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Abstract—We develop a regularized Nyström method for solv-
ing large-scale unconstrained optimization problems that arise
in high-dimensional machine learning. In such settings, classical
second-order methods are often impractical due to prohibitive
computational and memory costs. While quasi-Newton methods
rely exclusively on first-order information and Newton-sketch ap-
proaches require large embedding matrices, the proposed method
achieves scalability by efficiently exploiting partial curvature
information. Specifically, we construct a regularized Nyström
approximation of the Hessian using a small subset of columns,
yielding an accurate and computationally efficient second-order
approximation. The method is compatible with both determin-
istic and stochastic optimization frameworks, including gradient
descent and stochastic gradient descent. To further reduce per-
iteration complexity, the regularized-Nyström inverse–gradient
product is computed directly without explicit matrix inversion.
We provide theoretical convergence guarantees and validate the
proposed approach through extensive experiments on benchmark
datasets. The results demonstrate clear computational advantages
over randomized subspace Newton and Newton-sketch methods
in high-dimensional regimes. We further illustrate the practical
effectiveness of the method on a brain tumor detection task,
highlighting its potential for real-world learning applications.

Index Terms—Nyström method, Large-scale Optimization, Big
Data Analytics, High-dimensional Machine Learning, Computa-
tional Efficiency

I. INTRODUCTION

H IGH-dimensional learning presents fundamental chal-
lenges for numerical optimization, particularly in mod-

ern machine learning applications where the number of fea-
tures can be very large. Domains such as bioinformatics,
text analysis, and medical imaging frequently involve tens
of thousands of dimensions, which makes many classical
optimization algorithms computationally inefficient or even
impractical. Consequently, developing optimization methods
that scale effectively with dimensionality while maintaining
reliable convergence and solution quality remains a central
problem in large-scale and high-dimensional learning.

In this work, we consider the large-scale unconstrained
optimization problem

min
w∈Rd

f(w), (1)

where f is twice continuously differentiable and convex, and
the dimension d is potentially very large, as is typical in big
data settings.

Second-order methods, most notably Newton’s method, are
attractive due to their fast local convergence and robustness to
ill-conditioning. However, their practical applicability to high-
dimensional problems is severely limited by the O(d3) compu-
tational cost and O(d2) memory requirements associated with
forming and inverting the Hessian matrix.

Existing approaches address this challenge through various
approximations. Quasi-Newton methods replace the Hessian
matrix with its approximation through a secant equation,
that improves the scalability. Newton-sketch methods employ
random projections to reduce dimensionality, but often require
large sketch sizes, undermining their computational benefits.
Randomized subspace Newton methods further reduce com-
plexity by projecting onto low-dimensional subspaces, though
they may discard informative curvature directions in high-
dimensional regimes.

To bridge this gap, we propose a regularized Nyström-
based approach that strikes a favorable balance between
computational efficiency and optimization effectiveness. By
constructing a low-rank Hessian approximation via carefully
selected column subsets, the proposed method preserves crit-
ical second-order structure while remaining scalable to high-
dimensional problems.

A. Background and Contributions

First-order optimization methods, including stochastic gra-
dient descent (SGD) [1], AdaGrad, stochastic variance-reduced
gradient (SVRG) [2], Adam [3], and stochastic recursive gradi-
ent algorithms such as SARAH, are widely used for large-scale
problems due to their low per-iteration cost of O(nd), where
n denotes the number of samples. Despite their scalability,
these methods often suffer from slow convergence, sensitivity
to hyperparameter choices, and degraded performance on ill-
conditioned problems.

Newton’s method avoids many of these drawbacks and
requires minimal tuning for self-concordant objectives, such
as ℓ2-regularized logistic regression. However, its per-iteration
complexity of Ω(nd2 + d2.37) [4] makes it impractical for
large-scale applications. To mitigate this, subsampled Newton
methods and randomized sketching techniques have been
proposed. Subsampled Newton methods compute Hessians on
small data subsets and are effective when d is moderate,



but become inefficient in high-dimensional settings. Newton
sketch methods [5] approximate the Hessian using random
embeddings, yet typically require sketch sizes proportional to
d, limiting their efficiency and low-rank appeal.

