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Abstract—The discovery of overlapping community structures
in large-scale networks remains a crucial aspect of graph mining.
However, the existing methods face a fundamental trade-off
between computational efficiency and structural representation.
While traditional Density Peak Clustering (DPC) constitutes a
robust center selection strategy, it is constrained by O(N?)
complexity due to its pairwise distance calculations and limited
topological awareness. In this paper we propose GravSpec, a sub-
quadratic framework that reformulates DPC for non-Euclidean
graph manifolds. GravSpec comprises two key ideas: 1) A
spectral density estimation technique derived from Personalized
PageRank and 2) A Jaccard-weighted gravitational flow that
bounds the search space to the local adjacency manifold. We
demonstrate that GravSpec runs in near-linear time complexity
O(M+NlogN) and in O(M + N) space complexity. Results from
extensive experiments on LFR benchmarks and massive real-
world networks show that GravSpec outperforms its competitors.
Notably, in high-noise environments where traditional methods
degrade, our approach achieves up to a 34.8% improvement in
Overlapping Normalized Mutual Information (ONMI) and supe-
rior structural resolution on large-scale graphs. while ensuring
scalability for graphs containing millions of edges.

Index Terms—Overlapping Community Detection, Density
Peak clustering, Personalised PageRank, Manifold Learning,
Harmonic Function on graphs

I. INTRODUCTION

With the rapid growth of massive relational datasets, from
biological interaction networks to global social graphs, over-
lapping community detection has transformed from a periph-
eral task to a core requirement. Real-world networks are
inherently overlapping in nature, as nodes often participate in
multiple functional roles. As the network sizes reach the tens
of millions, the Scalability-Accuracy Gap makes most existing
frameworks impractical.

Community detection is extensively researched. Contem-
porary approaches fall into four major categories, each with
inherent limitations: 1) Partitioning and Spectral-based models
focus on disjoint partitioning of the graph. Methods like
Louvain [1] and Leiden [2] achieve near-linear modularity
optimization but can’t detect overlapping memberships of
nodes. Spectral methods identify low-conductance cuts using
the graph Laplacian but require a predefined community count
and have a complexity of O(NN?3), limiting their applicability

to large-scale graphs. 2) Overlapping-based methods: Label
propagation based approaches such as COPRA [3] and SLPA
[4] have near-linear time complexity but are unstable and are
prone to epidemic community formation where a single label
dominates the graph. Clique based methods for example CPM
[5] and RaidB [6] can naturally detect overlapping commu-
nities, but they are highly sensitive to clique size threshold
and are computationally intensive. Local expansion based ap-
proaches like OCLN [7] are efficient for finding communities
based on seed nodes, but they fail to capture the global
structure and are highly dependent on the quality of seeds se-
lected. Fuzzy based approaches such as NeSiFC [8] effectively
capture the soft memberships of network nodes, however their
scalability is limited due to O(n?) time complexity. Methods
like Bigclam [9] employ negative Matrix Factorization (NMF)
to model latent community memberships. Despite their effec-
tiveness, overlapping-based methods are parameter-sensitive
and computationally expensive. 3) Gravity-based approaches
(GCD) represent nodes as particles with “mass” (usually de-
gree) and apply simulations of Newtonian gravitational forces
(F = G™3™2), leading to O(N?) due to all-pair interactions.
GCD-based methods model nodes as celestial bodies, define
“mass” based on degree centrality, and use “force” to establish
relationships [10]. Since these methods depend on the degree
to compute mass, they are affected by high-degree noise. These
methods also have high computational complexity. 4) Density-
peak-based (DPC) [11] methods have a clear advantage as they
model community centers as local density peaks and identify
communities based on density variations. Approaches such as
DPOCD [12] extend DPC by calculating edge and point-link
strengths to quantify the distance between nodes. DPC-based
methods are either computationally intensive (O(N?)) or rely
on degree centrality, which fails to differentiate between a
community core and a high-degree bridge node.

