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Abstract—We propose a fast and scalable framework for
multiagent decision-making that eliminates the need for iterative
fictitious play in large-scale systems. Leveraging the Fokker-
Planck-Kolmogorov (FPK) equation, our method computes both
the population-level control policy (drift) and the corresponding
agent distribution in a single forward pass. This one-shot solution
avoids the repeated equilibrium updates required by conventional
continuous mean field control (MFC) approaches. Once the
population dynamics are established, individual heterogeneous
agents derive their actions via deep behavior cloning from
the learned drift field. Our framework introduces two core
innovations: (1) direct, non-iterative computation of the team
policy and distribution, and (2) an imitation mechanism that
seamlessly handles agent heterogeneity, capabilities not afforded
by traditional MFC methods. Experimental results show that our
approach achieves precise distribution control with large-scale
heterogeneous agents.

Index Terms—mean field control, multi-agent systems, scalable
decision-making, behavior cloning.

I. INTRODUCTION

Embedding Al into physical systems is a critical step toward
achieving artificial general intelligence (AGI) [1], [2]. As a
result, learning effective decision-making methods for agents
interacting in dynamic environments plays a vital role. How-
ever, the most successful algorithms, including reinforcement
learning [3], are typically designed for single-agent settings
[4], [5] or systems with only a small number of agents [6]—
[9]. As real-world agents increasingly operate in coordinated
settings, conventional multi-agent decision-making algorithms
face a significant scalability bottleneck, with computational
complexity growing rapidly with team size [10]. Recent ad-
vancements in large language model (LLM) agents [11]-[13]
further highlight this challenge. As LLM-based agents scale in
number and sophistication, traditional multi-agent reinforce-
ment learning (MARL) approaches become computationally
intractable because of the exponential growth in complexity
relative to the number of agents. This severely limits their
practical deployment in large-scale coordination scenarios.

To date, relatively few efforts have directly addressed the
challenges posed by very large-scale multi-agent systems. The
mean field control (MFC) framework [14]-[18] has emerged
as one of the most promising directions, leveraging game-
theoretic insights to reduce the computational burden. The core
idea of MFCs is to approximate many-to-many agent interac-
tions with a one-to-mean interaction: each agent interacts not
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with every other agent individually, but with the aggregate
behavior of the population [19]. The key contribution of
MEFCs is that they decouple decision-making complexity from
team size. By reducing the original multi-agent system to
an effective two-agent interaction, i.e., an agent versus the
population mean, the computational cost becomes independent
of the number of agents, depending instead on the size of
the agent’s own policy model. Despite this advantage, the
adoption of MFCs in real-world Al-agent systems remains
limited. One major obstacle is the inherent difficulty of solving
MFCs’ game-theoretic fixed-point equations, which typically
require backward-forward partial differential equation (PDE)
coupling and equilibrium convergence. Moreover, standard
MEC frameworks impose strong assumptions on agent ho-
mogeneity and offer limited scalability to heterogeneous or
high-dimensional environments. Existing approaches, includ-
ing DeepMind’s work [15] and [14], continue to rely on
iterative fictitious play to approximate equilibrium, which is
computationally intensive and slow to converge in continuous
settings.

To pave the way for scalable, heterogeneous, multi-agent
LLM systems, we propose a departure from strict equilibrium-
seeking and instead embrace a pragmatic tradeoff: we forgo
exact Nash optimality in favor of computational efficiency
and heterogeneity support. Our method introduces a two-stage
decision-making framework that extends beyond traditional
MEFC formulations.

In the first stage, we solve for a global population-level
policy using a physics-informed neural network (PINN). This
universal drift field acts as the control policy of a virtual expert
agent whose goal is to steer the population distribution toward
a desired terminal state. Unlike MFCs, we do not require
fixed-point solutions or the backward Bellman equation. In
the second stage, each individual agent, possibly with distinct
dynamics or constraints, recovers its own policy by imitating
the expert drift. This is achieved through behavior cloning
from the learned drift field, allowing for decentralized and het-
erogeneous agent deployment without additional coordination
or joint training.