Several refinements have been introduced to improve
sketch-based Newton methods. The Newton-LESS method [6]
employs sparse embeddings to reduce computational cost
while maintaining convergence guarantees. The randomized
subspace Newton (RSN) method [7] approximates the Hessian
by projecting it onto a randomly sampled subspace, though it
may utilize only partial curvature information.

Nyström-based techniques offer an alternative by construct-
ing low-rank approximations through column sampling. Tal-
walkar [8] proposed the Nyström logistic regression algorithm,
leveraging the Nyström method to approximate the Hessian of
the regularized logistic regression.

Quasi-Newton methods, including LBFGS [9] and its
stochastic variants [10, 11, 12, 13], further reduce complexity
by approximating the Hessian inverse using gradient differ-
ences or Hessian-vector products. While effective in many
settings, these methods rely primarily on first-order informa-
tion and may fail to capture rich curvature structure in high-
dimensional problems.
Contributions: The main contributions of this work are as
follows. We propose a deterministic and stochastic regular-
ized Nyström Hessian approximation method for large-scale
unconstrained optimization. The Nyström approximation is
regularized using information derived from the gradient, and
its inverse is efficiently computed via the Woodbury identity.
We provide rigorous convergence analysis and theoretical
guarantees. Extensive numerical experiments on benchmark
datasets demonstrate the effectiveness of the proposed method
compared with existing approaches. Finally, we illustrate its
practical utility through a tumor classification task on brain
MRI data.

II. NYSTRÖM APPROXIMATION

Over the years, researchers have focused on low-rank ap-
proximations by selectively extracting key components of the
original matrix. One such popular method in this context
is the Nyström approximation [14], which is a low-rank
approximation of a positive semidefinite matrix. Derezinski
et al. [15] proposed improvements in the approximation guar-
antees of column subset selection and the Nyström method
using spectral properties.

Definition 1 (Nyström approximation). Let H ∈ Rd×d be
a symmetric positive semi-definite matrix. Then, choose m
columns of H randomly to form a d × m matrix C. Let
m×m be a matrix M such that it is formed by the intersection
of those m columns and corresponding m rows of H . Mk

is the best k-rank approximation of M . A k-rank Nyström
approximation Nk of H can be defined as

Nk = CM †
kC

⊤. (2)

where M †
k is a pseudo-inverse of Mk. Letting H = ∇2f(w)

to be a Hessian matrix of the objective function (1), following

theorem shows the distance between the Hessian H and the
Nyström approximation N of H .

Next, we propose the regularized Nyström algorithm for the
unconstrained optimization problem. Let H = ∇2f(w) be a
Hessian of the objective function, and we pick Ω ⊆ {1, . . . , d}
indices uniformly at random such that m = |Ω| and compute
the Nyström approximation as

Nk = CM †
kC

⊤ = ZZ⊤, (3)

where C ∈ Rd×m is a matrix consisting of m columns (m≪
d) of H , M is m×m intersection matrix of m columns and
m rows with same indices, and the rank of M is k ≤ m. We
first obtain the best k rank approximation using the singular
value decomposition (SVD) of Mk as Mk = UkΣkU