In this context we propose GravSpec, a framework that
bridges the gap between scalability and structural resolution
by combining the spectral structural awareness and scalable
local propagation. The proposed approach is founded on
the insight that community assignment can be modelled as
Gravitational Flow on a spectral manifold. GravSpec has three



major innovations:

o Spectral-structural integration: GravSpec uses spectral
density calculated using Personalized PageRank instead
of degree-based density. The proposed strategy selects
community peaks based on a node’s stationary proba-
bility, thereby mitigating global structural influence and
local connectivity noise.

o Adjacency-Constrained Manifold: We overcome the
O(N?) bottleneck by defining Structural Distance & using
Jaccard-weighted adjacency. By confining parent search
to the graph’s adjacency manifold, we achieve a time
complexity of O(M + Nlog N).

« Adaptive Gravitational Propagation: We propose an
automated community seed selection mechanism based
on a statistical y-score (p x d) followed by a membership
flow phase that enables natural soft assignment of node
memberships without requiring a predefined number of
communities.

The remainder of this paper is organized as follows. Section
IT introduces the preliminaries, while Section III presents the
GravSpec methodology. Section IV reports the experimental
evaluation and discusses the results. Finally, Section V con-
cludes the paper.

II. PRELIMINARIES

Let G = (V, E) be an undirected, unweighted graph where
|V| = Number of nodes and |E| = Number of edges. Let A
be the adjacency matrix and D be the diagonal degree matrix,
where dii = Ej A”

A. Personalized PageRank (PPR)

The PPR vector 7, for a seed node s represents the station-
ary distribution of a random walk that periodically restarts
at s with probability (1 — «). It is the unique solution to
7s = angP + (1 — a)e; where P = D~ !A is the transition
matrix, « is the Damping factor and e, is the indicator vector
for node s. In GravSpec, we define the Spectral Density p,, as
the aggregate importance of node v when the restart vector is
uniform (v = 1/N).

B. Jaccard Structural Similarity

To measure the “closeness” of two nodes within the graph
topology, we utilize the Jaccard Coefficient. For nodes u,v €
V, the similarity J(u,v) is defined as:

[C(uw) NT(v)]

() = IRy UT ()

(D
where T'(u) = {w € V | (w,w) € E} U {u} is the
closed neighborhood of u. This metric captures the degree of

local connectivity overlap, providing a more robust “distance”
metric than simple edge weights.

Algorithm 1: GravSpec (Spectral-Gravitational Clus-
tering)

Input: Graph G = (V, E), Damping factor «, Overlap
threshold 7, Sensitivity k
Output: Set of overlapping community assignments C

/I Step 1: Spectral Density Estimation
for each node v; € V do
Initialize local residue r(v;) = 1, all other r(v) = 0
Initialize local PPR p(v) =0
while max(r) > ¢ do
Pick node u where r(u) > €
p(u) < p(u) + a - r(u)
for each neighbor v of u do
‘ r(v) «r@v)+ (1 —a) r(uw)/dw)
end
r(u) < 0

end

pi < p(vi)

//Density is the Self-Influence score
end

return p

/I Step 2: Structural Gradient & Distance Calculation

foreach node v €V do
Identify influencers

I (u) = {v € Adj(u) | pv > pu}
if TF(u) # 0 then
8y = minyer+ (o) (1 — Jaccard(u, v))
Parent(u) = argmin, ¢+ (,,) (1 — Jaccard(u, v))
end
else
0y = Max,eaqj(u) (1 — Jaccard(u, v))
Parent(u) = None

end
end

/I Step 3: Automated Seed Selection Compute
Yu = puy X Oy forall u eV

Set threshold T = .y + ko

Define Seeds S ={u eV | v, >T}

Assign each s; € S a unique identity vector myg,

/I Step 4: Gravitational Membership Flow Sort V in
descending order of density p
foreach node w € V '\ S (in sorted order) do
MY = Zvéﬁ(u) Wy M?  where

Jaccard(u,v)
Jaccard(u,w)

Wyv = 5=

welT (u)
if M} > 7 then
| Add v to community ¢
end
end
return C
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Fig. 1. Flowchart of the proposed algorithm.

