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Abstract—Recurrent neural networks are powerful tools for
learning and generating complex temporal dynamics yet training
them to efficiently produce stable and robust patterns remains a
significant challenge. In this study, we propose a novel learning
method that integrates a local Hebbian-like plasticity mechanism,
Qja’s rule, with the global feedback provided by first-order re-
duced and controlled error (FORCE) learning within a reservoir
computing model. We demonstrate that this combined approach
enhances the network’s ability to learn periodic target dynamics,
achieving significantly faster convergence from arbitrary initial
states than the conventional FORCE model while generating
dynamics that are robust to noise. Through eigenmode analysis
of the recurrent weight matrix, we show that the learning
process systematically forms a low-rank connectivity structure
characterized by the emergence of dominant outlying eigenvalues.
We further demonstrate that Qja’s rule captures essential modes
of the network dynamics and embeds them within this low-
dimensional structure. This work establishes a clear pathway
from local synaptic learning rules, through the formation of
a global low-rank architecture, to the emergence of robust
computational function in recurrent neural networks.

Index Terms—reservoir computing, echo state networks,
FORCE learning, synaptic plasticity, Oja’s plasticity rule, low-
rank connectivity structure

I. INTRODUCTION

Understanding the neural principles underlying the brain’s
remarkable ability to generate and control complex temporal
patterns remains a central challenge in neuroscience. Artificial
neural networks, particularly recurrent neural networks, have
emerged as valuable computational models for elucidating
the neural mechanisms that support dynamic cognitive and
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behavioral processes [1], [2], such as working memory [3],
[4] and rhythmic pattern generation [5], [6].

Reservoir computing is an efficient paradigm for recurrent
neural networks in which only the output (readout) weights are
trained, whereas the high-dimensional recurrent connectivity
(the ‘reservoir’) remains fixed [7], [8]. When output is fed
back into the reservoir, the network learns to perform one-step-
ahead prediction of a target time series. After training, the sys-
tem can autonomously generate the learned pattern, including
complex and chaotic dynamics, by iteratively feeding its own
output back as input [8]-[12]. A widely used algorithm for this
purpose is first-order reduced and controlled error (FORCE)
learning, an online method that trains the readout weights to
minimize the error between the network output and a target
signal [9]. A key feature of this approach is its use of strong
output feedback, which stabilizes neural activity within the
reservoir and enables robust learning and reproduction of a
wide range of complex patterns.

In essence, this capability means that the network forms a
stable attractor corresponding to the target pattern. Even when
the network state is initialized far from this pattern, the closed-
loop dynamics guide the output to converge toward the target.
This property of forming stable attractors has been exploited to
generate trajectories for robot movements [13]. For example,
a reservoir computer can be trained on a desired trajectory
for a robotic arm, which subsequently drives the robot. If the
robot’s state, such as its position, is abruptly perturbed by an
external force, including a collision, the network automatically
generates a trajectory that smoothly returns the system to the
target path.

One promising approach to enhancing the performance of



reservoir computing is the introduction of unsupervised, local
plasticity rules within the reservoir network. Previous studies
have shown that Hebbian-type plasticity, which strengthens
connections between co-active neurons [14], improves the
reservoir’s computational capabilities [15], [16]. In addition,
the effectiveness of anti-Hebbian plasticity has been demon-
strated in this context [17], [18]. However, it remains unclear
how such local plasticity mechanisms interact with the attrac-
tor dynamics established by global, error-correcting algorithms
such as FORCE learning. This gap motivates a key question:
Can integrating a local, biologically plausible plasticity rule
facilitate learning guided by a global teaching signal? More
specifically, can a Hebbian mechanism operating on recurrent
connections accelerate the formation of a target pattern attrac-
tor while simultaneously shaping network connectivity into a
more robust and efficient structure?

