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Abstract—Discovering diverse and useful options is key to hi-
erarchical reinforcement learning, yet many spectral approaches
rely on Laplacian decomposition and eigenfunction learning,
making it costly to scale option sets and difficult to reuse the
learned representations. We propose Randomized Spectral Options
(RSO), an RL-native alternative that generates smooth option-
discovery potentials by randomized reward probing through
successor representations/features. RSO samples a small batch of
orthogonal random reward probes via QR decomposition, learns
a successor representation backbone under an exploration policy,
and obtains a family of randomized value-function potentials
through a single readout from the learned representation. Each
potential is then turned into a potential-based shaping reward to
train signed options that ascend/descend the induced potential
field. On MiniGrid, RSO achieves state coverage and down-
stream performance competitive with Laplacian-representation-
based options, and Atari 2600 games visualizations suggest
that the learned potentials emphasize semantically meaningful
bottlenecks.

Index Terms—hierarchical reinforcement learning, option dis-
covery, randomized spectral options, successor representation.

I. INTRODUCTION

Despite major progress, reinforcement learning (RL) still
struggles in problems with sparse rewards and long-horizon
credit assignment [1]–[6]. Hierarchical reinforcement learning
mitigates this difficulty by introducing temporal abstraction,
so that exploration and control operate over temporally ex-
tended behaviors rather than primitive actions alone [7]–[9].
A standard abstraction is the option framework [10], which
also underlies end-to-end methods such as option-critic [11].
The central challenge is therefore option discovery: learning a
set of options that is both diverse and useful. Existing methods
mainly exploit state-space structure [12], [13] or optimize
explicit criteria such as planning and cover time [14]–[17].

Among structure-based methods, Laplacian option discov-
ery extracts smooth directions from the eigenvectors or eigen-
functions of a transition graph and converts them into intrinsic
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rewards for exploration [18]–[25]. Although effective, this line
of work has two practical limitations. First, adding new options
typically requires additional spectral computation or auxiliary
eigenfunction-learning machinery, which can be expensive in
large or continuous settings [26]. Second, the learned spectral
representation is often used only to derive intrinsic rewards,
limiting its reuse within the broader RL pipeline.

We propose Randomized Spectral Options (RSO), an RL-
native alternative motivated by the connection between Bell-
man equations and Laplacian operators. Instead of solving
for new eigenvectors, RSO samples orthogonal random re-
ward probes and obtains randomized value-function potentials
through a successor representation/feature backbone [27]–[31].
These potentials induce shaping rewards for learning signed
options, making option expansion cheap while enabling tighter
reuse of the learned representation; the backbone itself is
learned with TD-style updates [32]. Empirically, RSO achieves
competitive state coverage and downstream performance while
avoiding explicit spectral decomposition.

II. RELATED WORK

Spectral option discovery builds a state-transition graph
and extracts smooth potentials from Laplacian eigenvec-
tors/eigenmaps that capture large-scale geometry and bottle-
necks [18], [19], [33]. These potentials can be converted into
intrinsic rewards to learn exploration options and improve
state-space coverage [20], [21]. However, maintaining a graph
(or its approximation) and performing eigen-decomposition
can be expensive to scale [21], [26].

To improve scalability, eigenoption discovery connects
Laplacian structure to successor representations, reducing re-
liance on explicit transition graphs [22], [27]. More recently,
Laplacian-style representations have been learned directly
from experience using scalable approximations and improved
objectives [24], [25], [34], and auxiliary-task formulations



such as Proto-Value Networks emphasize representation reuse
beyond intrinsic-reward construction [20], [35], [36].

Deep Laplacian-based Options (DLO) further integrates
representation learning with option training in an online
closed loop to enable temporally extended exploration in high-
dimensional environments [23], [25]. Despite these advances,
expanding the option set can remain non-trivial and is often
coupled to the learned representation dimensionality or to
remaining spectral machinery [22]–[24]. These limitations
motivate our Randomized Spectral Options (RSO), which
replaces explicit spectral learning with TD-learned successor
representations/features and uses random reward probing to
generate option-design potentials with low marginal cost.