C. The DPC Principle

The core of Density Peak Clustering relies on two variables
for each node i:

o Local Density (p;): A measure of the node’s importance.
e Min-Dist (§;): The distance to the nearest node with a
higher density:
0; = min dist(i, j) 2)
Jipi>pi
Nodes that simultaneously exhibit high values p and ¢
are recognized as the Community Peaks.

III. PROPOSED APPROACH

To address the O(N?) bottleneck of density peak-based
methods, GravSpec models the graph as a manifold, in which
communities are formed due to a gravitational attraction “pull”
toward spectral centers. Fig. 1 illustrates the flow of the
proposed algorithm. In this section, we present the phases of
the proposed approach, derive its time and space complexity
and demonstrate its convergence.

A. Spectral Density Computation

A common limitation of graph-based algorithm is “degree-
bias” where high-degree hubs are incorrectly identified as
community centers “peaks”. GravSpec addresses this limita-
tion by computing Spectral Density p. A uniform Personalised
Pagerank (PPR) is employed where the restart vector v is ini-
tialized to 1/N. Node density p,, is defined as the probability
of a random walker, after an infinite number of jumps and
restarts, visiting node u. This ensures that a node’s density
is measured by its structural centrality within its community
rather than by its mere degree. Thus, nodes in the dense core
of a community attain a higher spectral score than the nodes
in the sparsely connected bridge nodes at the boundaries.

B. Jaccard-Weighted Structural Gradient

Unlike classical DPC, which relies on all-pairs distance
computations for calculating the distance ¢ to a higher-density
neighbor, GravSpec uses a structural gradient to confine the
search to the adjacency manifold. For each node ¢, the parent
node Parent P(i) is assigned by searching its immediate
neighborhood I'(7). The parent is chosen as the neighbor j that
offers the optimal topological path towards a higher-density
region.

(1—=J(,5)) 3)

0; = min
JET(4),p;>pi

where J(i,j) is the Jaccard similarity between node i and
7, equation 2 explains Jaccard similarity. If a node doesn’t
have a neighbour with higher density, it is a local peak. The
0 of this local peak is initialized to the maximum observed
value. This phase restructures the input undirected graph into a
Directed Acyclic Graph (DAG), which captures the influence,
with every edge pointing “uphill” toward a density peak.

C. Automated Peak Selection using y-Outliers

In this, we calculate the ~-score of every node, which
is defined as v, = p; x §;. while nodes in the core of a
community will have high p and nodes in the boundary (bridge
nodes) will have high §, only those nodes which are true
peaks of a community will have high p and §. Now we
will employ a statistical filter based on the ~y-distribution.
The nodes with ~-score greater than T' = pu., + 20, are
selected as community seeds. In this phase, we truly adaptively
calculate the number of communities, thus overcoming the
manual filtration limitation of DPC-based methods and by
automatically selecting the community seeds, this method
eliminates the necessity for user-defined cluster numbers, a
well-known drawback of spectral clustering.

D. Gravitational Membership Propagation

In this phase, we enable the membership to flow down the
structural gradient, thus enabling soft overlapping member-
ships. For each seed node s, the membership vector M? is
initialized, where its own community index equals 1.0. All
remaining nodes are then processed in descending order of
density, where each node u acquires membership values from
its influencers (higher-density neighbors), with contributions
proportional to the Jaccard similarity between the nodes.

Zvelnﬂuencers(u) ‘](u’ U) MY
Zvelnﬂuencers(u) J(u7 U)

A node u is assigned to community c if its membership
value M* > 7, where 7 denotes the overlap threshold. This
approach enables nodes at the boundary of two (or more)
“gravitational peaks” to naturally belong to both, effectively
capturing the network’s inherent overlapping structure. Algo-
rithm 1 presents the pseudo-code of the proposed approach.