To address this question, this study proposes a novel learn-
ing framework that integrates Oja’s rule, a canonical and
stabilized form of Hebbian plasticity [19], into the FORCE
model. In this model, recurrent synapses are updated via Oja’s
rule, while readout weights are adapted using the recursive
least squares (RLS) algorithm to track a target pattern. Oja’s
rule is well known for performing online principal component
analysis (PCA), effectively extracting the highest-variance
dimensions from input signals [19]. We hypothesize that as the
RLS algorithm steers network activity along a target trajectory,
Oja’s rule captures the principal modes of this activity and
embeds them into the network’s connectivity structure. We
demonstrate that this synergistic approach not only acceler-
ates convergence to the target pattern from arbitrary initial
states but also forms a robust low-rank connectivity matrix.
Eigenmode analysis reveals that this structural adaptation
manifests as the emergence of dominant outlying eigenvalues,
establishing a clear structural substrate for the network’s stable
attractor. This work thus elucidates a mechanism through
which local plasticity and global feedback cooperate to con-
struct resilient neural representations of temporal patterns.

II. METHODS

A. FORCE learning

The proposed method utilizes the FORCE learning algo-
rithm with a firing-rate neuron model [9], as illustrated in
Fig. 1. A reservoir consisting of a random recurrent neural
network is designed to spontaneously generate chaotic neural
activity. The network output is calculated as a weighted linear
sum of the states of all neural units, and the readout weights
are updated online to minimize the error between the output
and a target time series. This output is then fed back into the
reservoir, suppressing chaos and stabilizing network dynamics.
Consequently, the trained reservoir autonomously generates
the target pattern. In contrast to standard reservoir computing,
in which recurrent weights remain fixed, this study introduces
synaptic plasticity in these connections. This plasticity is
applied during a training phase, and Gaussian noise is injected
into each neural unit during both training and test phases.
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Fig. 1. Overview of the model architecture. The network output y(t) is

computed as a weighted linear sum of the reservoir activity x(¢) and is
subsequently fed back into the reservoir. During the training phase, the readout
weights are updated using the RLS algorithm, indicated by dashed arrows.
Simultaneously, recurrent connections within the reservoir are modified ac-
cording to Oja’s plasticity rule, while noise is injected into each neural unit.
In the test phase, readout training and synaptic plasticity are deactivated.

We consider a reservoir composed of N neural units that
generate N, -dimensional output. The dynamics of the reser-
voir state x(t) € RY are governed by the following equations:

x(t+1) = <1 - 1) x(t) (1)

£ (WK + Wiy (1) + (1)
tanh(x(1)), @

r(t)

where 7, y(t) € R, W(t) € RV*N Wy, € RV*No,
and €(t) € RN denote the time constant, output, recurrent
weight matrix, feedback weight matrix, and the noise term,
respectively. The initial x(0) is drawn from a uniform distri-
bution over the interval [—1,1]. The initial W(0) is a sparse
matrix with connection probability p. Its nonzero elements
are drawn from a Gaussian distribution with zero mean and
a standard deviation (SD) of g/+/pN, where g denotes the
gain of the recurrent weights. Finally, all diagonal elements of
‘W (0) are set to zero to prevent self-connections. The elements
of Wy, are drawn from a Gaussian distribution with zero
mean and an SD of gg,/ V/N,, where g, denotes the gain
of the feedback weights, and is held fixed during training and
testing. The vector €(t) represents Gaussian noise, drawn from
a multivariate normal distribution with a zero mean vector and
a diagonal covariance matrix, as shown below:

€(t) ~ N(0,0°T), 3)

where o and I € RY*N denote the SD, or amplitude of the
noise, and the identity matrix, respectively.
As a linear readout of r(t), y(t) is computed:

y(t) = Wo(t)r(t), @)

where W, (t) € RNo*N denotes the readout weight matrix,
which is initialized with all zeros.