The contributions of our paper can be summarized as:

« We develop a scalable decision-making framework capa-
ble of handling heterogeneous agents within a mean field
game-like setup for large-scale systems.

o We eliminate the need for fictitious play by introducing
a fast, forward-learning alternative that trades off strict



equilibrium optimality for practical scalability.

o We design a two-step architecture combining a PINN for
global policy learning and behavior cloning for decen-
tralized agent-level imitation.

II. PROBLEM FORMULATION & RELATED WORK
A. Continuous-time Multi-agent Decision Making

We consider a very large-scale population of N agents
evolving in continuous time over a finite horizon ¢ € [0, 7).
The state of agent i € {1,..., N} is denoted by s;(t) € R,
and its continuous dynamics follow a differential equation

5i(t) = f(si(t),a;(t)) (1)

where a;(t) € R™ is the agent’s action at time ¢, f : R? x
R™ — R? is the environment’s transition function. Each agent
evolves independently according to its own trajectory so that
the team as a whole completes a task by reaching a certain
group state.

B. Multi-Agent Reinforcement Learning (MARL)

In a typical MARL scheme [6], each agent learns a policy to
maximize its expected cumulative reward through interactions
with an environment shared by other agents. The system is
typically modeled as a Markov game, where the state of agent
i at time ¢ is denoted by s;(t) € RY, and the joint state of all
agents is s(t) = (s1(t),...,sn(t)).

Each agent selects actions a;(t) according to a policy
mi(a; | s;) and receives a local reward r;(s(t), a(t)), where
a(t) = (a1(t),...,an(t)) is the joint action profile. The
standard objective of agent ¢ is to maximize its expected return:

T
Vi(m)) = E l/o i (s(t),a(t)) dt] , ()

where the joint policy © = (71, ..., 7y ) induces a distribution
over state-action trajectories. Learning proceeds by estimating
gradients of the return with respect to each agent’s policy
parameters, often via actor-critic or policy gradient methods.

This approach typically requires solving a coupled learning
problem in which each agent must adapt its policy in response
to the evolving behavior of other agents. In large-scale sys-
tems, this results in high variance, poor sample efficiency,
and coordination challenges, especially when the agent size
N goes to infinity.

C. Mean Field Control (MFCs)

Mean Field Control (MFCs) [15], [20], [21] provide a
tractable approximation to large-population multi-agent sys-
tems by considering the limit as the number of agents N — oo.
Instead of reasoning about each individual agent’s interac-
tions, MFC theory models the interaction between a single
representative agent and the aggregate population distribution
[22]. This reduces the multi-agent problem to a pair of
coupled equations describing the agent’s optimal control and
the evolution of the population [23].

MEFCs provide a scalable and principled way to model large
populations under decentralized decision-making. Classical
MEC solutions [15] use fictitious play (FP) to solve the two
equations asynchronously. However, FP is computationally
expensive and difficult to converge [24], [25], and traditional
MEC cannot handle heterogeneous agents due to the con-
straints imposed by the FPK equation.

D. Imitation Learning

Imitation learning (IL) enables agents to acquire poli-
cies by mimicking expert behavior, bypassing the need for
environment-driven exploration [26]. Among IL paradigms,
behavior cloning (BC) is the most straightforward and widely
used approach. BC treats policy learning as a supervised
learning problem, where the agent minimizes the discrepancy
between its predicted actions and those taken by an expert in
demonstration data [27]. This method has proven effective in
robotics [28], and manipulation [29], particularly in low-noise
or well-distributed datasets. Recent developments extend BC
to multi-agent settings by learning decentralized policies that
imitate a centralized expert or global behavior fields, often
derived from simulation or planning [30]. In such systems, BC
is appealing because it allows scalable offline training, avoids
joint optimization across agents, and enables flexible transfer
to heterogeneous agents when combined with population-level
priors.