MY =

c

“4)

E. Time and space complexity Analysis

Time complexity: Now we will derive the time complexity
of the proposed approach. Let G = (V, E) be a graph with
N nodes and M edges. In the first phase, we use the power-
iteration method, in which the spectral density p converges



in T iterations (where in each iteration, sparse matrix-vector
multiplication of the transition matrix P is performed) leading
to O(T'-M). From our observation, for most real-world graphs,
T < 50 is sufficient for convergence. In the second phase, for
each node u, we compute the Jaccard similarity J(u, v) for its
immediate neighbors v € I'(u). In the worst case, the total cost
of performing set intersections at all edges is O(}, . d2).
However, for sparse real-world networks, it is effectively
O(M -d), where d is the average degree. In the third phase, we
sort nodes according to p, which costs us O(N log N). In the
fourth phase, we iterate over the nodes and, for each node u,
update its membership based on its neighbours; for this, each
edge is visited exactly once in the direction of the gradient.
This costs us O(M). When we combine the complexity, it
sums upto: O(T - M + M -d+ Nlog N + M). Since T and d
are small for sparse networks, we can concludes that GravSpec
identifies overlapping communities in O(M + N log N) time,
making the framework strictly sub-quadratic and suitable for
large-scale networks.

Space Complexity: The Adjacency list requires O(M +
N). We store the density p, distance d, and parent pointers,
which occupy O(N) space. We store the membership matrix
using a sparse dictionary, which in the worst case of extreme
overlap requires O(c - N), where c is the average number of
communities per node (typically ¢ < N). Thus, the space
complexity of GravSpec is O(M + N), making it scalable to
graphs with millions of nodes.

F. Convergence and DAG Stability

Consider the induced graph Ggrqq = (V, Egreq), Where a
directed edge (u,v) € Egrqq exists if and only if (u,v) € E
and p, > p,, is a Directed Acyclic Graph (DAG). Let’s
assume for the sake of contradiction that there exists a cycle
v] — vy — --- — v — v;. Then, by definition of the
edge directions, p,, < py, < 0 < Py, < pPo,, Which
is a contradiction, as it implies p,, < p,,. Therefore, the
graph contains no cycles. Now we prove that the Gravitational
Propagation phase is guaranteed to converge in a single pass.
Let the nodes be processed in the order vy, ve, ..., v, where
p(v;) > p(viq1). For a given node v;, its membership M"i
is determined solely by its higher-density neighbors. By this
ordering, these neighbours are always v; where j < <. Since v;
has been processed already and its membership was finalized
M?v¢ is calculated from stable values. By induction, every
node’s membership is finalized in one iteration.

G. Robustness of y-Scoring

We justify the automated peak selection using Chebyshev’s
Inequality. For any distribution of v, the probability that a node
is a “false peak” decreases as its value deviates further from
the mean. By setting the threshold at j., + 20, only nodes in
the top 5% of the structural core (peak) nodes are selected as
community seeds. Thus, it filters out the noise-induced local
maxima.

TABLE I
SPECIFIC PARAMETERS FOR LFR BENCHMARK GENERATION
Parameter Description Notation | Value
Number of nodes N 103 to 10°
Mixing parameter 7 [0.1,0.7]
Fraction of overlapping nodes on 10% — 50%
Overlapping memberships om [2,10]
Average degree k 20
Maximum degree mazk 50
Degree exponent 1 2
Community exponent T2 1
Min community size minc 20
Max community size maxrc 100
TABLE II
STATISTICS OF REAL-WORLD DATASETS
Dataset Acronym | Nodes Edges
Facebook-Ego FE 4,039 88,234
Autonomous Systems AS 6,474 13,233
Email-Enron EE 36,692 | 183,831
Github-Musae GM 37,700 | 289,003

IV. EXPERIMENTS AND RESULTS

In this section we will discuss the experimental setup and
analyse the results. We used a diverse set of 4 real and 256
synthetic networks to test the proposed GravSpec against its
competitors. We also use a diverse set of baseline and recently
proposed algorithms to assess the performance of the proposed
approach. Our goal is to test the robustness to topological
noise, handling of high-degree overlaps, and scalability to
million-node networks.

A. Experimental Setup

The details of the Synthetic networks generated by the
LFR benchmark generator [13] and the real datasets used
are given in Tables 1 and 2, respectively. We use the ONMI
[14] and Omega Index [15] for synthetic data where the
ground truth is available and for real-world datasets, we use
Extended Modularity [16] and Conductance [17]. We evaluate
the performance of GravSpec against a set of state-of-the-
art and recently proposed algorithms: COPRA [3], SLPA [4],
EdMot [18], OCLN [7], RaidB [6], and CoDeSEG [19].