⊤
k ,

Uk ∈ Rm×k are singular vectors and Σk ∈ Rk×k consisting
of k singular values. Then we compute the pseudo-inverse
M †

k = UkΣ
−1
k U⊤

k . Using UΣ
−1/2
t from the pseudo-inverse

of M and C, we compute Z = CUkΣ
−1/2
k ∈ Rd×k, and

we get Nk = ZZ⊤. Note that the number of columns m is
a hyperparameter.
Example 1. ℓ2-regularization: In this example, we present
the elation between ℓ2 regularization and fixed rank Nyström
approximation. Consider ℓ2 regularized objective function

min
w∈Rd

{
f(w) :=

n∑
i=1

fi(w) +
λ

2
∥w∥2

}
, (4)

where each fi are convex, twice continuously differentiable,
and λ ≥ 0, and hence f is strongly convex function. Then
the Hessian of ℓ2-regularized function can be given as H =∑n

i=1∇2fi(w) + λI and λmin(∇2f(w)) ≥ λ. The formu-
lation of column matrix C = HS =

(∑n
i=1∇2fi(w)

)
S +

λS⊤I and matrix M = S⊤HS = S⊤ (∑n
i=1∇2fi(w)

)
S+

λS⊤S ∈ Rm×m. Since m ≥ 1 and entries of S are sampled
independently with rank(S) = m, matrix M becomes positive
definite and hence it becomes the fixed ranked Nyström
approximation, which also helps in the convergence to get
minimum eigenvalue of M−1. Hence, we can obtain Nyström
approximation using S,

N = (HS)(S⊤HS)−1(HS)⊤ = CM−1C⊤

for fixed rank Nyström approximation.

III. METHODOLOGY

The second-order optimization methods often utilize the
regularized approximated Hessian. Regularized parameters
can be obtained through approaches such as the trust-region
method or by adaptively determining the regularization param-
eter based on the gradient information [16, 17].

To ensure the non-singularity and obtain a descent direction,
we compute a regularized Nyström approximation. An iterate
of the regularized Nyström approximation is given by

wt+1 = wt − ηt(N t + ρtI)
−1∇f(wt). (5)

We call our novel method “NysReg-gradient: Regularized
Nyström gradient method (NGD)”. The regularized parameter



ρt > 0 is determined based on the gradient information.
Specifically, we set ρt = c1∥∇f(wt)∥γ as similar to [16],
where c1 > 0. We consider ρt to be either c1

√
∥∇f(wt)∥ for

γ = 1/2, c1∥∇f(wt)∥ for γ = 1, or c1∥∇f(wt)∥2 for γ = 2
as shown in Table I. We denote ∇f(wt) = gt for the rest of
paper.

TABLE I: Relation between proposed methods and value of γ
Method Value of γ Regularizer ρt Regularized Nyström

NGD γ = 1/2 ρt = c1∥gt∥1/2 N t + c1∥gt∥1/2
NGD1 γ = 1 ρt = c1∥gt∥1 N t + c1∥gt∥1
NGD2 γ = 2 ρt = c1∥gt∥2 N t + c1∥gt∥2

To efficiently compute the inverse of (N t+ρt) given in (5),
we use the Sherman–Morrison–Woodbury identity as

pt = (N t+ρtI)
−1gt=

1

ρt
gt−QtZ

⊤
t gt, (6)

where pt is search direction at tth iteration, N t is Nyström
approximation computed at wt, gt is a gradient computed
at wt and Qt = 1

ρ2
t
Zt(Ik + 1

ρt
Z⊤

t Zt)
−1. Here, (Ik +

1
ρt
ZtZ

⊤
t ) ∈ Rm×m, and its inverse can be computed much

more quickly than the inverse of (N t + ρtI) directly. We use
the backtracking line search with Armijo’s line search rule that
finds a step size ηt = α(ℓ) = τα(ℓ−1), starting from ℓ = 0, the
initial step size η0 = α(0), and finds the least positive integer
ℓ ≥ 0 and increased ℓ by ℓ+ 1 until the

f(wt + α(ℓ)pt) ≤ f(wt) + α(ℓ)βg⊤
t pt, (7)

holds, where α, β ∈ (0, 1). Next, we introduce the main
algorithm.

