ARE: Adaptive TD-\ Return Estimation for
Learning Control in Differentiable Simulation

Abstract—Differentiable simulators have gained traction in
robotics because they provide the analytic pathwise gradient of
the agent’s reward, promising better sample efficiency for model-
based learning. However, in continuous control settings, the gra-
dient grows exponentially with the decision horizon, making the
pathwise gradient susceptible to the exploding/vanishing variance
issue. Recent works addressed these fundamental challenges by
introducing first-order actor-critic algorithms that optimize over
very short horizons. In this work, we propose to further improve
these algorithms by introducing the TD-)\ return into the actor
network’s optimization as a generalized return estimator, thereby
reducing the actor gradient estimator’s variance and enabling
consistent, robust learning. In addition, we propose to adaptively
adjust \ using a value-fitting objective to avoid expensive manual
tuning and further enhance the learning stability. Our algorithms
demonstrate improvements over challenging locomotion tasks,
with an average improvement of roughly 50% over the Ant
environment and almost 100% with the simulated Unitree Go2
quadruped environment. Moreover, our design allows exploiting
the gradient information over a much longer learning horizon,
enabling more effective long-term credit assignment for first-
order model-based reinforcement learning methods.

Index Terms—differentiable simulation, pathwise gradient,
first-order model-based reinforcement learning

I. INTRODUCTION

In recent years, learning-based methods for robot con-
trol have progressed at an astonishing pace. Thanks to the
development of deep reinforcement learning techniques and
high-throughput physics simulators that enable massive data
generation for learning, a wide range of challenging tasks
across diverse robotic platforms are being addressed, includ-
ing vision-based drone navigation [1]-[4], legged locomo-
tion [5]-[7] and contact-rich manipulation [8], [9]. Most of
these approaches followed a zeroth-order policy optimization
paradigm, using the score function (SF) gradient (or the
REINFORCE gradient) to estimate policy updates directly
from sampled trajectories. While this framework is broadly
applicable and does not require differentiable system dynam-
ics, it tends to suffer from unstable variance and limited sample
efficiency. More recently, GPU-based end-to-end differentiable
simulators (e.g., Warp [10], Brax [11], TinyDiffSim [12],
and DFlex [13]) were proposed to enable large-scale first-
order policy optimization by providing gradients that “flow”
through the agent’s simulated trajectories. First-order model-
based reinforcement learning methods leverage these analytic
gradients to achieve substantially lower-variance updates [14]
and are therefore theoretically expected to achieve improved
sample efficiency. Several works have explored the potential
of such methods, particularly in real time deployment, e.g. for
quadruped locomotion [15] and drone hovering [16].
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Fig. 1: Visual summary of the workflow of one training
epoch following our proposed design with adaptive A on the
basis of SHAC. Instead of the h-step return, we consider the
TD-A return in the definition of actor loss. Moreover, we
propose treating A as a learnable parameter that is updated
online immediately after an actor update. In the figure, blue,
green, and red correspond to the existing, new, and replaced
components in SHAC’s structure.

The gradient obtained from differentiable simulators - the
pathwise (PW) gradient [14], [17], also known as the repa-
rameterization gradient [18], [19] or the first-order (FO) pol-
icy gradient [20], can be directly incorporated into policy
optimization algorithms. In [21], policy optimization is de-
coupled into two stages: trajectory optimization in the action
space using the PW gradient of the value function, followed
by supervised learning in the policy space. Meanwhile, it
is demonstrated in [11] that by replacing the high-variance
SF gradient in the vanilla policy gradient (REINFORCE)
algorithm with the PW gradient, one yield analytic policy
gradient (APG) which leverages the differentiable transition
dynamics for sample efficiency. Unfortunately, the potential
for zero-bias and low-variance of PW gradient only hold
under certain smoothness/Lipschitz conditions [14], which
often fail in continuous control tasks involving contacts. In ad-
dition, the long-horizon decision-making nature of such tasks
causes the variance of PW gradient to grow exponentially. To
counter these effects, an on-policy first-order actor-critic (FO-
AC) algorithm, namely short-horizon actor-critic (SHAC), that
combines the analytic PW gradient over a truncated fixed-
length learning horizon and a h-step bootstrapped return that
smoothens the actor’s loss landscape was proposed in [13] to
learn legged locomotion policies over various environments.
This work was then extended into an adaptive-horizon version



based on the norm of the simulation dynamics’ Jacobian
called adaptive-horizon actor-critic [22]. More recently, the
challenge of stabilizing learning in high-dimensional action
spaces (e.g. soft-bodies and deformable-bodies) was addressed
with soft-analytic policy optimization (SAPO) [23] - a variant
of SHAC which incorporates entropy regularization into the
actor optimization.

