . (7)

CA+ sets λ = 2|A| when D < 1.0e−6. Otherwise, CA+
does not fix λ and continues to expand A.



2) Similarity threshold: After λ is determined, CA+ calcu-
lates the similarity threshold from pairwise CIM values within
A as

Vthreshold =
1

λ

∑
yi∈A

min
yj∈A\yi

[CIM (yi,yj ,mean(S))] . (8)

Here, S = {σ1, . . . , σ|Y|} stores the bandwidth values for
CIM. Each σi is computed by (4) and (5) when a new node
is added.

3) Winner selection and vigilance test: For each input x,
CA+ computes the CIM dissimilarity to all nodes in Y and it
selects the 1st and 2nd winner indices as

s1 = arg min
yi∈Y

[CIM (x,yi,mean(S))] , (9)

s2 = arg min
yi∈Y\{ys1}

[CIM (x,yi,mean(S))] . (10)

Let Vs1 and Vs2 denote the CIM dissimilarities between x
and the corresponding winner nodes ys1 and ys2 as

Vs1 = CIM(x,ys1 ,mean(S)) , (11)

Vs2 = CIM(x,ys2 ,mean(S)) . (12)

The vigilance test compares Vs1 and Vs2 with Vthreshold and
decides whether to create a new node or to update existing
nodes. The following three cases are considered:

Case I : Vthreshold < Vs1 ≤ Vs2 , (13)
Case II : Vs1 ≤ Vthreshold < Vs2 , (14)
Case III : Vs1 ≤ Vs2 ≤ Vthreshold. (15)

Case I indicates insufficient match to existing nodes and it
triggers node creation. Case II updates only the 1st winner
node. Case III updates both winner nodes with different
learning rates.

4) Creation and update of nodes: In Case I, CA+ creates
a new node y|Y|+1 = x and initializes its winning count as
M|Y|+1 = 1.

In Case II, CA+ increments the winning count of the 1st
winner node and update the node as

Ms1 ←Ms1 + 1, (16)

ys1 ← ys1 +
1

Ms1

(x− ys1) . (17)

In Case III, CA+ applies the Case II update and the 2nd
winner node is additionally updated as

ys2 ← ys2 +
1

100Ms2

(x− ys2) . (18)

CA+ updates the active node set A by inserting the newly
created node or the updated winner node. After λ is fixed,
CA+ keeps |A| = λ/2 by removing the oldest active node
when necessary.

5) CA+ Prediction Procedure: The prediction procedure
assigns a label to an unlabeled sample based on the generated
nodes. Given the unlabeled sample x, CA+ identifies the most
similar node and assigns the corresponding node index as the
predicted label.

D. Torque Clustering

Torque Clustering (TC) is a hierarchical clustering method
that first constructs a hierarchical structure and then automati-
cally determines the final partition and the number of clusters
by cutting connections based on torque. In TC, the number of
data points within a cluster is regarded as its mass, and torque
is defined using both inter-cluster distances and these masses.
Torque is used to evaluate the abnormality of connections. The
number of clusters can be determined automatically, and it can
also be specified by stopping the cutting process at the desired
number.

1) Definition and Initialization of Mass: When the input is
a set of data points, each data point is initialized as a cluster
with mass θi = 1. Thereafter, the mass of a cluster is updated
as the number of data points contained in the cluster. A mass
value can also be assigned to each node.

2) Nearest-Neighbor Cluster Identification and Connection
Generation: For each cluster Ci in Γ = (C1, C2, ..., CK), its
nearest neighbor Ni is determined. Let ζi be the representa-
tive point of cluster Ci. Distances to the other clusters are
computed using the representative points:

Ni = arg min
j∈{1,...,K}\{i}

∥ζi − ζj∥2 . (19)

After determining Ni, a connection is created between
clusters Ci and CNi

, and the connection graph G is updated.
Then, the connected components of the constructed con-

nection graph are computed, and each connected component
is merged into a single cluster. After the merging step, the
mass of each cluster is aggregated according to (20), and a
new cluster set Γ′ is defined by (21).{

θi ← θi + θNi
, if θi ≤ θNi

,

θNi
← θi + θNi

, if θi > θNi
.

(20)

Γ′ = Φ(G). (21)

Φ(·) is a function that treats each connected component of
a graph as a single cluster. The same procedures in Step 2 are
repeatedly applied to the new cluster set Γ′, and the hierarchy
is constructed until the number of clusters becomes 1 at the
top level.