TABLE I
PARAMETER VALUES
Parameter  Description Value
N Network size of reservoir 500
No Number of output dimensions 2
g Gain of reservoir weights 1.5
9tb Gain of feedback weights 3.0
T Time constant 10
o Noise amplitude 1
p Connection probability 0.1
o' Initial value for RLS 1
n Learning rate for Oja’s rule 5.6e—5

B. Learning algorithms

During the training phase, W, (¢) is updated using the RLS
algorithm [20]. The update is performed independently for
each output dimension. For the i-th output dimension, let
W,(t) denote the i-th row vector of Wy(t), y;(t) be the
corresponding output, and d;(¢) be the target signal. The error
is defined as e;(t) = y;(t) — d;(t). The vector W, ;(¢) is then
updated at each time step ¢ according to:

Woilt+1) = Woult) - ei(0POE(t).  (5)

This update rule requires an auxiliary matrix, P(t) € RVXN,
which is updated concurrently:

_P()r(t)r " (H)P(1)
1+rT(OP(t)r(t)”

The matrix is initialized as P(0) = oI, where o denotes a
positive constant.

Concurrently with the RLS update, the nonzero elements
of W (t) are updated according to Oja’s plasticity rule [19].
Assuming that w;;(t) represents the synaptic weight from the
j-th neural unit to the ¢-th neural unit, the update rule is based
on their respective activities, r;(¢t) and r;(t). The update at
each time step is given by:

wij(t+1) = wij(t) +nri(t +1) (r;(t) — ri(t + Dwi; (1))
(N
where 7 is the learning rate. The term 7 (¢ + 1)7;(t) acts as a
Hebbian component that strengthens correlated activity, while
the term —r;(t + 1)%w;;(¢) serves as a stabilizing factor that
prevents unbounded growth of the weights.

(6)

P(t+ 1) = P(t)

III. EXPERIMENTAL SETTINGS
A. Simulation setting

All simulations were performed using the parameter values
listed in Table 1. These values were primarily based on pre-
vious studies on FORCE learning [9], [12]. As an exception,
n was determined empirically. Unless otherwise specified, o
was set to 1.

During the training phase, the RLS algorithm (Egs. (5)
and (6)) and Oja’s plasticity rule (Eq. (7)) were applied
simultaneously at intervals of two time steps. The target signal,
d(t) € R, was a two-dimensional circular trajectory with a
period of 1000 time steps, given by:

d(t) = [cos(ct) sin(ct)] /1.2, (8)

where ¢ = 27/10%. The network output was initialized as
y(0) = d(0) = [0.83 0]. Each training trial was conducted for
1000 time steps, and this procedure was repeated five times.

During the test phase, the weight matrices W and W, were
held fixed. In contrast to the training phase, the initial output,
v(0), was systematically varied. Specifically, each dimension
of y(0) was initialized to one of five values ranging from —1
to 1 in increments of 0.5. This procedure resulted in a 5 x5 grid
of 25 distinct initial conditions, and the network evolution was
simulated for 1000 time steps from each of these conditions.

B. Analysis and evaluation

First, we analyzed W (t). We compared the distributions of
the nonzero elements in W (t) before and after the training
phase. A critical parameter governing reservoir dynamics and
computational performance is the spectral radius of this matrix,
p(W), defined as its largest absolute eigenvalue [7].

To investigate the impact of Oja’s plasticity, we tracked
the temporal evolution of p(W (t)) by calculating it at each
time step. To examine how information is represented in the
structure of W(¢) after training, we analyzed the similarity
between the learned weights and network activity patterns.
First, we performed PCA for W (t) to extract the fist and
second principal component (PC) vectors (v; and vs). Next,
we recorded time-series data of three key input variables while
the trained network was operating:

1) Feedback input, W,y ().

2) Inputs from other neurons, W (¢)r(t).

3) Full inputs, W (t)r(t) + W,y (¢).