III. FAST MEAN FIELD CONTROL - DRIFT IMITATION (DI)

We propose the novel Drift Imitation (DI) algorithm to learn
the group policy for large-scale MAS. Rather than solving for
equilibrium, our method directly trains a PINN to produce a
drift vector field that drives a system of agents from an initial
state distribution to a desired final distribution. The learned
drift acts as an expert so that individual agents can imitate it
regardless of their own dynamics.

A. Drift Learning Driven by the FPK Equation

We begin with the Fokker-Planck-Kolmogorov (FPK) equa-
tion from MFC, which describes the evolution of the team PDF

(s, t):

(s, t)
ot

where s is the state, f(s,t) is the drift vector field, D is the
diffusion coefficient, and V? is the Laplacian operator. Given
the initial distribution p(s), the goal is to find a proper drift
f*(s,a) so that the target distribution pr(x) can be reached.

We frame our drift learning approach as a PINN tailored to
FPK dynamics. Rather than optimizing agent-level rewards or
solving for equilibrium, we learn a time-dependent drift field
that governs the evolution of a population distribution.

The solution of the FPK equation is the PDF time evolution
w(s,t). We represent both the density p(s,t) and drift f(s, )
using neural networks fig, and fg ;- For each collocation

= =V (f(s,t) u(s,t)) + DV?u(s, 1), ()



point (s,t) in the domain, we use automatic differentiation
to compute the PDE residual using Eq. 3:

RQ(S, t)

Ofio, (5.1) o N

= L V- (fay(s.1) o, (5.1)) = DVfug, (5.1).
“)
The loss function penalizes this residual in the least-squares

sense: N
1

7 2 (Ro(ai,t2))”. )

i=1

Lepe(0) =

We additionally enforce boundary conditions by penalizing
deviation from the initial and final distributions:

£BC = MSE (ﬂ@u (57 0)7 /J,o(l‘)) + MSE (ﬂ@u (57 t)’ ,uT(m)) :
(6)

The total training loss is given by:
Liotar = LppE + ALpC, (7

where A\ controls the weight of the boundary condition loss.

This residual-based PINN formulation allows the model
to learn drift fields that are physically consistent with the
FPK dynamics, while simultaneously satisfying the boundary
conditions defined by the initial and target densities.

A vanilla PINN often struggles with higher-dimensional
FPK problems, exhibiting erratic gradients, loss of probabil-
ity mass across boundaries, and deviations from prescribed
boundary conditions. To address these challenges, we intro-
duce an integral-based boundary constraint, known as the zero-
flux condition, to enforce strict mass conservation. Specifically,
we penalize the flux of probability mass across the domain
boundary, yielding the boundary loss term:

L / /6 (fef e t>> (s

DV i, (s,t)

where fy ;(s,t) denotes the neural drift vector at state s and
time t, fig, (s,t) is the learned probability density, 0, is
the spatial boundary of the domain €, C R? and n(z)
denotes the outward-pointing normal vector at boundary point
s € 0f). Intuitively, this zero-flux boundary term ensures
that the net probability flow across domain boundaries is
minimized, thereby preventing unintended leakage of mass
and guaranteeing that the learned solution adheres strictly to
physical conservation laws. Consequently, this modification
significantly stabilizes training and yields more accurate so-
lutions, particularly in higher-dimensional scenarios.

To ensure that the learned PDF fip, (s,t) remains a valid
probability distribution throughout its evolution, we explicitly
enforce normalization at each discrete time step. Specifically,
at every time step ¢, we normalize the PDF by dividing it by
its integral over the entire spatial domain  C R<:

ﬂ0u (8715)
Jo fie, (s,t) dx’

This normalization step is critical to maintain total probability
mass equal to one, effectively preventing numerical drift in

dsdt, (8)

fig, (s, 1) < ©))

mass that may arise due to approximation errors, discretization
artifacts, or gradient-based training instabilities. Consequently,
it stabilizes the training and guarantees that the solution
remains physically consistent at all times.

