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Abstract—The Lottery Ticket Hypothesis [1] for deep neural
networks emphasizes the importance of initialization used to re-
train the sparser networks obtained using the iterative magnitude
pruning process. An explanation for why the specific initialization
proposed by the lottery ticket hypothesis tends to work better
in terms of generalization (and training) performance has been
lacking. Moreover, the underlying principles in iterative mag-
nitude pruning, like the pruning of smaller magnitude weights
and the role of the iterative process, lack full understanding and
explanation. In this work, we attempt to provide insights into
these phenomena by empirically studying the volume/geometry
and loss landscape characteristics of the solutions obtained at
various stages of the iterative magnitude pruning process.

Index Terms—Deep neural networks, Neural network pruning,
Lottery ticket hypothesis, Iterative magnitude pruning, Loss
landscape visualization.

I. INTRODUCTION

Network Pruning [2] is a widely used sparsification tech-
nique in Edge Al to reduce the model size and energy con-
sumed for achieving efficient inference. It has been observed
that the pruned models do not perform well without re-
training, and re-training the sparser networks from start (with
random initialization) is difficult [3], [4]. However, Frankle
and Carbin [1] demonstrated that there exists a sub-network,
which if trained from the start, reaches the accuracy of the
original network. More formally, their hypothesis (called the
Lottery Ticket Hypothesis (LTH)) states that a randomly initial-
ized dense neural network contains a sub-network which when
trained from this initialization can match the test accuracy of
the original network after training for at most the same number
of iterations. Empirical demonstration of LTH consists of a
procedure called Iterative Magnitude Pruning (IMP) [1], [5].
IMP has been successful in producing highly-sparse networks
that have matching performance, but the underlying principles
like the role of specific initialization proposed by LTH, pruning
of smaller magnitude weights, and the role of the iterative
process are poorly understood. Many research works related
to LTH have been published since its advent to demystify the
mechanisms and principles governing it: [6]-[18].

In this work, we attempt to provide insights about LTH and
IMP by studying the training loss landscape characteristics and
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volume/geometry of the IMP solutions at different iterations.
The closest work to ours is [19] which has studied the
geometry of the error (test error) landscape to answer several
questions about LTH and IMP. Although training loss and test
error are correlated with each other, studying the training loss
landscape instead of the error landscape makes more sense
for developing an understanding of model training because the
stochastic gradient descent(SGD) training algorithm navigates
the loss landscape and not the error landscape.
Contributions. The study presents new insights into LTH
and IMP, shedding light on the role of LTH initialization and
the mechanisms that allow pruned networks to retain high per-
formance despite significant sparsity. The insights are arrived
at through specially designed experiments using a widely used
network (Resnet-20) and a benchmark dataset (CIFAR-10). In
the interest of bringing out the model behaviour clearly and
keeping a complex analysis tractable, this work does not cover
experiments with more advanced architectures which would be
the subject of future work. The contributions are as follows:

o We demonstrate that the loss landscape contains special
solutions, which generalize very well but have very small
volume in the unpruned weight space (therefore, not
discoverable) but have larger volumes in the pruned
space.

o We provide insight into the role played by the specific
LTH initialization.

o We provide insight into why pruning needs to be itera-
tive, and why a one-shot approach does not work well
(relatively).

e We show that there exists a barrier between different
IMP solutions in the loss landscape implying that they
are not strictly linearly connected, and hence not easily
discoverable by SGD.

o We show that IMP solutions (during the iterative process)
obtained using rewinding lie in the same (connected) sub-
level set in the loss landscape.

e We argue why weight fine-tuning does not work at par
with rewinding.