3) Detection and Removal of Abnormal Connections Based
on Torque: For each connection generated during the hierar-
chical construction process, the torque τi is computed based
on the product of the masses of the two endpoint clusters and
the squared inter-cluster distance by (22).

τi = Mi ×Di, (22)
Mi = θi × θNi

, (23)

Di = {d(ζi, ζNi
)}2 . (24)

A list is created by sorting all connections in descending
order of torque, and the torque difference between adjacent
connections, TGapi, is computed as (25).

TGapi =
τi

τi+1
. (25)



Among the connections that satisfy the conditions in (26)–
(28) the position at which TGapi is maximized is used as the
boundary, and the higher-ranked connections are removed as
abnormal connections.

Mi ≥ mean(Mall) , (26)
Di ≥ mean(Dall) , (27)
τi ≥ mean(τall) . (28)

Here, Mall, Dall, and τall store the mass term, the distance
term, and the torque values for all connections, respectively.

Finally, the connected components of the remaining con-
nection graph are output as the final clusters Γ.

III. PROPOSED ALGORITHM

The proposed method, CA+TC, is a two-stage clustering
framework that combines CA+ and TC. CA+ first generates
a set of representative nodes from an input dataset. TC then
groups these nodes by constructing a hierarchical structure
based on inter-node relationships. In the final step, connections
are ranked in descending order of torque, and a fixed fraction
of the highest-torque connections is removed to determine the
final clusters.

A set of data points Xc is first processed by CA+ to generate
a node set Y . CA+ also provides the winning count set M,
where each element represents how often the corresponding
node becomes the winner during CA+ learning. TC is then ap-
plied to Y with node masses specified byM. The hierarchical
construction and merging procedures follow the standard TC
process, and this process generates the set of connections for
torque-based cutting.

A torque value is computed for each connection generated
during the hierarchy construction. All connections are col-
lected and sorted in descending order of torque. Let m denote
the total number of connections, and let ρ ∈ (0, 1) denote
the cutting ratio. The number of connections to be removed is
defined as

L = ⌈ρm⌉ . (29)

Let τL denote the L-th largest torque in the sorted list.
All connections with torque values not smaller than τL are
removed. This rule replaces the original torque-gap criterion in
TC. Finally, connected components of the remaining graph are
extracted, and they are output as the final clusters. The overall
learning procedure of the proposed method is summarized in
Algorithm 2.

IV. SIMULATION EXPERIMENTS

CA+TC is evaluated under different cutting ratios ρ, and
the best-performing setting is then compared with the baseline
methods.

A. Dataset

In this experiment, evaluations were conducted on 19 real-
world datasets from public repositories. Table I summarizes
the dataset statistics in terms of the number of samples,
attributes, and classes. The selected datasets cover a wide

Algorithm 2: Learning procedure of CA+TC
Input:
a set of data points Xc ∈ Rn×D , the cutting ratio ρ ∈ (0, 1).
Output:
Cluster Γ = (C1, C2, ..., CK).

1 Initialize Y ← ∅ and M← ∅.
2 for i = 1 to n do
3 Update Y and M by the CA+ learning procedure with

input xi.

4 Initializing connected graph G.
5 Constructing cluster set Γ = {ζi}li=1 from Y , where each

node yi ∈ Y is regarded as an initial cluster ζi and l = |Y|.
6 Set the cluster mass of each ζi to θi ←Mi using M, where

Θ = {θi}li=1.
7 Construct Dall ∈ Rl×l from Y as (24).
8 Initialize Mall ← ∅ and Dall ← ∅.
9 while |Γ| > 1 do

10 Computing the mass θi of each cluster ζi in Γ, where
Θ = {θi}|Γ|

i=1.
11 Searching the nearest cluster of ζNi according to Dall

or by (19)
12 Generating the connections, updating G, and updating

the cluster mass by summation in (20).
13 Computing the two properties Mi and Di by (23) and

(24), and saving these to Mall and Dall, respectively.
14 Computing the connected components of G to update

the cluster set Γ by (21).

15 Computing the torque values τall based on Mall and Dall

by (22).
16 Set L by (29) and let τL be the L-th largest value in τall.
17 Updating G by removing all connections whose torque

satisfies τi ≥ τL.
18 Computing the connected components of G to obtain the

final cluster Γ = (C1, C2, ..., CK).

range of sample sizes, dimensionalities, and class counts,
which enables a comprehensive comparison across diverse
clustering scenarios.