In traditional reinforcement learning settings, extensive re-
search has focused on reducing the variance of the SF gradient
estimator. Among these techniques, the generalized advan-
tage estimation (GAE) has become a cornerstone of modern
policy-gradient algorithms for improving on-policy training
efficiency and stability. Introduced in [24], this design provides
a principled way to balance bias and variance in advantage
estimation by combining the multi-step temporal-difference
(TD) residuals through an exponentially decaying weighting
factor A. As reported in [24], the GAE significantly stabilized
the training of trust-region policy optimization (TRPO) across
classical continuous-control benchmarks. Nevertheless, its per-
formance varied over combinations of the discount factor ~
and the trace-decay parameter A\. Thus, the idea of adaptive
A was examined in [25], which proposed to automatically
tune it via the indicators of the bias and variance of the
return estimator. The main limitation of this work was that
the adaptive A depends on hand-designed heuristics (entropy,
regression accuracy, and KL thresholds) whose reliability may
vary across tasks.

Inspired by these approaches, we address the high-variance
problem of PW gradient in FO-AC algorithms for continuous
control by integrating TD-\ return into the actor loss as
a generalized return estimator. In addition, we show that
the bias-variance control effect can be further improved by
adopting an adaptive module that automatically adjusts A\ by
minimizing the value prediction error. The contributions of
this work are:

o A variance-reduction method that can be adopted for
any FO-AC algorithms using TD-\ estimation of return,
which encourages more robust learning and enables learn-
ing over long horizons with pathwise gradient.

o An adaptive method for tuning the trace-decay parameter
A to adjust the bias-variance trade-off online and avoid
expensive hyperparameter tuning.

II. PRELIMINARIES

A. Reinforcement learning

Our problem is modeled as a discrete-time, continuous-
space RL problem characterized by a deterministic Markov
decision process (S, A, f,r, mq, p), Where:

o S C R” is the state space,

e A CR™ is the action space,

o f ¢ R" x R™ — R™(s4,a;) — s¢q1 denotes the
deterministic transition function,

o 7:R"XR™ — R; (s,a) — r(s,a) is the reward function,
whose realization is ry := 7 (s, at),

o M : R x R™ — R™;(s,a) — my(s,a) is a policy
parameterized by a neural network with parameter vector
6 € RY,

e p is the initial state distribution, such that s ~ p(-)
denotes a sample from the initial state distribution.

B. Pathwise gradient

We consider an infinite-horizon setting where our control
objective is to find a policy parametrization 6 that maximizes
the expected state-value, respectively action-value function
starting from an initial state. Our optimization objective is to
maximize:
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Following previous works [20], [22], we impose the following
regularity assumptions to ensure the existence and stability of
PW gradient.

Assumption 1: The dynamics f and the reward function
r are Lipschitz-smooth in both s and a, while the policy
7o and the value function V7™ (s) are Lipschitz-smooth in 6.
Moreover, their gradients are uniformly bounded:

o [[Vf(s,a)|| < By and ||Vr(s,a)|| < B, Vs € R",a €

R™,
e |[Vom(a,s)|| < By and ||[VoV (s;)|| < By V 0 € RY,
where V and || - || stand for the partial derivative and the

Euclidean norm operators, respectively.
Then, our PW gradient of the objective admits the repre-
sentation:

VoJ(0) = Eqq,ry [VoQ™ (s, a)] )
k—1

= Eapmy | D7 Voress + VoV (si0k) |, 3)
=0

where the second equality follows from expressing the action-
value function Q™ via a truncated k-step return with a
terminal bootstrap G\*) := S A + ARV (si4x). In
practice, the true state-value function V'™ is unknown and is
approximated by a parametric critic V with parameters ¢,
yielding the following estimator of the PW gradient:
k-1
vyl = Z’Ylvm“m + 7 VoV (st4k)- “4)
1=0
We argue that the bias—variance behavior of this gradient
estimator as a function of the truncation horizon k& mirrors that
of its anti-derivative, namely the k-step return itself. Formally,
the bias B; of @EI}J(Q) is given by:

By i=Eay i, |V41I(0)] = V0 (60) 5)
=V Esomo [VoVi(st1k) = VoV ™ (se4r)],  (6)

which decays geometrically with k& under Assumption 1.
Meanwhile, the exponential growth of variance of @éﬂj 9)
with increasing truncation horizon, which is indirectly driven
by those of the reward terms via the compositional state



transitions and the chain rule, is well studied; we refer the
reader to [18], [20] for detailed analyses.

Such a close correspondence between the bias—variance
properties of @LI]J (9) and those of ng) naturally motivates
the consideration of TD-\-style/GAE-style constructions. We
recall that the TD-\ return is defined as the exponentially
weighted combination:

oo
GP = (1= 0> Al 7
k=1

By combining multi-step return estimates, the TD-\ return
leverages both short- and long-horizon information while
gradually diminishing the contribution of distant rewards. This
smooth weighting mechanism enables fine control over the
bias—variance trade-off: increasing A incorporates more Monte
Carlo information at the cost of bias, whereas decreasing
A reduces variance. The resulting estimator is biased but
significantly less noisy, which greatly improves the stability
of policy gradient updates.

C. Short-Horizon Actor-Critic

Our proposed algorithm is built upon the basis of SHAC
[13] where one considers an FO-AC algorithm with a fixed-
length truncated learning horizon. For this reason, we will
consider a finite-horizon Markov decision process for the rest
of this paper. In SHAC, instead of learning over the full
task horizon H, one considers N mini-trajectories {7;} of
length h < H and the task horizon H serves as part of
the termination conditions. Each mini-trajectory begins from
the final state of the previous episode and is reinitialized to
cut the gradient flow across mini-trajectories, thereby avoiding
unstable gradients. The objective function to be maximized is
exactly the expectation of the h-step bootstrapped return GEh)
over the mini-trajectories:

J(0) = E

so~p(so)
a;~7o(8i,)

[Gih)] . @®)

Correspondingly, the actor loss is defined by the negative
sample mean of Ggh) over the mini-trajectories:

1 .
Lyi=—— Y G )

where ¢ denotes the index of the i-th sampled mini-trajectory.

After updating the actor network, the critic network ¢ is
optimized using a standard MSE loss to match the target TD-
A estimates. We recall the formulation of the truncated TD-X
return over a finite horizon h:

h—t—1
( Sl =AY G,Ek)> + AP 1G D (10)

k=1

G} =
Then, the corresponding critic loss can be defined as:

=gy X -7

se{7;}

(11)

where for t > 0, V*(s,) := G represents the target value.

III. PROPOSED METHOD
A. Optimizing the actor with TD-\ return

Our first proposal is to replace the h-step return G,gh) in the
actor loss Ly with the TD-A return G7'. Fig. 1 captures the
main idea of our approach. Following this, the actor network
is optimized using the following loss:

SR U < peee
a.——Nh;Gt : (12)
whose gradient is thus:
A 1 NZA A (0)
v0£0 = —m £ V()Gt . (13)

By construction, VyG7 naturally mitigates the exploding
gradient variance issue of backpropagation through time by
exponentially discounting contributions from the gradient of
distant rewards while assigning greater weight to more recent
outcomes. Consequently, it exhibits a bias—variance trade-off
which can be employed to stabilize policy optimization in
FO-AC frameworks. To ensure the consistency between the
learning objectives of the actor and the critic, the same value
of A is used for both the actor and critic TD-A returns. It is
also worth noting that the computational overhead introduced
by computing the TD-\ return is negligible compared to the
total runtime thanks to the following recursive relationship:

G} =ri +7DVy(s141)
+9(1 = D)[(1 =) Vglsesn) + AGR |, (14)
where D stands for the binary termination mask.