II. BACKGROUND INFORMATION

Fine-tuning and rewinding. IMP consists of a number
of pruning and re-training cycles with each re-training cycle
preceded by either weight fine-tuning or rewinding. Con-
ventionally, IMP used fine-tuning or rewinding with random
initialization, while LTH introduced rewinding with specific



initializations resulting in better performance. Fine-tuning
trains the pruned network with a fixed (small) learning rate,
using the final values of the remaining weights as the starting
point [3], [20]. Rewinding is of two types; weight rewinding
and learning rate rewinding. In the case of weight rewinding,
the unpruned(remaining) weights are rewound to initialization
values used in the last training, and learning rate schedule is
also reset. Learning rate rewinding does not rewind weights
but resets the learning rate schedule to the one followed by the
weight rewinding procedure. Renda et al., [21] demonstrated
that fine-tuning does not perform as well as weight rewinding,
however, learning rate rewinding performs at par with weight
rewinding or even outperforms it in some scenarios.
Iterative pruning versus one-shot pruning. In contrast to
iterative pruning and retraining used in IMP, one-shot pruning
removes weights in one go to attain the desired sparsity and
then retrains. It has been demonstrated in the literature that
iterative pruning always outperforms one-shot pruning [1],
[21].
Loss landscape of a network. During model training, a loss
function of the form:

Loss(W) = !

- Ezyzll(xiayiaw)v (1)
is minimized, where x; represents the feature vectors, y;, the
corresponding labels, W, the network parameters, n, the num-
ber of samples, and I(z;,y;, W) is a function that measures
the difference between the predicted label and the actual label.
The number of parameters in models is very large; hence, the
network loss functions reside in extremely high-dimensional
spaces. The plot of training loss (Loss(WW)) with respect to the
network parameters (W) is referred to as the loss landscape.
Studying the loss landscape of neural networks is important
for understanding their behavior. The loss landscape of under-
parameterized models has multiple isolated local minima [22].
The set of solutions of over-parameterized models, on the other
hand, is generically a manifold of dimension m — rn [23],
where m is the number of parameters, n is the number of
input data samples, and r is the number of output classes.
This means that the density of minima in the loss landscape
of over-parameterized models is very high, and the optimizer
converges to one of them irrespective of where it starts at.
Error landscape of a neural network. The variation in the
test error of a neural network with respect to the network
parameters is referred to as the error landscape of a neural
network. It provides insights into the network performance
and sensitivity to the changes in the parameters.

Loss sub-level set. Loss sub-level set S(e) is the set of all
points in the weight space for which loss Loss(W) is less
than or equal to some desired value € [11] :

S(e):==W € RP : Loss(W) < ¢ (2)

Role of volume' in generalization performance. Flatness

Ifor our discussion here, volume refers to the volume of a solution
(minimum) and not the volume of loss sub-level set.

is an indicator of performance sensitivity to parameter per-
turbations. The minimum is flat if small changes to the
parameters do not cause misclassifications. On the contrary,
the minimum is sharp if small changes to the parameters cause
a number of misclassifications, thereby increasing the value
of the loss function. A number of studies have focused on
establishing the relationship between the flatness/sharpness of
minima and their generalization ability [24]-[28]. Huang et al.
[29] demonstrated that two types of minima exist in a neural
network loss landscape. These are referred to as the so-called
good minima and bad minima. Good minima exhibit a small
training loss and a small generalization error. Bad minima, too
have a small training loss but exhibit a high generalization
error. They also studied the qualitative difference in the loss
landscape around these minima and observed that the decision
boundaries of good minima have wide margins® while the
decision boundaries of bad minima have very narrow margins.
Huang et al. [29] also illustrated that the good minima reside
in wide basins® that exhibit a large volume in the parameter
space, while the bad minima reside in narrow basins that
exhibit a much smaller volume. A larger volume also implies a
higher probability of hitting the minima by SGD. Volumes of
the minima are, therefore, good indicators of their robustness
and can provide useful insights [29]. Calculation of the volume
of these basins is, however, computationally intractable be-
cause the loss function lies in an extremely high-dimensional
space. Huang et al. [29] used Monte-Carlo integration (which
is computationally intensive) to approximate the volume of
these basins. Another approach to estimating the basin volume
was given by [30], who demonstrated that the product of top-k
positive eigenvalues (A) of the Hessian at the minimum point
could be used to approximate the inverse volume of these
basin. More specifically, the inverse volume of the basin U8
can be approximately expressed as:

V' (k) = S Log(\) 3)
This is because a large basin implies that the valley around the
minimum is flat, which is associated with smaller eigenvalues,
and vice-versa.