Algorithm 1 NysReg-gradient: Regularized Nyström-Gradient
Algorithm

1: Initialize Initial parameters w0, desired rank |Ω| = m,
α, β ∈ (0, 1), and maximum iterations tmax

2: t← 0
3: repeat
4: gt = ∇f(wt)
5: randomly pick indices set Ω ⊆ {1, 2, . . . , d} such that

m = |Ω|
6: compute Ct (Ω columns of the Hessian)
7: compute Zt using (3) and compute ρt
8: Qt =

1
ρ2
t
Zt(Ik + 1

ρt
ZT

t Zt)
-1

9: Compute pt = (N t + ρtI)
−1gt using (6)

10: Use backtracking line search with Armijo’s rule to find
ηt using (7)

11: wt+1 = wt − ηtpt

12: t = t+ 1
13: until t = tmax or some termination criteria is satisfied
14: return wt

A. Computational Complexity

Consider an ℓ2-regularized logistic regression objective
function as given in equation (16). The proposed approach
incurs a cost of O(ndm) to compute Ct. The cost of com-
puting the SVD of M t = U tΣtU

⊤
t is O(m3). Since Σt

is diagonal, the pseudo-inverse can be computed simply by
inverting diagonal elements, which is negligible as m ≪ d
and O(dmk + m3) for the computation of Zt. Lastly, the
cost of Qt is O(dm2+m3) for the Sherman-Morrison update
(ZtZ

⊤
t + ρtI)

−1gt. Thus, the overall computational cost per
iteration stands at O(ndm + dmk + dm2 + m3), which is
directly proportional to that of the first-order method and
significantly lower than O(d3+nd2) that of Newton’s method
and O(ndm+ d3) that of Newton-sketch.

B. Stochastic Variant

In this subsection, we discuss the stochastic variant of the
NGD, we compute the mini-batch stochastic gradient at every
iteration. We compute the regularized Nyström N τ + ρτI ,
once per epoch with regularized parameter1 ρτ = c1 and
kept fix throughout the run. It is important to note that fix
regularized parameter employed to maintain the stability of
the iterates as using stochastic gradient ρτ = c1∥∇fi∥γ cause
instability and oscillations. The search direction is given by
(N τ + ρτI)

−1gt−1,τ . We call this variant NSGD. Further-
more, we employ a diminishing step size ηt for the stochastic
variant NSGD.

IV. CONVERGENCE ANALYSIS

In this section, we provide analysis that offers insights
into the overall convergence behavior of the algorithm. It is
important to note that our convergence analysis is based on
the objective function defined in equation (4).

Assumption 1. i) The objective function (4) is twice contin-
uously differentiable and f is Lg-smooth, i.e.,

∥∇2f(wt)∥ ≤ Lg, ∀ wt ∈ Rd. (8)

ii) The objective function (4) is strongly convex. iii) The
Hessian of the objective function is LH -Lipschitz continuous.

Assumption 2. For all x,y, the gradient is Lipschitz, i.e.,

∥∇f(x)−∇f(y)∥ ≤ Lg∥x− y∥.

Lemma 1. Under Assumptions 1-2, with step size ηt obtained
by Armijo line search and m ≥ 4/ε2 sampled columns, then
expected error satisfies:

E[∥wt+1 −w∗∥] ≤ σt∥wt −w∗∥+ ζt∥wt −w∗∥2

where

σt =

Å
1− ηtλ

λ+ ρt
+

ηtLE
ρt(λ+ ρt)

ã
and, ζt =

ηtLH

2(λ+ ρt)
.

1Note that the regularization parameter ρτ is a fixed scalar selected via
grid search; it is neither derived from full-batch gradients nor from stochastic
gradients.