B. Online adaptation of X\ via a value fitting objective

In practice, there is no general rule to choose A, and the
performance of the TD-) estimator can be highly sensitive to
this value. Manually tuning A\ is computationally expensive
because it requires repeating the entire training process multi-
ple times. To address this limitation, we propose treating \ as
a learnable parameter and integrating its optimization into the
training loop. Our next task, then, is to find an optimization
criterion that yields the correct value of A\. We propose to use
the MSE loss analogous to the critic loss:

Ly = Nih SE{ZT]_} HV¢(3) — f//\(s)HQ.

15)

This formulation encourages A to minimize the discrepancy
between the predicted and target state values, thereby selecting
a trace-decay coefficient that best matches the true value func-
tion under the current policy dynamics. During optimization,
the actor and critic are treated as stop-gradient operators,
allowing the gradient to flow solely through .

Our rationale for annealing A is as follows. Early in training,
the critic Vj is inaccurate, leading to highly biased predictions.
To mitigate this, A is initialized at a relatively high value (e.g.,
0.95), placing more trust in the Monte Carlo returns, which,



although high in variance, provide unbiased estimates based on
actual rewards. As training progresses and the critic becomes
more accurate, its predictions become a low-variance, low-bias
signal. In this later stage, relying more on the critic’s stability
accelerates convergence, which can be achieved by gradually
reducing \. Empirically, we find that A should not converge
faster than the critic; rather, it must co-adapt with the critic to
maintain training stability. As shown in our results, updating
A too frequently leads to overfitting of the value function V7,
which in turn destabilizes policy learning and degrades overall
performance.

C. Preliminary analysis of TD-\ gradient variance

In fact, as shall be discussed in Section V-D, the variance
reduction effect of the adaptive A scheme becomes particularly
pronounced in long-horizon learning settings. We now present
a preliminary analysis that establishes an upper bound on
A that ensures the gradient variance remains bounded and
thus training stability as the horizon increases. Our main
proposition is as follows.

Proposition 1: Assume Assumption 1. For any parameter-
ized policy 7y, the variance of the pathwise gradient of the TD-
A return objective converges as the horizon h — oo provided
that A < —-.

Proof: By the chain rule and triangle inequality, the gradient
norm of the h-step return Gih) is bounded by:

oG | = ore W 1OV (sp4)
< Titl A Gl (VA | DS
a6 || = ;” a6 26 (1o

Given a timestep ¢, we first examine the sensitivity of the
reward of [ steps ahead r;y; with respect to the policy
parameters 6. The chain rule and triangle inequality yield:

a’“t+l _ 87’t+l 33t+l 37’t+l aatJrl (17)
00 83t+l 00 8at+l 00
ast+l
< .
< B, 20 || T BBy (13)

The chain rule applies once again on Js;4;/00, resulting in:

-1 -1

38t+l _ Z H 35t+z‘+1 85t+j+1 3at+j (19)
00 =% iz O0St+i OJaiy; 00
Using Assumption | and triangle inequality, we obtain:
-1 l
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Moreover, by Assumption 1, the value function has bounded
gradient, so
oG
00

€ O ((vBy)"). 1)

The infinite TD-\ gradient is a weighted sum of these h-step
return gradients. By Minkowski’s inequality:

Algorithm 1 SHAC with TD-\ actor loss

for epoch in 1,...m do
Sample mini-trajectories {7;} of length h < H
Update the actor network 6§ using L)
Collect dataset D for critic and A training.
if \ is learnable then
for itery in 1,...,m, do
for b, in D do
Update A using Ly
end for
end for
end if
for itercritic in ]., <oy Micritic do
for b.isc in D do
Update the critic network ¢ using Eg
end for
end for
end for

Substituting the growth rate from (21), we obtain:

A oo 00
Var (ag;t ) €0 ( )\’L(VBf)h> =0 (Z(MBf)h> .

h=1 h=1
(23)
This geometric series converges if and only if the ratio satisfies
MyBj < 1, or equivalently \ < ﬁw.