III. DEFINITIONS AND NOTATIONS.

Sparse sub-networks: Given a dense network with

weights W (W € RP), a sparse sub-network has weights
m ® W, where m € {0,1}? is a binary mask and ® is the
element-wise product. The sparsity of a mask m, S(m) is the
fraction of zeros in the mask.
Notation for IMP solution at level L: We represent the IMP
solution (minimum) at level L by W((Z)Lm‘(L)), weights of the
dense network at initialization by W (") and weights of the
dense network at rewind-point by W (rewind_point) Note that
all these weights are D-dimensional.

Distance between the class boundary and the data.
3Set of points in the neighborhood of a minimum whose loss value is
smaller than some cutoff value.



Projection of level L solution on level (L + 1):

Let Wéﬁiﬁm‘(m) represent the projection of level
L solution on level (L + 1). It is obtained as
WPT(min_(L))_ o W(mzn_(L)) here

(L+1) =M(L+1) (L) > W mM(L+1)

represents the pruning mask at level (L + 1). For example, the
projection of level O solution on level 1 will be represented
Pr(min_(0

as W(1)( - Note that S(mr+1)) > S(m(r)).

Reverse Projection of level (L + 1) solution on level
(L): Let W(Izlir(mm‘(LH)) represent the reverse projection
of level (L + 1) solution on level (L). It is obtained as;

RPr(min_(L+1))_ (min_(L+1))

W(L) =m) © W(L+1) ,  where m,)
represents the pruning mask at level (L). For example, the
reverse projection of level 1 solution on level 0 will be

represented as W(}S)P r(min_(1))

IV. METHODOLOGY

We perform experimentation on a ResNet-20 network
trained on CIFAR-10 dataset using iterative magnitude pruning
with weight rewinding (IMP-WR) for 10 iterations. The un-
pruned weights are rewound to their values at 2000*" training
step of the original dense network in each iteration. A plot
of training loss and test accuracy at different levels of IMP-
WR is presented in Figure 1. It is also useful to compare the
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Fig. 1. Training loss and test accuracy at different levels of IMP-WR. Left:
Training loss. Right: Test accuracy.
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performance of IMP-WR with other strategies that may either
produce networks with a similar structure as that produced
with IMP-WR but are initialized differently or produce net-
works with the same sparsity but different structures. To this
end, we apply techniques like one-shot pruning, fine-tuning,
random initialization of the pruned network, and random
pruning on the aforementioned network. The details of these
techniques are summarized below:

One-shot pruned network is obtained b}gogruning the weights

main,_|

of the trained dense network W((o) ) based on mag-
nitude pruning in one go to attain the desired sparsity*
and then rewinding the unpruned weights to their values
at W (rewind_point) and retraining. We represent the solution
obtained using one-shot pruning by W((f(?)e‘ShOt).

Fine-tuned network is obtained by pruning 20% smallest
magnitude weights from W((;)1 -9 and then re-training the
unpruned weights (without rewinding) with a learning rate of

4Same sparsity as that of W((fg;n‘uow.

0.001 for 40 epochs. We represent the solution obtained using
. (FT)

fine-tuning by W(lO) .

Randomly initialized pruned network (represented by

W(RIPN)) is obtained by pruning 20% smallest magnitude

(10) :
weights from W((;n n-9) and then randomly initializing the

unpruned weights and retraining.
Randomly pruned network (represented by W((fsz'l)) is

obtained by randomly pruning 20% weights from W((g? in(9))
and then rewinding and retraining. We also consider another

randomly pruned network (W((ﬁfNj)) by randomly pruning

the weights of W(gn n{0) in one go to attain the desired
sparsity and then rewinding and re-training. Note that the only

difference between W((llf);)N‘Q) and W((f(%e‘ShOt) is that while

obtaining W((f‘);)Nj), the weights of W((ggl -0 are pruned

(one_shot)
Wao)

of W((ggl -0 are pruned using magnitude based pruning.
A comparison of training loss and test accuracy between

randomly whereas while obtaining , the weights

(min_(10)) (one_shot) (FT) (RIPN) (RPN_1)
W(IO) > Wiioy > Woy W(lO) ) W(IO) } and
W((ﬁ)fNj) presented in Figure 2 shows that W((lrg;n‘(m))

outperforms the other solutions. To explain the reason behind
this, we study the loss landscape of these networks.

racy (%)

Test Accu

Fig. 2. Comparison of training loss and test accuracy between w (min-(10))

(10) ’
(one_shot) (FT) (RIPN) (RPN_1) (RPN_2) .
wl cwi . win T, wils and W[E"N) Left:

Training loss. Right: Test accuracy.