B. Experimental Conditions

In the experiments, CA+, CA+TC, Self-Organizing Incre-
mental Neural Network+ (SOINN+) [13], and CIM-based ART
Edge with Age (CAEA) [14] are online methods that process
data points sequentially, whereas TC is a batch method.

ARI and AMI are used to evaluate within-cluster class
homogeneity and class completeness. The ARI and AMI
values are compared using a Critical Distance (CD) diagram.
Each hyperparameter setting is executed 30 times, and the
averages of ARI and AMI are computed.

C. Hyperparameter Settings in CA+TC

This section compares the ARI and AMI of CA+TC across
different hyperparameter settings. For CA+TC, the cutting
ratio ρ for removing connections among the merged clusters
is varied from 0.1 to 0.9 with a step size of 0.1.

The clustering performance of CA+TC across different
hyperparameter settings is further summarized by the CD
diagrams for ARI and AMI in Fig. 1(a) and Fig. 1(b). Due to
page limitations, this section reports only the results of the



TABLE I: Statistics of real-world datasets

Dataset #Samples #Attributes #Classes
Iris 150 4 3
Wine 178 13 3
Seeds 210 7 2
Glass 214 9 6
Newthyroid 215 5 3
Dermatology 366 34 6
Pima 768 8 2
Mice Protein 1,077 77 8
Binalpha 1,404 320 36
Yeast 1,484 8 10
Semeion 1,593 256 10
MSRA25 1,799 64 12
Image Segmentation 2,310 19 7
Rice 3,810 7 2
TUANDROMD 4,464 241 2
Phoneme 5,404 5 2
Texture 5,500 40 11
OptDigits 5,620 64 10
Statlog 6,435 36 6

statistical significance tests based on the average ARI and
AMI. For statistical comparisons, the Friedman test is applied
at a significance level of 0.05 to evaluate whether all methods
perform equally across datasets. When the Friedman test
rejects this null hypothesis, pairwise differences are analyzed
using the Nemenyi post-hoc test based on the average ranks.
In the CD diagrams, methods connected by a red line do not
show a statistically significant difference.

According to Fig. 1(a) and Fig. 1(b), the results for ρ = 0.1
achieve better ARI and AMI than those for the other hyper-
parameter settings. The performance decreases as ρ increases.
When ρ is set to a small value, TC removes fewer connections
than it does with a larger ρ, and the resulting clusters become
more coherent. This tendency alleviates over-segmentation and
leads to improved ARI and AMI.

D. Comparison with Other Methods

1) Compared Algorithms: The compared methods include
TC [5], CA+ [9], SOINN+ [13] , CAEA [14]. SOINN+
is an incremental self-organizing network that constructs a
topological graph of prototype nodes and edges. It can perform
clustering without pre-specifying the number of clusters k, and
it prunes irrelevant connections and removes weakly supported
nodes, which improves robustness to noise and suppresses
unnecessary prototypes. CAEA extends the CA algorithm by
introducing edges and an edge-age based deletion mechanism.
It uses CIM similarity and a vigilance threshold to decide
whether to create a new node or update existing nodes and
edges, and it removes isolated nodes every λ inputs to reduce
noise.

For the baseline methods, SOINN+ and CA+ are used
without setting hyperparameters. For CAEA, the two integer
hyperparameters, namely the maximum edge age before dele-
tion amax and the deletion interval for isolated nodes λ, are
determined by Bayesian optimization. For TC, the number of
clusters k is set to the number of classes in each dataset.
For CA+TC, the cutting ratio ρ is fixed to 0.1, because

(a) ARI

(b) AMI

Fig. 1: CD diagrams for Hyperparameter Settings: (a) ARI and
(b) AMI.

(a) ARI

(b) AMI

Fig. 2: CD diagrams for the compared methods: (a) ARI and
(b) AMI.

ρ = 0.1 achieved the best ARI and AMI in the hyperparameter
comparison.

2) Results: First, the clustering performance is compared.
Fig. 2(a) shows the CD diagram for ARI across the five

methods, and Fig. 2(b) shows the CD diagram for AMI. In
these figures, TC* denotes TC with k set to the number of
classes in each dataset, whereas TC** denotes TC without
specifying k. The CD diagrams indicate that CA+TC achieves
the lowest average ranks for both ARI and AMI. For ARI,
CA+TC is statistically significant against TC with k and CA+.
For AMI, CA+TC is statistically significant against all the
other methods except TC without k.