IV. EXPERIMENTAL SETTINGS

We conduct our experiments on a series of tasks in the Re-
warped simulator [23], whose backend is written in NVIDIA
Warp [10]. In particular, our experiments involve the Ant
and SoftJumper environments from Rewarped, as well as a
Unitree Go2 environment we created. Finally, we use the
Mineral package, which was provided with Rewarped in [23],
to implement our RL algorithms. All of our experiments were
run on an NVIDIA A6000 GPU.

As baselines, we select two state-of-the-art FO-AC al-
gorithms designed exclusively for differentiable simulators:
SHAC [13] and SAPO [23]. As zeroth-order baselines like
PPO and SAC have been shown to be inferior to SHAC and
SAPO, we decided to skip such comparisons. For each base-
line, we evaluate our proposed variants: TDFixed (fixed \) and
TDAdpt (adaptive ). A pseudo-algorithm for our proposed
algorithms is given in Alg. 1. By default, the collected dataset
D is split into beie = 4 batches, and M. = 16 critic update
iterations is performed. Meanwhile, we perform one (my = 1)
full-batch (by = 1) update for A\ using the same D. For each
experiment, we collect the results over 10 seeds. After training,
we evaluate the algorithms on an additional 10 seeds, each
with twice as many environments as during training.

For common network hyperparameters and task-related set-
tings (e.g., the observation and action spaces, the reward
function), we follow the standard definitions in [13], [22],
[23]; readers are referred to these works. In particular, we set
the number of parallel environments N = 64, the number of
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Fig. 2: Comparison of the variance of the actor network’s
gradient. We take the exponential moving average of the
results and plot the mean (solid lines) and the maxi-
mum/minimum (shaded regions). Our methods demonstrate
more well-behaved gradients throughout the training.

training epochs m = 2000, the maximum agent steps of 107,
the task horizon H = 1000, the short learning horizon h = 32,
and the discount factor v = 0.99. Regarding our algorithm-
related hyperparameters, we use a common value of the trace-
decay parameter for both networks to maintain consistency
between the actor and the critic objectives. For TDFixed,
A = 0.95. For TDAdpt, A is initialized at 0.95 and is updated
online immediately after the actor update using AdamW with
a learning rate of 5.107* and (31, B2) = (0.7,0.95). For the
baselines, we set A = 0.95. We also apply a sigmoid activation
to A to ensure its value is in [0, 1].

V. EMPIRICAL RESULTS
A. Variance reduction and smoothing effect of TD-\ return

We first examine the variance reduction effect discussed
previously (see Fig. 2). From the figure, it is evident that
on average the TD-A return reduces the variance of the
actor network gradient. For SHAC, the mean of the gradient
variance lies much closer to its maximum, indicating that
SHAC receives noisy actor gradient signals. Compared to the
high-variance h-step return, whose variance increases with 5,
the TD-\ return (with A = 0.95) provides a cleaner, more
stable, and lower-variance signal for evaluating the effect
of actions on returns. Moreover, the adaptive adjustment of
A further lowers the variance of the gradient estimate. On
average, while the gradient variance of SHAC remains close
to 10%, those of SHACTDFixed and SHACTDAdpt remain
consistently between 10! and 103.

In Fig. 3, we empirically demonstrate the loss landscape
computed by the TD-\ loss and the h-step return loss, obtained
by taking a trained policy and perturbing two parameters over
a 40 x 40 grid spanning [—1, 1]. Beyond reducing the empirical
variance of the actor gradient, the TD-\ return also reshapes
the loss landscape in a more favourable way for FO policy
optimization. Specifically, Fig. 3 shows that the h-step return
produces a rugged landscape with sharp curvature changes,
whereas TD-)\ yields a noticeably smoother surface without
altering the optimal region. This smoothing effect is crucial for

SHAC

SHACTDFixed

Fig. 3: Comparison between the loss landscapes computed
using the h-step return versus the TD-\ return. It is visible
that the TD- return yields a smoother loss landscape, without
altering the optimal solution.

FO-AC algorithms because the analytic simulation gradient is
highly sensitive to small perturbations in states and actions.