Proof. Let the NGD iterates given as follows:

wt+1 = wt − ηt(N t + ρtI)
−1gt

wt+1 −w∗ = wt −w∗ − ηt(N t + ρtI)
−1gt

+ ηt(Ht + ρtI)
−1gt − ηt(Ht + ρtI)

−1gt

= wt −w∗ − ηt(Ht + ρtI)
−1gt︸ ︷︷ ︸

Part I

+ ηt[(Ht + ρtI)
−1 − (N t + ρtI)

−1]gt︸ ︷︷ ︸
Part II

(9)

Using Taylor’s expansion and Lipschitz continuity of Hes-
sian, we get gt = Ht(wt − w∗) + rt (where rt =∫ 1

0

(
∇2f(w∗ + t(wt −w∗)−∇2f(wt)

)
(wt − w∗) dt =

O(∥wt−w∗∥2) as ∥rt∥ ≤ LH∥wt−w∗∥2/2) and substituting
in Part I and we obtain,

wt −w∗ − ηt(Ht + ρtI)
−1gt

= wt −w∗ − ηt(Ht + ρtI)
−1(Ht(wt −w∗) + rt)

= wt −w∗(I − ηt(Ht + ρtI)
−1Ht)− ηt(Ht + ρtI)

−1rt

Taking norm, we get

∥I − ηt(Ht + ρtI)
−1Ht)∥∥wt −w∗∥

≤
Å
1− ηtλ

λ+ ρt

ã
∥wt −w∗∥. (10)

The second inequality comes from spectral contraction as
h(x) = 1 − ηtx

x+a is strictly decreasing for x > 0 and attains
maximum at x = λmin(H) = λ along with ηt ≤ 1.

ηt∥(Ht + ρtI)
−1∥∥rt∥ ≤

ηtLH

2(λ+ ρt)
∥wt −w∗∥2, (11)

Note that, f is convex with λ being a ℓ2-regularizer, making
it λ-strongly convex, and hence Ht positive definite with
λmin(Ht) = λ. Next, taking norm on Part II, we obtain

ηt∥(Ht + ρtI)
−1−(N t + ρtI)

−1∥∥gt∥

≤ ηtL∥Ht −N t∥
ρt(λ+ ρt)

∥wt −w∗∥,

which directly follows from upper bounds of ∥(Ht+ρtI)
−1∥,

∥(N t+ρtI)
−1∥ and Lipschitz continuity of the gradient. Next,

we take expectation of Part I and Part II inequalities, and
using E∥Ht −N t∥ ≤ λk+1(Ht) + ϵ

∑d
i=1 H

2
ii,t =: E from

[14][Theorem 3], we obtain

ηtLE∥Ht −N t∥
ρt(λ+ ρt)

∥wt −w∗∥ ≤
ηtLE

ρt(λ+ ρt)
∥wt −w∗∥.

Finally, summing up the inequalities of Part I and Part II,
we obtain the desired upper-bound.

Lemma 2. Under Assumptions 1-2, let {wt} be the iterates
generated by NGD1. If the regularized parameter is chosen as
ρt = c1∥gt∥, with some c1 > 0 in NGD1, then

c1λ∥wt −w∗∥ ≤ ρt ≤ c1L∥wt −w∗∥. (12)

Since the regularized parameter of NGD1 has γ = 1 in good
agreement with the strongly convex and Lipschitz gradient
inequality, we prove the convergence of NGD12.

Theorem 1 (Local linear convergence to a neighborhood).
Under Assumptions 1–2, define

R := min

ß
λ

c1L
,
ηminλ

4LH

™
, δE :=

8LE
ηminc1λ2

. (13)

Assume that the Nyström approximation error satisfies δE ≤
R. Then, for any iterate wt of NGD1 such that

δE ≤ ∥wt −w∗∥ ≤ R, (14)

the iterates satisfy

E∥wt+1 −w∗∥ ≤
(
1− ηmin

4

)
∥wt −w∗∥. (15)