III. PRELIMINARIES

A. Bellman equations, options, and eigenoptions

We consider a discounted MDP M = (S,A,P, r, γ) and a
stationary policy π. Its state-value function is

Vπ(s)
.
= Eπ

[ ∞∑
t=0

γt r(St, At, St+1)
∣∣∣ S0 = s

]
. (1)

It satisfies the Bellman expectation equation

Vπ(s) =
∑
a∈A

π(a|s)
∑
s′∈S

P(s′|s, a)
(
r(s, a, s′) + γVπ(s

′)
)
.

(2)
For finite state spaces, define the policy-averaged transition
matrix [Pπ]ij

.
=

∑
a∈A π(a | si)P(sj | si, a) and the

expected reward vector [rπ]i
.
=

∑
a∈A π(a | si)

∑
s′∈S P(s′ |

si, a) r(si, a, s
′). Then

(I − γPπ)vπ = rπ, vπ = (I − γPπ)
−1rπ. (3)

An option is a temporally extended action o = (Io, πo, βo)
with initiation set, intra-option policy, and termination rule
[10]. Spectral option methods construct a transition graph with
weighted adjacency matrix W and degree matrix D, and use
the random-walk Laplacian

Lrw
.
= I −D−1W. (4)

Small non-zero eigenvectors of Lrw (denoted as ui) vary
smoothly within well-connected regions and change sharply
across bottlenecks [18], [19]. Eigenoption methods convert
such potentials into intrinsic rewards and learn options that
move along ±ui [20], [22].

B. Orthogonal random probes and successor representations

RSO uses orthogonal random reward probes. Let n = |S|
and sample G ∈ Rn×k with

Gs,i
i.i.d.∼ N (0, σ2). (5)

A thin QR factorization G = QR yields orthonormal columns
in Q, and the i-th probe is

ri(s)
.
= Qs,i, equivalently ri = Q ei. (6)

Fig. 1. MiniGrid environments.

This removes within-batch redundancy while preserving
isotropy in expectation [37]. Successor representations (SR)
capture discounted future state occupancy under a policy [27]:

Mπ(s, s′)
.
= Eπ

[ ∞∑
t=0

γt 1{St = s′}
∣∣∣ S0 = s

]
. (7)

For a reward vector r, the value function factorizes as

Vπ(s) =
∑
s′∈S

Mπ(s, s′) r(s′) =
(
Mπr

)
(s). (8)

With a feature map ϕ(s) ∈ Rd and linear reward model r(s) =
w⊤ϕ(s), successor features (SF) [28] are

ψπ(s)
.
= Eπ

[ ∞∑
t=0

γt ϕ(St)
∣∣∣ S0 = s

]
, (9)

which give
Vπ(s) = w⊤ψπ(s). (10)

These identities let orthogonal random rewards generate a
family of value-function probes through SR/SF, forming the
basis of RSO.

IV. RANDOMIZED SPECTRAL OPTIONS

This section presents Randomized Spectral Options (RSO),
based on two observations. (i) Operator similarity: Bellman
systems and graph Laplacians both take the form “identity
minus a Markov-like operator,” linking value functions to
Laplacian-style potentials. (ii) Randomized spectral probing:
instead of explicitly computing eigenvectors, one can probe
such operators with randomized right-hand sides to obtain
smooth directions [38], [39]. RSO instantiates this idea by
sampling orthogonal random rewards, learning a successor
representation/features backbone under an exploration policy,
and obtaining randomized value functions as linear readouts
Vi = M ri. These value functions are then converted into
shaping rewards to train signed options. In MiniGrid, the
overall pipeline is shown in Fig. 2.

A. From Laplacian solutions to value functions: similarity and
mismatch

Many option-discovery methods use Laplacian eigenvectors
as smooth potentials over a transition graph. For the random-
walk Laplacian Lrw = I−D−1W , a discrete Poisson equation
is

Lrw u = b, (11)



Fig. 2. Pipeline of Randomized Spectral Options (RSO). (1) Sample k orthogonal random reward probes {ri}ki=1 via thin QR factorization. (2) Under an
exploration policy, learn the successor representation M with TD learning. (3) Compute randomized value functions (potentials) Vi = M ri. (4) Convert each
Vi into a potential-based intrinsic reward and train two signed options that ascend/descend the induced potential field toward local maxima/minima.

and Laplacian eigenvectors solve Lrwu = λu. For a fixed
policy π, the Bellman equation is

(I − γPπ)vπ = rπ, vπ = (I − γPπ)
−1rπ. (12)