B. Learning results over the Ant environment

We now present the training results of our algorithms (see
Fig. 4a). For SHAC, replacing the h-step return with TD-\
directly improves the reliability of the gradient estimator. This
is reflected in the faster convergence and higher final perfor-
mance for SHACTDFixed. The learnable variant of \ further
improves performance by co-evolving with the critic, yielding
the highest final returns among all SHAC variants. The be-
havior of learnable \ is demonstrated in the left subfigure of
Fig. 4b, where it gradually decreases over time, consistent with
our expectations. Overall, SHACTDAdpt demonstrates greater
robustness than the vanilla SHAC, effectively enhancing both
performance and consistency. We observe improvements of
approximately 25% and 50% over the average performance of
the baseline SHAC (Fig. 5), respectively.

For the SAPO variants (Fig. 4a), we observe a trend similar
to that of the SHAC variants. As shown in the right subfigure
of Fig. 4b, the learnable temperature parameter o in SAPO
collapses early during training, causing the policy to become
prematurely deterministic. While a slowly recovers, the agent
continues to follow the locally optimal policy, leading to a
stall in performance. In contrast, the TD-A return provides
a more meaningful and stable gradient signal, allowing the
actors trained with SAPOTDFixed and SAPOTDAdpt to be
updated more smoothly toward a stable policy. This leads to
a sharper drop in entropy, which in turn causes « to recover
sooner once entropy falls below the target level. Since the
agent is already near a stable policy, an earlier reintroduction
of exploration triggers earlier policy improvements, which are
then continued throughout training. Consequently, our variants
SAPOTDFixed and SAPOTDAdpt outperform the baseline by
roughly 40% and 50%, respectively (Fig. 5).

C. Ablation study on the number of updates for A

Since the adaptive A module behaves similarly to a sec-
ondary value estimation component, one natural question is
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Fig. 4: Training metrics of the Ant environment. The bold
lines and the shaded part represent the means and standard
deviation, respectively. Our TDFixed and TDAdpt algorithms
outperform the baseline (SHAC and SAPO) by a good margin.
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Fig. 5: Evaluation results of each algorithm. All metrics
are normalized by the mean of SHAC episodic rewards.
Our TDFixed and TDAdpt variants of SHAC, respectively,
demonstrate significant improvements of approximately 25%
and 50%, whereas these are 40% and 50% for SAPO.

whether we should optimize them analogously. Specifically,
we would like to determine an appropriate update frequency
for A\ per each actor update. Recall that, by default, we
make only one full-batch gradient update for A using all the
collected data. In Fig. 6, we present our ablation study results
of the SAPO-based algorithms with the following settings:
(bx,my) = {(1,1);(1,0.5); (4,1); (4,2); (4,3)}. The results
are as expected: more frequent updates to A\ tend to overfit
the value function to the TD targets and degrade the model’s
learning ability. Once overfitting occurs, the policy collapses
into a near-deterministic regime, causing episodic rewards to
drop sharply, aligning with the trends observed in the bottom
right subfigure, where for the (by,my) = {(4,2);(4,3)}
settings, the performance plummets immediately after the
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Fig. 6: Ablation study results on the update frequency of .
The results were obtained using the SAPOTDAdpt algorithm
and averaged over 10 seeds. The parameter m) indicates the
number of iteration for the update of A per 1 actor update,
with m) = 0.5 indicating making 1 A update per 2 actor
update. The (bx,my) = (1,1) setting is our baseline. Overall,
updating A too frequently overfits the critic, harming policy
learning.
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Fig. 7: Ablation study results on the short horizon length .
Right: Episodic rewards - Evaluation and Total training time.
Left: Actor gradient variance - Training. The color green and
blue represent SAPO and SAPOTDAdpt, respectively. The
results are averaged over 10 seeds. Our SAPOTDAdpt shows
the ability to mitigate the unstable variance issue of the PW
gradient, fostering learning over a long learning horizon.

value loss crosses a critical threshold at around half way into
training. In contrast, a slower update schedule allows A to
evolve on a timescale closer to the critic’s learning dynamics,
preventing abrupt shifts in the return estimator. This stabilizes
value prediction and leads to higher final episodic rewards.
The comparable performance of the other three settings, with
a slight advantage over the (b, m)) = (4, 1) setting, confirms
that updating A at a moderate frequency is more beneficial.