TABLE II: Number of Clusters for Each Method

Dataset #Classes CAEA SOINN+ CA+ TC without k CA+TC
Iris 3 10.2 (3.5) 9.2 (3.7) 47.3 (11.3) 3.1 (1.0) 4.2 (1.1)
Wine 3 2.2 (0.8) 8.3 (5.0) 122.4 (8.6) 14.7 (4.7) 11.8 (1.0)
Seeds 2 6.2 (2.8) 8.0 (4.3) 84.9 (18.8) 5.5 (1.0) 7.9 (1.9)
Glass 6 8.9 (1.9) 9.8 (4.2) 67.0 (10.2) 3.0 (2.0) 6.1 (1.1)
Newthyroid 3 7.9 (2.0) 11.4 (6.2) 64.0 (15.1) 5.3 (1.2) 5.9 (1.5)
Dermatology 6 8.8 (2.1) 16.5 (7.3) 119.1 (20.0) 7.3 (3.3) 11.4 (2.0)
Pima 2 5.3 (3.1) 12.1 (5.5) 213.2 (35.3) 32.6 (9.9) 20.7 (3.6)
Mice Protein 8 7.2 (2.5) 18.0 (7.6) 190.9 (31.3) 6.6 (1.2) 18.6 (3.2)
Binalpha 36 3.9 (1.9) 37.7 (13.4) 406.1 (38.2) 59.3 (27.0) 40.0 (3.9)
Yeast 10 7.4 (3.2) 6.3 (2.9) 270.6 (69.3) 24.5 (2.2) 26.4 (7.0)
Semeion 10 7.5 (5.7) 41.2 (9.6) 445.7 (44.3) 20.2 (9.3) 44.0 (4.5)
MSRA25 12 18.5 (4.0) 45.5 (12.4) 254.2 (55.7) 108.3 (36.7) 24.9 (5.6)
Image Segmentation 7 10.7 (4.8) 9.5 (5.6) 178.5 (50.8) 241.7 (142.1) 17.3 (5.0)
Rice 2 2.8 (3.7) 16.4 (6.1) 611.1 (40.5) 17.0 (0.0) 60.6 (4.1)
TUANDROMD 2 13.9 (2.8) 29.9 (10.9) 317.1 (84.7) 41.6 (18.9) 32.4 (8.2)
Phoneme 2 2.2 (1.9) 10.0 (5.2) 238.0 (59.1) 13.6 (5.3) 23.2 (5.9)
Texture 11 5.6 (1.6) 18.0 (6.7) 185.9 (53.5) 115.9 (34.5) 18.1 (5.4)
OptDigits 10 5.6 (6.0) 55.4 (17.0) 427.1 (143.2) 297.6 (181.2) 42.2 (14.4)
Statlog 6 46.7 (2.8) 39.5 (19.8) 408.0 (145.8) 53.1 (13.5) 40.3 (14.5)

Next, the numbers of generated nodes in CAEA, SOINN+,
CA+, and CA+TC are compared. Table II reports the mean
and standard deviation of the cluster counts for each method.
CA+ often generates a very large number of nodes, which
exceeds the number of classes by a wide margin on many
datasets. In contrast, CA+TC yields a smaller node count and
shows lower variability than CA+. In addition, CA+TC does
not generate fewer nodes than the number of classes in the
evaluated datasets, which helps avoid performance degradation
caused by overly aggressive merging.

Based on the above results, CA+TC improves clustering
performance and mitigates over-segmentation. A plausible ex-
planation for the observed improvement is the node grouping
step. This step yields a clearer cluster structure by merging
redundant nodes and alleviating over-segmentation in the node
set generated by CA+. In addition, the mass definition in
TC may reinforce this effect. When the mass is defined by
the CA+ winning counts M, the mass term becomes large
for connections whose endpoints have high winning counts,
and the corresponding torque τ becomes large. Since TC
preferentially cuts connections with large torque as abnormal
connections, such cutting tends to remove connections that
bridge major structures in the data distribution. As a result,
connections along the main structure of the data distribution
are more likely to remain after cutting, which leads to a more
coherent partition.

V. CONCLUSION

This paper proposes CA+TC, which addresses excessive
node generation in CA+ and extends the applicability of TC
to large-scale datasets. These improvements lead to better
clustering performance than CA+. CA+TC outperforms the
other methods in both ARI and AMI, and the CD diagram
indicates a statistically significant improvement in AMI over
the other methods. In addition, the table of the number of
clusters shows that CA+TC reduces the number of clusters
compared with CA+.

As future work, an algorithm will be developed to auto-
matically estimate the cutting ratio by using an inter-cluster
separability measure.
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