V. NUMERICAL EXPERIMENTS

We begin by describing the experiment setup for numerical
experiments. We performed Figure experiments on MATLAB
R2018a on Intel(R) Xeon(R) CPU E7-8890 v4 @ 2.20GHz
with 96 cores and Figure on MATLAB R2019a on Intel(R)
Xeon(R) CPU E5-2620 v4 @ 2.10GHz with 32 cores. We
implemented the existing and proposed methods in MATLAB
using the SGDLibrary [18]. We solve on standard learning
problems, that is, the ℓ2-logistic regression:

min
w

F (w) =
1

n

n∑
i=1

log
[
1 + exp(−biaTi w)

]
+

λ

2
∥w∥2, (16)

where ai ∈ Rd is feature vector and bi ∈ {±1} is target label
of the i-th sample, and λ is a ℓ2 regularizer. We evaluated
the numerical experiments on benchmark datasets given in
Table II. The datasets are binary classification problems and
all datasets are available on LIBSVM [19]. We demonstrate
the performance of the proposed and existing methods on the
ℓ2-regularized logistic regression problem. We optimize the
constant c1 in regularizer ρt = c1∥gt∥γ using a grid search
c1 ∈ {100, 10−1, 10−2, 10−3}. For each method, the best-
performing model was selected based on the minimum cost
error on the training.

TABLE II: Details of the datasets used in the experiments
Dataset Dim Train Test Density
adult3 123 + 1 32,561 16,281 0.1128
gisette3 5, 000 + 1 6,000 1,000 0.9910
epsilon3 2, 000 + 1 50,000 50,000 1
real-sim3 20, 958 + 1 57,909 14,400 0.0024
w8a3 300 + 1 49,749 14,951 0.0388

First, we study the performance of NGD, NGD1 and NGD2
to see the behavior of different ρ = c1∥gt∥γ , where γ = 1/2
for NGD, γ = 1 for NGD1 and γ = 2 for NGD2. We
computed the ℓ2-regularized logistic regression with λ = 10−5

on the ijcnn1 and adult datasets. To avoid numerical instability
when ∥gt∥ becomes very small, we use a safeguarded regular-
ization parameter of the form ρt = c1 max{c0, |gt|γ}, where
c0 > 0 is a very small constant.

2One can easily obtain the proof of main Theorem for NGD and NGD2
by subtituting γ = 1/2 and γ = 2 in Lemma 2.

3Available at LIBSVM [19] https://www.csie.ntu.edu.tw/cjlin/libsvm/
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Fig. 1: Left figure shows the experiments on adult for m = 25
and right figure shows the experiments on ijcnn1 for m = 5.

Figure 1 shows that NGD1 outperforms NGD and NGD2
for the adult dataset and NGD outperforms NGD1 and NGD2
for the ijcnn1 dataset. Therefore, in the next subsection, we
consider NGD and NGD1 to compare the behavior with
varying numbers of selected columns.

First, we demonstrate the comparison of various sketch sizes
(no. of selected columns) for high-density data gisette and
sparse data w8a on logistic regression with λ = 10−5 to ob-
serve the robustness of the proposed methods to eshtablish the
efficiency of the proposed method. We keep the same c1 in ρt
for each dataset to compare the different numbers of selected
columns. Figure 2(a) shows the numerical performance for
the gisette dataset, due to the high density only m = 250(5%)
columns are sufficient to obtain the minimum value of the
objective function within the comparative CPU time along
with norm of gradient.
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Fig. 2: Column comparison: Left column(a) shows experi-
ments on gisette dataset and right column(b) shows experi-
ments on w8a

Similarly, for the w8a dataset we computed NGD and
Figure 2(b) obtain the similar minimum value of the objective
function in the comparative CPU time and norm of the
gradient.