D. Ablation study on the short-horizon length h

As discussed, the variance of PW gradient increases with
the length of the learning horizon, whereas the TD-\ return
mitigates the negative effect of long learning horizons by expo-
nentially discounting distant terms. Theoretically, this allows
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Fig. 8: Demonstration of the learned locomotion in the Go2 environment. Our algorithm produces a more natural forward gait:
while the baseline SAPO tends to generate a hopping pattern, SAPOTDAdpt trains the robot to adopt a gallop-like motion,

enabling it to achieve higher forward velocities.
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Fig. 9: Additional training results of Rewarped environments. Our methods demonstrate significant improvement over legged
locomotion environments. However, learning soft-body locomotion task is particularly challenging due to their highly nonlinear
dynamics with highly oscillatory, state-sensitive behavior. As demonstrated, without the adaptive A module, the TD-\ estimations
can be highly biased but still have low variance, leading to a value function that provides a bad gradient signal.

the TDFixed and TDAdpt algorithms to safely use larger h
and extract richer gradient information. To empirically validate
this observation, we train SHACTDAdpt and the baseline
SHAC while varying the horizon h € {32,40,48,64,80}. As
demonstrated in Fig. 7, increasing h causes the actor gradient
variance to increase by orders of magnitude - up to 10° - which
makes optimization significantly more difficult for the baseline
SAPO. In contrast, the TD-\ return effectively suppresses the
high-variance issue and keeps the variance consistently around
103, allowing the SAPOTDAdpt to exploit longer gradient flow
in its search for the optimal policy. Moreover, the policies
trained with h = 64 and h = 80 even slightly outperform the
baseline h = 32 by respectively achieving episodic rewards of
7018.64+538.36 and 6974.35+720.83 over 6877.21+£769.65

(Fig. 7, left). Although very long rollouts inevitably increase
memory usage and computational cost, these results highlight
the potential of our design to enable more sample-efficient
FO-AC algorithms in the future.

E. Additional results with locomotion tasks

We further evaluate our methods on two additional loco-
motion tasks from the Rewarped suite, as shown in 9. In the
Unitree Go2 quadruped environment, SHACTDAdpt delivers
a significant improvement over the baseline SHAC, which
fails to acquire meaningful forward locomotion over the same
number of training steps. For SAPO, both SAPOTDFixed and
SAPOTDAdpt consistently outperform the baseline by roughly
25% in asymptotic performance.



In the SoftJumper environment, the performance gains of
our algorithms are more modest. To this end, we hypothesize
that the gradients obtained from the h-step return are already
accurate and have low variance. Interestingly, SAPOTDFixed
fails to learn a locomotion policy altogether, whereas SAPOT-
DAdpt succeeds. This failure highlights the importance of
adaptive A\ scheduling: a fixed trace-decay parameter may be
ill-suited for environments with highly nonlinear dynamics.
Due to its challenging dynamics, the TD-\ return is prone
to yielding a highly biased estimate (though low variance),
which will eventually provide a worse gradient signal to the
actor. In contrast, the adaptive approach automatically adjusts
the bias—variance balance, preventing collapse and enabling
stable policy learning.

VI. CONCLUSION

In this study, we demonstrated that incorporating the lower-
variance, higher-bias TD-\ return into the optimization ob-
jective significantly enhances on-policy FO-AC algorithms.
Our approach stabilizes the PW gradient and mitigates the
exploding/vanishing issues that commonly arise in continuous-
control tasks with long decision horizons and contact-rich dy-
namics. To eliminate the need for manual A tuning, we further
introduced an adaptive mechanism that optimizes A\ online
through a value-fitting objective. This mechanism allows the
algorithm to automatically balance the bias—variance trade-off
throughout training, leading to more consistent learning be-
havior. Our empirical evaluations on challenging continuous-
control tasks demonstrate clear performance gains over SHAC
and SAPO, both in average return and training stability.
Ablation studies further reveal that TD-\ facilitates the use
of larger short-horizon lengths, allowing richer dynamics to be
captured without sacrificing robustness. More importantly, our
design is not restricted to these baselines, but can be integrated
into any on-policy FO-based frameworks. Therefore, for future
work, we are interested in exploring extensions to first-order
variants of well-established on-policy zeroth-order actor-critic
methods.
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