If the graph is built from the policy-induced random walk
so that Lrw = I − Pπ , then under the usual reversibil-
ity/symmetrization assumption Lrw and I − γPπ share eigen-
vectors. Hence, for any reward vector r,

V = (I−γPπ)
−1r =

∑
k

⟨r, φk⟩
1− γηk

φk =
∑
k

⟨r, φk⟩
1− γ(1− µk)

φk,

(13)
where Pπφk = ηkφk, and therefore Lrwφk = (1 − ηk)φk =
µkφk with µk denoting the corresponding eigenvalue of the
random-walk Laplacian. Thus Bellman solutions act as low-
pass filtered graph potentials: random rewards generate smooth
value-function probes without explicit eigendecomposition.
The analogy is not exact—Lrw depends on a chosen graph, Pπ

depends on the policy and environment, and γ sets a temporal
scale—but it motivates a randomized alternative to spectral
option discovery.

B. Random-reward probing as randomized spectral decompo-
sition

Equation (13) suggests a simple strategy: sample diverse
rewards and map them through the Bellman/SR operator to
obtain smooth potentials. In the tabular case, the SR gives

Vπ(·; r) =Mπr. (14)

Accordingly, RSO samples k orthogonal rewards {ri}ki=1 by
thin QR decomposition ((6)) and defines

V π
i

.
= Vπ(·; ri) = Mπri, V π

i (s) =
∑
s′

Mπ(s, s′) ri(s
′).

(15)
Each V π

i is a smoothed version of a random signal, with
smoothing determined by the transition dynamics under π. In

this sense, orthogonal random rewards provide a randomized
basis of option-discovery potentials without explicit spectral
computation.

C. Option learning from randomized potentials

We convert each randomized value function into a potential
Φi(s)

.
= V π

i (s) and define a potential-based intrinsic reward
[41]

r
(i)
pb (s, a, s

′)
.
= γ Φi(s

′)− Φi(s). (16)

This reward encourages motion toward higher potential. To
obtain bidirectional behaviors, we learn two signed options
from each probe:

r
(i,+)
pb (s, a, s′) = γΦi(s

′)− Φi(s),

r
(i,−)
pb (s, a, s′) = Φi(s)− γΦi(s

′).
(17)

Each option can be trained with a standard value-based RL
algorithm on the intrinsic return induced by r

(i,±)
pb . We use

the full state space as the initiation set, and in the tabular
case terminate when the option value becomes non-positive
and with an additional geometric stopping probability. Fig. 3
shows the resulting RSO options in MiniGrid-FourRooms.

D. Function approximation with successor features and QR
rewards

In high-dimensional or continuous domains, we replace the
tabular SR with successor features. With feature map ϕ(s) ∈
Rd and linear reward model r(s) = w⊤ϕ(s), the induced value
is

Vπ(s;w) = w⊤ψπ(s), (18)

where ψπ is defined in (9). We sample k random reward
weights and orthogonalize them by QR: if G ∈ Rd×k has
i.i.d. Gaussian entries and G = QR, then

wi
.
= Q ei ∈ Rd. (19)



Fig. 3. Comparison between RSO and eigenoptions in MiniGrid-FourRooms. (a) Top row: heatmaps of randomized value functions Vi induced by orthogonal
random reward probes; bottom row: the corresponding RSO policies trained to reach the maxima of Vi. (b) Top row: heatmaps of the Laplacian eigenvectors
with the smallest 4 non-zero eigenvalues; bottom row: the corresponding eigenoption policies that ascend the induced potential fields toward their maxima.

Each wi defines a feature-linear reward and corresponding
potential

V π
i (s)

.
= w⊤

i ψ
π(s). (20)

We then reuse the same shaping construction in (16)–(17). The
SF backbone is learned online with TD regression,

LSF(θ) = E(s,s′)∼D

[∥∥ψπ
θ (s)−

(
ϕ(s) + γ ψπ

θ (s
′)
)∥∥2

2

]
, (21)

where D is a replay buffer collected under the exploration
policy. Once ψπ

θ is learned, adding a new option only requires
sampling a new wi and applying a linear readout, avoiding
repeated spectral optimization and reducing marginal cost.