We next compare the NGDs with the randomized subspace

Newton (RSN) [7]. To have a fair comparison of the subspace
Newton, we compute the RSN with the Armijo’s rule with
backtracking line search (instead of 1/L) and compute RSN
exactly as given in [7, definition 4] for generalized linear
models. We compute the logistic regression with λ = 10−5

and compare NGDs and RSN in Figure 3.
For the gisette data, In Figure 3, NGD1 outperforms all

methods in terms of achieving minimum cost and in reducing
the norm of gradient along with test accuracy. However, NGD2
and RSN performs similar in all expects. As for the w8a
dataset, Figure 3, NGD outperforms all methods in terms of
achieving minimum cost. However, RSN and NGD2 works
similar in reducing cost of objective function and RSN reduces
the norm of gradient as similar to other NGDs.
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Fig. 3: Comparison with RSN for gisette dataset with m = 250

Subsequently, we compare the NGDs with the Newton
sketch(NS) [5]. We compare the raw Nyström with the
Hessian approximation of NS in terms of closeness with
the Hessian. NS computes the Hessian approximation as
(∇2f(w)1/2)⊤P⊤P (∇2f(w)1/2), and it is important to note
that the P ∈ Rm×n, where n is the number of samples
and m is the sketch size. In Figure 4 we conduct numerical
experiments on w8a, realsim and gisette datasets. We provide
the comparison of norm difference with Hessian and its CPU
time as m increases. We conduct these numerical experiments
on the logistic regression. It is important to note that we use
the logistic regression for gisette without ℓ2 regularization. For
the w8a dataset, we keep the ℓ2-regularized logistic regression
with λ = 10−5. Hence the rank of H for w8a data is full.

As shown in Figure 4 (a) and (b), Nyström approximation
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Fig. 4: Comparison between Nyström and Newton sketch
where red shows difference between Hessian and Nyström and
black shows difference between Hessian and Newton-sketch

outperforms the Newton sketch as m increases with the less
CPU time for w8a in lesser CPU time compared to NS.
Whereas in Figure 4 (e) and (f), the distance norm between
Hessian and Nyström decreases significantly as m increases
and takes more CPU time after m ≈ 1000 compared to
NS. However, we do not need to compute Nyström for large
number of m, as we have seen in Figure 2, only 5% to 15%
of d can give sufficient decrease in the objective function.

In the next step, we compared the proposed methods NGD,
NGD1, and NGD2 with the existing classical first-order gra-
dient descent and the state of the art second-order Hessian
approximation method L-BFGS method [9]. The memory used
in the L-BFGS method was set to 20.We show the norm
of the gradient with respect to iterations. igure 5 shows
the performance of experiments on logistic regression with
λ = 10−5. As shown in Figure 5(a), NGD1 outperforms all
other methods in terms of both CPU time and iterations in
terms of both training cost and the norm of the gradient. L-
BFGS takes more CPU time compared to all variants of NGDs
till the cost of 10−5. Also, GD shows improvements after the
20th iteration and outperforms in terms of the test error, and
NGD2 shows some increment in the test accuracy after the
30th iteration. Figure 5(b) shows that the NGDs are performing

almost similarly and outperform the L-BFGS and GD in terms
of the training cost, testing error, and test accuracy. NGD and
NG1 outperform all of the methods in terms of the norm of
the gradient.
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Fig. 5: Experiments on the deterministic methods: Left column
(a) shows experiments on gisette dataset with m = 500 and
right column(b) shows experiment on epsilon with m = 200.

Following this, we evaluate the performance of NSGD on
the well-known deep models on the Imagenet dataset.
Experimental Setup: We compared our method with the first-
order methods SGD and the well-known approximate second-
order method KFAC [20] on ResNet152 [21] and EfficientNet
models.
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Fig. 6: Effect of the ρ on the
test accuracy for ResNet18 on
imagenet dataset.

For NSGD, we used ρ =
0.1 and fixed the m =
log2 |w|, where |w| is the
number of parameters in the
respective model. We used a
batch size of 128. We used
a random sample of size
of min{6400, n × 0.01} to
compute the partial Hessian
C for Nyström SGD. The
update frequency used to re-
estimate the preconditioner
in KFAC and its variants
is set to 200, as used in
their experiments. The ImageNet results were computed on
a Quadro RTX 8000 GPU.