V. RESULTS AND FINDINGS

In this section, we summarize and explain our major find-
ings based on the conducted experimentation.

A. Result 1: Special solutions with small volume exist.

Huang et al. [29] had proposed that there exist two kinds of
minima in a neural network loss landscape: good minima and
bad minima. We demonstrate that there also exist another kind
of solutions 3 which have good generalization performance but
have a (relatively) small volume. This implies that volume is
not the only criterion for generalization performance; there
is more to it. A careful experimental study leads us to
hypothesize that the small volume of these solutions is due to
very sharp curvature in certain dimensions, but the coefficients
in these dimensions are zero. Their volume measure tends to
increase when these inferior dimensions are removed (possibly

SWe can not say for sure that these solutions are true minima, but they lie
in the neighbourhood of minima because the gradient of the vast majority of
parameters at these points is zero.



via pruning at another point) but is small when considered
in the original space. This makes these solutions almost
undiscoverable by SGD in the original space but can be
readily discovered in the pruned space. This is the main
result of our study. _ _
Consider two IMP solutions W(in Z?‘(Lfl)) and W((Z;m‘(L))

(L-1) ‘
at levels (L — 1) and L, respectively. W((En_l?)-(Lfl)) is

a baseline for W((Z;m‘(L)) because the pruning mask
W((znfT)‘(L_l)). A compar-
ison of the euclidean distance between W/, (™"=(L=1)

) ) (L)
and Wir(rewmd‘p °mt) and the euclidean distance between

W((g;i"‘(L)) and W(Jz;(rewm'j‘p °nt) given in Figure 3 shows
that for all L except 2 and 3, W(FL)T(mm‘(L_l))

W(Izg(mwmd‘p ") than W((Z;m‘(m). Despite this, at level (L)

for level L is determined by

is closer to

Distance from W™

w

Fig. 3. Distance from whr(rewind_point) .y Primin(L=1) 4,4 4

W(min_(L)) ") )
(L) '

SGD converges to W(in (1)) and not to ler(mm‘(Lfl)). In
order to find the underlying reason, we plot the trajectory of
SGD for level L and that for level (L — 1) projected on level
L, which is shown in Figure 4.

It is evident from the figure that the trajectory for level
(L) is steeper than for level (L — 12 projected on level

L. This makes SGD converge to W(gm‘(L)) and not to
W&g(mm‘@*l)). Further, if we compare the volume of basins

around W(imn‘(L)) and W}ZT("”A"‘(LA)) by calculating the
product of top-100 positive eigenvalues of the Hessian (of

the loss function), the volume® of basin around W((Z;m‘(L))

is seen to be larger than the volume of the basin around

W(Izg(mm‘(Lfl)). This is demonstrated in Figure 5 and Figure

Next, if we consider the reverse projection of level (L)

solution on level (L — 1), W(Iz}:()mm‘(m) and the level

(L — 1) solution, W((F_”f)‘(L_l)), the volume of basin around
W((znf?)‘(L_l)) is seen to be larger than the volume of basin

around W(Tirl()mm‘(m). This is demonstrated in Figure 7 and
Figure 8.
And this explains why SGD does not converge to

W EPrmin (L) at Jevel (L —1). To sum up the discussion

(L—1) :
above, SGD converges to W((g;m_(L)) at level (L) instead

6Smaller the eigenvalues, the smaller their product will be, and the larger
would be the volume of the basin around the minimum.