The final loss function is

Lol = LppE + ALec + BLoux, (10)

where «, (3, and A\ are weighting coefficients. This loss
encourages the learned drift to generate population flows that
visually and numerically align with the desired mass transfer.
It enables the model to learn dynamics without solving a
coupled PDE system or coordinating multiple agents. The drift
learning algorithm is summarized in Algorithm 1.

B. Behavior Cloning as Imitation Learning for Heterogeneous
Agents

Once the population-level drift field fp ;(s,1) is learned, in-
dividual agents with heterogeneous systems can independently
extract local policies by imitating the population-level drift
field as an expert policy. This avoids the need for equilibrium
computation, reward design, or agent-specific optimization.

Let agent 7 have state s;(t) and belong to a class or type 7; €
T representing its heterogeneous attributes (e.g., dynamics,
control constraints, or goals). The goal is to construct a policy
75 (s4,t) for each agent type 7; that approximates the shared
population drift:

ai(t) = mo(si(t),t), s.t., f(si(t), @) = fo, (s4(0),1), (1)

where the target drift fg ;(s,t) encodes the population-wide
transport strategy.

Each agent type 7 is equipped with its own policy network
75 (s,t). Using a dataset D7 = {(sk,tk,fgf(sk,tk))}{cvzl
sampled from the learned drift, we train 7§ via supervised
behavior cloning:

N . 2
_ %Z Hf(xi,wg(sk,tk)) - fgf(sk,tk)H2. (12)
k=1
This approach allows each agent class to adapt its control
outputs to match the global drift field while respecting type-
specific parameterization.

Remark 1. Relation to Classical Mean Field Control.:
Although our formulation is inspired by the Fokker—Planck
equation commonly used in mean field control, the proposed
DI framework is not a classical MFC method in the strict
game-theoretic sense. Classical MFC seeks a control law that
is optimal for a representative agent while remaining consistent
with the population evolution, which typically requires solving
a coupled forward-backward system or an equilibrium fixed
point. In contrast, our method directly learns a population-
level drift field that transports the density from a prescribed
initial distribution to a desired terminal distribution, without
solving the backward HJB equation or enforcing fixed-point
optimality. Therefore, DI should be viewed as a population-
level transport and imitation framework inspired by mean-field
modeling, rather than a traditional equilibrium-based MFC
solver.



Algorithm 1 Drift Learning via FPK-PINN

Require: Initial PDF pg(x), target PDF pp(z), domain €,
diffusion coefficient D, time horizon [0, T
Require: Neural networks: density fig, (s, 1), drift fgf(s,t)
1: Initialize neural network parameters 6,0
2: fori=1,2,...,N do
3:  Sample minibatch of points (s;,t;) € Q2 x [0,T], j =
..., Ny
4:  Compute predictions: fi; =
o (s5:t5)
5:  Compute PDE residual via automatic differentiation.
6:  Evaluate boundary condition loss:

£BC = MSE(IQQH(?O)J’LO) + MSE(/JQM(’T)vUT)

Evaluate zero-flux boundary loss Lgyx-
Compute total loss:

e, (s5:t5), fi =

Ltolal = Oé»CPDE + )\LBC + ﬁ‘cﬂux
9:  Update neural network parameters via gradient descent:
49,“ ef — e;u ef - nveuﬂfﬁtotal

10  Normalize PDF at each sampled timestep:

11: end for

12: return Learned drift network fo ;(s,t) and density net-
work fig,, (s,1)

C. Optimality and Computational Tradeoffs

A key motivation for our framework is its ability to handle
heterogeneous agents without requiring centralized training
or coordination. In many real-world multi-agent systems,
agents differ in their dynamics, sensing capabilities, control
constraints, or even objectives. Traditional mean field control
(MFC) formulations assume homogeneous or nearly identical
agents and struggle to generalize when agent types diverge
significantly. In contrast, our method learns a population-level
drift field that any agent, regardless of type, can imitate via
behavior cloning. This decouples agent-level policy learning
from population-level planning and enables scalable, decen-
tralized execution across diverse agent classes.