Figure 7 presents the results of the ResNet152 and Ef-



ficientNet on the ImageNet dataset. The proposed method
outperformed both the SGD and KFAC for both the models
in terms of training loss as well as test accuracy, showing the
better optimization and generalization ability of the trained
models. Table III shows the computational time comparison of
methods. The per update computational time of the Nyström
SGD on ResNet152 is 1.703 seconds which is slightly slower
than SGD and KFAC. To further speed up the Nyström SGD
is an interesting future work. Figure 6 shows the effect of the
ρ parameter for ResNet18. As can be seen, the ρ parameter
affects the model performance. We found setting ρ = 0.1
performs well in practice.

TABLE III: Per iteration computational time (seconds). [*For
KFAC on EfficientNet with batch size 128 could not fit into
memory]

Model Method Batch Update Time Hessian
SGD 128 1.006 -

ResNet152 KFAC 128 1.064 -
NSGD 128 1.060 0.643
SGD 128 0.341 -

EfficientNet KFAC 64* 1.173 -
NSGD 128 0.347 2.620
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Fig. 7: Results on Imagenet using ResNet152 and EfficientNet,
respectively.

The codes of the proposed method is available at: https:
//github.com/hardy-opt/Nys Reg.

VI. APPLICATION: TUMOR DETECTION

Brain MRI is a standard imaging modality for the diagnosis
of brain diseases, including tumor detection. Due to the
complexity of this task, deep neural networks have become
increasingly popular. These models are typically trained using

first-order optimization methods. However, when the number
of training samples is limited, such methods often struggle to
produce stable and well-generalized models in the presence
of a large number of parameters. In this work, we study brain
MRI images for tumor detection using a dataset of 253 images,
consisting of 155 tumor cases and 98 healthy cases, with a
feature dimension of 1000.

We adopt a transfer learning framework, which is well suited
for brain MRI and biological applications with limited data.
In deep architectures, lower layers capture generic representa-
tions, while higher layers are task specific. As a result, fine-
tuning is commonly restricted to the top layers. The learning
problem is formulated as min f(w) where f is ℓ2-regularized
logistic regression given in (16). To fine-tune the top layers of
the pre-trained network, we propose an NGD algorithm that
constructs a partial Hessian of size d × m using uniformly
sampled parameters with m ≪ d, and applies the Nyström
method to approximate the full Hessian.

Fig. 8: Sample Images from MRI dataset [22], Top row:
Tumor, Bottom row: Healthy
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Fig. 9: Comparison of NGDs with existing methods on MRI
dataset (m = 200)

Figure 9 shows that NGD1 outperforms other methods in
terms of training cost in the least CPU time. Newton’s method
outperforms in terms of decreasing the norm of the gradient.
Additionally, all NGDs are giving competitive behavior to each
other in terms of the norm of gradient. GD and L-BFGS are
not able to give competitive results in terms of test accuracy
and test error. Also, all NGDs and Newton’s methods have the



upper hand in achieving better test accuracy and test error.

VII. CONCLUSION

In this paper, we introduce a regularized Nyström ap-
proach for Hessian approximation and develop both deter-
ministic and stochastic optimization methods for solving the
resulting objective. We provide a comprehensive convergence
analysis, including theoretical results based on the distance
between the exact Hessian and its Nyström approximation.
Extensive numerical experiments are conducted to evaluate
the proposed methods against randomized subspace Newton,
Newton sketch, and several first-order and quasi-Newton al-
gorithms. The results demonstrate that the proposed approach
is robust and achieves accurate Hessian approximation us-
ing only c̃ log(d), where c̃ ∈ {1, 2, 3, 4} corresponding to
approximately 5–15% of the dimension for the benchmark
datasets considered in our experiments. We further extend
our evaluation to a deep learning application on brain tumor
detection showing strong practical performance, highlighting
its potential for real-world learning tasks.
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