Pr(min_(L-1))
of W(L)
W(mzn_(L))

because the volume of the basin around
is much larger than the volume of the basin around

( , ;
W(IZT)'(mm_(L—l))’ and the path to W((Z;m-(L)) is steeper than

the path to w Primin (L=1) However, in the (L—1) space, the

(L)
(min_(L))

volume of the basin around W(Izjirl) is much smaller

than the volume of basin around W((Zl_m‘(Lfl)). This means

1
that the volume comparison gets ﬂippecf in the two spaces,
(L —1) space and (L) space.

B. Result 2: Why does the initialization proposed by the lottery
ticket hypothesis work well?

The above result also provide a strong clue to the positive
role of the initialization proposed by LTH in finding good
minima in the sparser weight space. Pruning out the smaller
weights leads to a new minimum or a saddle point with
a slightly larger training loss value and a smaller volume.
Retraining from this point via learning rate rewinding or from
a point in close proximity (via weight rewinding) leads SGD to
converge to a new minimum, which has a larger volume (com-
pared to the earlier minimum) and a lower training loss. This
minimum was not discoverable earlier since it spanned some
dimensions where the loss function was steeply increasing
and therefore, had an overall smaller volume, and pruning out
these dimensions exposed this minimum to the SGD. Hence,
the starting minimum acts as a baseline, which causes the
SGD algorithm to attempt to find a better’ minimum in the
vicinity. Choosing any other initialization point likely places
the SGD at a point outside the loss sub-level set and there is
no guarantee of finding a better minimum. Figure 9 presents

the training loss along a straight line connecting W(;;l in_(9))

(baseline for W((SIPN)) and W((f;;PN). The figure shows
a significant barrier between the two points, demonstrating
clearly that these two points lie in different loss sublevel
sets. Further, a comparison of top-100 %)ositive eigenvalues of

the Hessian at W((ngN) and W((Ig)i"‘ 1)) (Figure 9) shows
that W((£§PN) has larger eigenvalues than W(({g;n‘(w)), which

indicates a smaller volume for the basin around W%IPN)

Hence, random initialization of a pruned network takes SGD
out of the sub-level set, and after retraining, converges to a
minimum with a smaller volume. The importance of initial-
ization proposed by LTH, therefore, becomes quite apparent.

C. Result 3: Why does one-shot pruning not work well?

Continuing the argument presented in Results 1 and 2, the
new (potentially better) minimum that is now exposed to SGD
has a larger volume and lower training loss than the earlier
pruned minimum which acts as a baseline for this better
minimum to be found in the next step. If too many weights
are pruned out in a step, it leads to a bigger increase in the
training loss and a bigger decrease in volume, thus lowering
the baseline for the next solution. If too small a number of
weights are pruned out in a step, we risk returning to the same

7In the worst case SGD may return to the baseline.
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and W(lzr)(mm‘(f“fl)). The figure shows that the eigenvalues of the

pruned minimum, thus not offering any improvement. One-
shot pruning removes too many weights and therefore, has
inferior performance. A comparison of top-100 positive eigen-
values of the Hessian between W((f(ge‘ShOt) and W (min-(10)

(10)
(Figure 10) shows that W((fg)e‘ShOt) has larger eigen-values
than W (Tin-(10)

(10) , which implies a smaller volume for the

basin around W(logb c=shot) Thig brings out and confirms the
importance of the iterative process as well as using a proper

weight threshold for pruning in the iterative stages .
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D. Result 4: There exists a barrier between IMP solutions at
successive levels in the loss landscape.

One interpretation of Result 1 is that IMP solutions at
different levels are distinct minima. In order to test this
hypothesis more definitively, we examine whether these are
separated by distinct barriers in the loss landscape. If this was
not the case, SGD should converge to a sparser solution in the
first place and would not stop at a less sparse solution. Figure
11 shows the training loss along a straight line connecting

(one_shot) (min_(10))
W<1O> and W(lO)

W((ZL_IT‘(L_I)) and W((BZ"‘(L)) for different values of L and
the barriers between successive minima (IMP solutions) are
clearly visible. Thus, at least in the loss landscape, the IMP
solutions at successive levels are not linearly connected, unlike
the corresponding claim by [19] in the test error landscape.
The implication is that these loss barriers are large enough to
prevent SGD from crossing over and small enough to have
almost similar generalization performance all over the region
between these solutions.