B. Performance on Synthetic Networks

1) Robustness to Structural Noise: The primary advantage
of GravSpec is its resilience to topological noise. As shown
in the fig. 2, Gravspec maintains high structural integrity even
when most algorithms in the literature fail. At p = 0.7,
where 70% of the edges of a node are outside its community,
GravSpec achieves an ONMI of 0.709, outperforming the
next best competitor (SLPA, 0.525) by 34.8%. Methods like
COPRA and RaidB fail in networks with high entropy because
local voting mechanisms become unreliable. GravSpec miti-
gates this limitation by applying spectral density estimation as
a global low-pass filter, thereby stabilising gravitational cores
in the presence of topological noise.
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Fig. 3. Plot showing the performance of the algorithms with increasing
network size.

2) Scalability across network sizes: As shown in the fig.
3, GravSpec’s performance improves with increasing network
size. Our O(M + N log N) framework was tested on networks
from N = 103 to N = 10°. GravSpec exhibits near-linear
scaling, maintaining an ONMI > 0.93 and an Omega Index
of ~ 1.0 at the million-node scale, confirming that the sub-
quadratic complexity does not come at the cost of accuracy.

3) Handling Deep Overlaps: The fig. 4 shows the perfor-
mance of GravSpec and its competitors on networks with in-
creasing overlaps. Notably, at om=10, the proposed GravSpec
attains an ONMI value of 0.69, outperforming the second-best
performer SLPA by 12.2%. Methods such as EdMot rely on
edge motifs that become ineffective when node connectivity
is spread across numerous communities. Since the proposed
approach uses a continuous gravitational flow, allowing nodes
to participate in multiple communities, it performs well in
networks with deep overlaps.

4) Performance on Omega Index: The performance of the
proposed approach and its competitors, evaluated using the
omega index, is given in fig. 5. As shown, the proposed ap-
proach consistently outperforms its competitors across varying
network sizes, densities, overlaps, and complexities.
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Fig. 4. Plot depicting the performance of algorithms with increasing network
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C. Performance on real-world networks

Fig.6 shows the performance of the proposed approach
compared with competing methods on real-world graphs. The
proposed approach consistently achieves high eQ and low
conductance across large-scale real datasets. The superior per-
formance of GravSpec can be attributed to three key factors:
1) Denoising using Spectral Density: By leveraging spectral
density estimation, GravSpec effectively filters out transient
local edges and prioritises nodes that are structurally central
to the community manifold, resulting in a 34.8% perfor-
mance improvement on noisy LFR benchmarks. 2) Structural
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Gradient: unlike label propagation methods, which assign
equal influence to all neighbors, GravSpec employs a Jaccard-
weighted structural gradient, ensuring that membership “flow”
(propagation) is only towards structurally similar nodes and
preventing leakage effects seen in OCLN and COPRA. 3)
Manifold-Constrained Distance: GravSpec defines distances
on the graph manifold, thereby avoiding the quadratic com-
plexity of traditional Density Peak Clustering (DPC) while
retaining the ability to find communities of arbitrary shapes
and sizes.

V. CONCLUSION

In this paper, we introduced GravSpec, a new framework
for overlapping community detection that achieves spectral-
level accuracy with sub-quadratic complexity. By extending
the Density Peak Clustering approach for complex networks,
GravSpec effectively identifies communities of arbitrary shape
and remains robust under topological noise, achieving up to
34.8% higher ONMI than competing methods. With a scalable
O(M + Nlog N) complexity, GravSpec provides a practical
and efficient tool for uncovering latent structures in large-
scale networks. While GravSpec performs well, the current
implementation is designed solely for static, undirected net-
work structures. As future work, we would like to extend our
approach to Dynamic Networks, in which community centres
shift over time. A future extension could be incorporating
higher-order motifs to stabilize density estimation in sparse
graphs and automating the selection of membership thresholds
using the eigenvalue spectrum.
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