V. EXPERIMENTS

We evaluate three aspects of RSO: exploration and down-
stream reward collection against Eigenoptions [21], the role
of SR as an RL-friendly intermediate representation, and
qualitative Atari visualizations in high-dimensional domains.

Fig. 4. State coverage curves in different MiniGrid environments.

A. Evaluation in MiniGrid

We evaluate on the two MiniGrid environments in Fig. 1,
using tabular state encodings and four primitive actions {up,
down, left, right}. For each environment, we collect transitions
for 5000 episodes of maximum length 500 from uniformly
sampled non-wall start states while simultaneously learning
the SR and estimating the random-walk Laplacian. We then
train Q-learning option policies on the replay buffer, learning
k ∈ {4, 8} signed option pairs for each method. Unless
otherwise noted, we use 5 random seeds, learning rate 0.05,
discount factor 0.999 for SR learning, and discount factor 0.9
for option learning.

a) State-coverage efficiency.: Fig. 4 reports option-
augmented random walks in MiniGrid-FourRooms and
MiniGrid-Maze. At each step, the agent selects a primitive
action with probability 0.9 and otherwise executes a uniformly
sampled option; options terminate geometrically with mean
horizon 15 or when maxaQ(s, a) ≤ 0. For both k = 4 and
k = 8, eigenoptions and RSO achieve similar coverage and
clearly outperform primitive-action random walks.

b) Reward-collection performance.: Fig. 5 shows goal-
reaching performance for two (start, goal) settings when tab-
ular Q-learning uses the learned options only for exploration.
The agent receives +1 on reaching the goal and −0.01
otherwise, and uses the same option termination rule as
above; under ϵ-greedy exploration, an option is executed with
probability 0.05. Both eigenoptions and RSO improve reward
collection over primitive-action exploration, with the relative
advantage depending on the start-goal configuration.

c) Using SR to improve RSO learning.: We further test
SR-based intrinsic exploration in MiniGrid-Maze using SPIE
[42]. Fig. 6 shows that SR-based exploration improves early
coverage and accelerates SR convergence, highlighting that
the exploration policy strongly affects both SR and Laplacian
estimation. Since SR also supports limited transfer [30], [43],
it may additionally provide useful warm-start signals for later
option learning.



Fig. 5. Goal-reaching return curves in MiniGrid-Maze for two (start, goal) settings.

Fig. 6. SR-based intrinsic exploration improves state coverage and SR
convergence.

B. RSO visualization in Atari 2600 games

For a qualitative test in high-dimensional domains, we
evaluate RSO on Montezuma’s Revenge and Pitfall from ALE
[44]. We train a successor-feature network on stacks of four
frames using RND for exploration [6], and use PPO with 8
workers, rollout length 128, and 10,000 rollouts [45]. After
training, we sample 8 orthogonal reward directions, compute
the corresponding value functions, and visualize representative
maxima over 10 random-walk episodes in Fig. 7. The selected
frames suggest that RSO highlights bottleneck-like states, in-
cluding ropes, ladders, and life-loss moments in Montezuma’s
Revenge and room transitions in Pitfall.

VI. CONCLUSION

In this paper, we introduced Randomized Spectral Options
(RSO), a simple RL-native approach to option discovery
that replaces explicit spectral decomposition with randomized
reward probing and successor representations/features. By
sampling orthogonal random reward probes and mapping them
through an SR/SF backbone, RSO produces a family of smooth
value-function potentials at essentially the cost of a linear
readout, enabling inexpensive and flexible expansion of the
option set. These potentials naturally yield potential-based
shaping rewards, from which we learn signed options that
promote efficient exploration.

Empirically, RSO attains state-coverage and downstream
performance comparable to eigenoption-based methods in
MiniGrid, while offering a lower marginal cost for adding

options and tighter integration with standard RL pipelines.
Moreover, the Atari visualizations suggest that the random-
ized potentials can highlight semantically meaningful bottle-
necks, supporting the view that SR/SF representations provide
reusable structure beyond intrinsic-reward construction.

Several directions are promising for future work. First, it
would be valuable to develop principled criteria for selecting
and refreshing probe directions online as the policy and rep-
resentation evolve. Second, integrating RSO with end-to-end
option-critic training—potentially warm-starting option critics
from SF readouts—could further improve data efficiency.
Finally, extending the approach to partial observability and
continuous control remains an open challenge.
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