For each of these time-series datasets, we performed PCA and
extracted the first and second PC vectors (p; and p»). Finally,
to quantify structural correspondence, we calculated the cosine
similarity between vy or vo and p; or ps. A high similarity
value close to 1 indicates that the weight matrix is structured
to align with a specific activity pattern. This analysis allowed
us to determine which aspect of network dynamics, the target
signal or the resulting internal activity, W (¢) adapted to as a
result of training.

Furthermore, we evaluated the network ability to reproduce
the target trajectory during the test phase. To quantify perfor-
mance, we calculated the minimum Euclidean distance, §(t),
between y(¢) and any point on the target d at each time step
t:

6(t) = min [ly(t) — d(n)]|. ©)

To quantitatively evaluate network performance, we defined
the following four metrics based on §(t):

1) Convergence time (¢.): The first time step at which
d(t) drops below 0.01. This metric measures the speed
of attraction.

2) Transient distance: The mean of §(¢) during the tran-
sient phase, that is, for ¢ < t.. This metric quantifies the
average error during the convergence process.

3) Steady-state distance: The mean of §(¢) during the
steady-state phase, that is, for ¢ > t.. This metric



quantifies the long-term precision of the network in
tracking the target trajectory.

4) Fixed-point stability: A binary metric indicating
whether the output has settled into a stationary state, that
is, a fixed point. This metric is assigned a value of 1 if
the range, defined as the maximum minus the minimum,
of each component of y(t) remains below 0.01 over the
final 100 time steps of the simulation; otherwise, it is
assigned a value of 0.

Metrics (1)—(3) were first averaged over the 25 initial con-
ditions, whereas metric (4) was summed over the 25 initial
conditions. Subsequently, all four resulting metrics were aver-
aged across 50 independent simulations with different random
seeds.

To evaluate the performance of our proposed model, we
compared it against two baseline models. The first baseline in-
corporated an anti-Oja plasticity rule, which was implemented
by inverting the sign of the learning rate (n = —5.6e — 5).
The second was a non-plastic model where the weight matrix
W (t) was fixed at its initial value, W (0). All other parameters
for these baseline models were kept identical to those of the
proposed model.

IV. RESULTS
A. Analysis of recurrent weights

The initial structure of W (¢) was compared with its struc-
ture after training. The weights were initialized by drawing
from a zero-mean normal distribution, with the variance scaled
by g of 1.5, resulting in an initial mean p(W(0)) of 1.54 (SD
= 0.026). As shown in a representative example (Fig. 2A),
the overall shape of the weight distribution did not change
significantly as a result of training. The distribution closely
resembled that of the anti-Oja model (Fig. 2B).

However, p(W (t)) increased substantially during training.
Fig. 3 shows the temporal evolution p(W(¢)) during the
training phase. The mean initial p(W(0)) was 1.54 (SD =
0.026), whereas the final value p(W(5000)) was 3.43 (SD
= 0.27). This increase in p(W(t)) was a robust outcome of
learning and was independent of o. By contrast, p(W(t)) of
the anti-Oja model showed little change, settling at a final
mean value of 1.65 (SD = 0.026).

To understand the mechanism underlying the increased
p(W(t)), we analyzed the eigenvalue spectrum of W (%)
before and after training (Fig. 4A). Initially, the eigenvalues
of W(0) were uniformly distributed within a circle of radius
1.5. In contrast, training induced a pronounced change in this
spectrum. While most eigenvalues remained within the initial
circle, two distinct outlying eigenvalues emerged on the real
axis at approximately 2.5 and 3.5. This spectral transformation
indicates that the learning process embedded two dominant
low-rank structural modes into W (¢). Conversely, no such
outliers were observed in the eigenvalue spectrum of the anti-
Oja model (Fig. 4B).

To characterize the functional role of these emergent low-
rank structures, we performed a structural analysis. We com-
puted the cosine similarity between the principal axes of
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Fig. 2. Example histograms of all nonzero elements of the recurrent weights
W (%) before training (blue, ¢ = 0) and after training (orange). (A) Histogram
of the proposed model. (B) Hisrogram of the anti-Oja model.