E. Result 5: IMP solutions obtained using rewinding lie within
the same loss sub-level set.

Any random initialization of a dense neural network makes
SGD converge to a good minimum. This can be ascribed to
the well-understood fact that the density of good minima in
such scenarios is very high [29]. However, in sparse subspaces,
the density of such minima is much smaller. If we consider
starting from a random point in such subspaces, the solution
would not be as good as we get with rewinding, as is observed
in our experiments. We hypothesize that all the IMP solutions
obtained using rewinding lie within the same loss sub-level
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(min_(L-1))

1) and

depicts the training loss at 501 points between W( T

set as that of the original dense network, whereas random
initialization of the pruned network takes SGD out of that sub-
level set. Figure 12 presents the evidence for our claim. The

figure clearly shows that all the IMP solutions (W((S;L in(0))

to W10y jie within the same connected loss sub-level

(10)
set (dark blue region). However, W (BIPN)

(10) lies outside the
sub-level set. Similarly, random pruning of a large number
of weights also takes SGD outside the sub-level set. It is
interesting to see that W °"*=*"°") also lies in the same sub-

(10)
level set as the IMP solutions; however, W((llszj) lies outside

the sub-level set. In other words, a randomly pruned network
obtained by pruning a large number of parameters does not
yield an equally good solution as that of the network obtained
with magnitude based pruning, as it is not seen to lie in
the same sub-level set. This can be further confirmed by
calculating the cosine similarities (angular distances) between
different points of interest. Figure 13 shows that the cosine
similarity between IMP solutions is greater than the cosine
similarity of W0 "™ with W""-? and W51 1t

(10) (9) )
also shows that the cosine similarity between W(((:;Lm‘(o)) and

is greater than the cosine similarity of W((O”; in(0))

. (RPN_2)
with W(m)

F. Result 6: Why fine-tuning does not perform at par with
rewinding?

Fine-tuning perturbs the pruned baseline by a small amount;
hence, SGD more likely stays near the baseline solution and
does not explore the minima outside the baseline. However,
rewinding takes the SGD out of the baseline minimum and
is more likely to converge to a better minimum in the pruned
space (which was undiscoverable in the original space). Figure
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Fig. 12. The figure shows the training loss at and around the neighborhood
of the points of interest. It shows that all the IMP-WR solutions lie int the
same connected sub-level set (dark-blue region) . The plot has been obtained
by calculating training loss at 4200 points in the high-dimensional space and
then p_rojecting the p_oints onto the two-dimensional plane spanned by 3 points,
W= w000 and w{EFN). This method of visualization is
based on [28]

14 presents the comparison of top-100

the Hessian at W((llg)

from the figure that

(min_(10))
than W(m)

basin around W(S)T). This shows the importance of rewind-
ing the learning rate schedule while re-training the pruned

network.

. g)ositive eigenvalues of
and W((fg)m‘(lo )1t can be observed

(FT)
Wiio)

, which implies a smaller volume for the

has larger Hessian eigenvalues

VI. CONCLUSION AND SCOPE FOR FURTHER WORK

This work provides important insights into the operation
of lottery ticket initializations and IMP, and in particular,
shows that solutions with good generalization properties exist
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Fig. 13. Cosine similarity between different points of interest. Left: Cosine

similarity between IMP solutions at different levels. Right: Cosine similarity
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Logh)

Fig. 14. Comparison of)top—IOO positive eigen values of the Hessian at

W(FT) and W(min_(lo) )

(10) (10)

which have special geometrical profiles with low volumes
in unpruned space and get discovered post-pruning. These
solutions have (relatively) narrower profiles along dimensions
which eventually get pruned out. There may exist solutions
with similar narrow profiles along directions which do not
align with a sparser weight space, which, while not important
from the perspective of pruning may have other useful appli-
cations/properties and can explored in a future work. Another
direction for further work is to come up with an approach
that uncovers the sparse-dimensioned special solutions directly
without going through the computationally and time-intensive
IMP process.
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