W(t), that is, the PC vectors, and the PC vectors of three
key network signals: (1) Wgy(t), (2) W(t)r(t), and (3)
Way(t) + W(t)r(t). The results, summarized in Table II,
reveal a striking transformation. Before training, the randomly
initialized W (0) showed no significant alignment with any
activity PCs, with all similarity scores near zero. After training,
however, a clear structural relationship emerged. The first PC
vector of the learned W (t) became aligned with the first PC
vector of the inputs from other neurons (2), and the second
PC vector aligned with its second PC. This demonstrates that
Oja’s plasticity and RLS-based learning do not embed a copy
of the feedback, target-related signal into the weights. Rather,
this learning process organizes W (t) to internalize and au-
tonomously generate the principal dynamic modes experienced
by the neural units during training, explaining why the network
can function without the target signal after training.

B. Analysis of convergence speed

Fig. 5 shows example output trajectories originating from
25 different initial conditions. In all panels, the trajectories
entered the target circular pattern, were initially drawn toward
the origin, and then converged outward to the target circle. The
eventual convergence to the target trajectory from all tested



TABLE II
MEAN COSINE SIMILARITY (SD)

PC vector
Wiy (t) W(t)r(t) Wiy (t) + W (t)r(t)
First Second First Second First Second
Initial First 0.040 (0.027)  0.031 (0.022)  0.053 (0.040)  0.079 (0.061)  0.042 (0.031)  0.058 (0.043)
PC vector of W (#) Second | 0.042 (0.029) 0.038 (0.027)  0.065 (0.048) 0.067 (0.052)  0.044 (0.039)  0.054 (0.036)
Final First 0.37 (0.16) 0.24 (0.16) 0.97 (0.0082) 0.036 (0.031)  0.90 (0.030) 0.067 (0.085)
Second 0.28 (0.17) 0.32 (0.13) 0.034 (0.030) 0.90 (0.039)  0.070 (0.086)  0.80 (0.049)
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the proposed method (A) than in the baseline without plasticity
(B). The anti-Oja model produced noisy trajectories that did
not precisely converge to the target circle (Fig. 5 C).

Fig.6 shows the convergence process by plotting 4(t).
We compared the performance of the proposed model with
plasticity with that of a baseline non-plastic model. To enable
a rigorous comparison, we also tested a non-plastic model in
which the gain was set to g = 3.5 to match the final spectral
radius of the trained plastic network, p(W(t)) = 3.6 (SD
= 0.056). Initially, both the proposed and baseline models
exhibited a sharp increase in 0(t), reflecting the dynamics
transitioning into the interior of the target circle, before
subsequently converging toward zero. Crucially, the proposed
model converged to the target more rapidly and accurately.
In contrast, the anti-Oja model and non-plastic model with
g = 3.5 converged slowly and were unable to precisely track
the target. This performance difference, despite similar spectral
radii, demonstrates that the advantage of the proposed method
is not merely due to a global shift in dynamics governed by
the spectral radius, but rather to the specific structural changes
induced by plasticity.

Fig. 7 shows the effect of o, varied from 1072 to 10!, on
the model outputs. The results for the anti-Oja model were
excluded from Fig. 7 because its output distance, 6(¢), never

Fig. 4. Example eigenvalue spectra of the recurrent weight matrices before
training (blue, ¢ = 0) and after training (orange). (A) Spectral map of the
proposed model. (B) Spectral map of the anti-Oja model.

reached the specified threshold of 0.01 for any output. As illus-
trated in Fig. 7A, t. of the proposed model was substantially
shorter than that of the baseline model. This result indicates
that Oja’s plasticity contributed to rapid convergence. For the
baseline non-plastic model with g = 1.5, t. decreased as o
increased, suggesting that noise can accelerate convergence.
However, this dependence on noise was not observed in the
proposed model. Instead, the proposed model demonstrated
robustness by maintaining a short convergence time even at
large o.

Fig. 7B compares the mean transition distance before con-
vergence (¢t < t.). Across the full range of o, the proposed
model consistently exhibited a slightly smaller transition dis-
tance than the baseline models. Fig. 7C presents the mean
convergence distance after convergence (t > t.). At small
o, the convergence distance of the non-plastic model with
g = 1.5 was marginally smaller than that of the proposed
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without plasticity, initialized with g = 1.5 (red) and g = 3.5 (yellow). Shaded
areas indicate the SD.

model, although the difference was small. In contrast, under
large o, the baseline models produced large deviations from
the target, whereas the proposed model showed smaller devi-
ations.

Finally, across all simulations, fixed-point stability scores
were zero, indicating that the networks consistently avoided
settling into fixed-point attractors and were therefore able to
produce the desired time-varying outputs.

V. DI1SCUSSION & CONCLUSION

In this study, we demonstrated that integrating Oja’s plastic-
ity rule into the FORCE learning framework enhances the abil-
ity of a reservoir computer to learn and generate periodic target
dynamics. The proposed model achieved faster convergence
from arbitrary initial conditions than the conventional model,
even when the final spectral radii were matched. This accel-
erated convergence suggests that the learning process sculpts
an effective attractor landscape characterized by a wider and

deeper basin of attraction for the target trajectory. Furthermore,
the resulting network exhibited robustness to noise, a critical
feature for practical applications and a hallmark of a well-
defined attractor.

The structural origin of this dynamical enhancement was
revealed through spectral analysis of the recurrent weight
matrix. After training, we observed the emergence of two
outlying eigenvalues that separated from the circular bulk
of the initial random matrix. This phenomenon indicates
the formation of a low-rank structure embedded within the
recurrent connectivity, which represents a core mechanism for
encoding stable dynamics in recurrent neural networks [21].
Our analysis further shows that these dominant eigenmodes
were systematically shaped by the reservoir activity.

The key to this effective structure formation lies in the
computational role of Oja’s rule, which performs an online
form of PCA [19]. In this framework, the plastic rule guides
the recurrent weights to capture the PCs of network activity.
As the FORCE algorithm steers activity to follow the target
dynamics, Oja’s rule ensures that the dominant variance,
corresponding to the most informative aspects of the reservoir
dynamics, is encoded in the principal eigenmodes of the
weight matrix. This process effectively carves out a low-rank
subspace aligned with the reservoir dynamics, which manifests
as the observed outlying eigenvalues. These results establishes
a clear link between local synaptic learning, network structure,
and the emergence of complex computational function.

In contrast, these phenomena—the emergence of eigen-
modes and accelerated convergence—were not observed with
the anti-Oja rule. Previous studies have demonstrated that the
anti-Oja rule enhances the performance of echo state networks
in tasks such as chaotic time series prediction and nonlinear
function approximation [17], [18]. This is attributed to the fact
that the anti-Oja rule updates recurrent weights to decorrelate
neural activities, which might increase the complexity of the
network’s dynamics. Conversely, Oja’s rule appears to embed
neural activity into the recurrent weights, thereby constraining
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the network dynamics to represent the target time series.
Clarifying these distinct functional roles will be a key area,
potentially enabling the selection of the most suitable plasticity
model for a given task.

This study opens several promising avenues for future
research. Although the focus was on Oja’s rule, exploring the
impact of other biologically plausible plasticity mechanisms
on attractor formation represents a natural next step. For
example, the Bienenstock—Cooper—Munro rule, which enables
bidirectional synaptic modification depending on postsynap-
tic activity levels, could provide a more flexible learning
regime [22], [23]. In addition, homeostatic mechanisms such
as intrinsic plasticity, which regulate overall network activity
and neuronal firing rates, may further improve neural network
performance [24], [25]. Investigating a multifaceted plasticity
framework could therefore lead to even more robust and
efficient learning systems.
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