While our approach does not aim to compute a Nash
equilibrium, it provides a practical alternative for coordinating
large populations. Classical MFCs define equilibrium through
fixed-point consistency between optimal control and distri-
bution evolution, often requiring backward PDEs or iterative
fictitious play. These procedures are computationally intensive
and sensitive to initialization and convergence. Our method
bypasses these challenges by directly learning a time-varying
drift that transports the population from an initial to a target
distribution, without relying on best-response dynamics.

IV. EXPERIMENTS

A. Drift Imitation in 1D Population Transport

We follow the evaluation strategy from DeepMind’s re-
search [15], adapting it to a continuous-time, continuous-

space mean field decision-making environment. Our goal is
to test the accuracy and stability of the learned population-
level drift field in transporting a probability density from a
given initial distribution to a desired terminal distribution. This
setup isolates the performance of the drift-learning stage and
serves as a basis for validating the PINN-based Fokker-Planck
training procedure.

Environment Setup: We first consider a one-dimensional
spatial domain = € [—5,5] C R. The system evolves over a
finite time horizon ¢ € [0, 1]. The initial distribution po(z) is
chosen as a binomial distribution augmented by two Gaussian
distributions with means at —2.0 and 2.0. The target distribu-
tion pr(x) is chosen as a normalized Gaussian mixture. The
objective is to learn a deterministic policy for the agents such
that the team distribution yi(s,t) evolves to the target PDF.

Drift Learning: We train a PINN fp, to minimize the
residual of the FPK equation as well as the initial and terminal
conditions defined by the initial and target distributions.

We first plot the learned distribution evolution in Figure 1,
which shows that the distribution network fig, (s, ) accurately
captures the predicted PDF evolution. To evaluate the PINN’s
approximation performance, we use a finite-difference solution
as a baseline, and the error |paserine —flo, | is plotted in Figure
3. Note that we substitute the drift network’s output fy (s,1)
into the FPK equation to construct the finite-difference base-
line.

Imitation Learning: After learning the drift field fp ;(5,1),
we test its usability by deploying it as an expert policy for
heterogeneous agents. Each agent samples its own trajec-
tory and uses supervised regression to clone the drift. This
step evaluates the practicality of our method for enabling
distributed, decentralized behavior learning without requiring
equilibrium computations.

We used system dynamics similar to those in [15], i.e.,
5(t) = ks(t) + a(s) with & = 0.5. To simulate a large-scale
MAS, we employed 1000 agents to imitate the expert drift
provided by fy ;(s,1), and the PDF estimated from the agents’
trajectories is shown in Figure 2.

Learned Distribution in PINN

(x)

State

0.0
00 0.2 04 0.6 [ Lo
Time (t}

Fig. 1: The PDF evolution predicted by the PINN.

1) Mean Field Control Comparison: We acknowledge that
the developed algorithm sacrifices optimality for computa-
tional simplicity and tolerance for heterogeneous agents. To



PDF Evolution with Drift Force
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Fig. 2: The PDF evolution of real agents.
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Fig. 3: PINN’s approximation error compared to finite differ-
ence baseline.

show how much optimality has been sacrificed, we set another
MEC baseline similar to [15], where each agent’s reward has
two parts: reducing the distance from the target distribution
mean and reducing the distance from the team mean. We
calculated the accumulated reward for both methods and
list the results in Table I. Note that we used similar NN
structures for PINN, behavior cloning, and MFC. Thus, the
computational complexity can be compared by the number of
times each neural network is trained. From Table I, we can see
that although our algorithm incurs a 13.59% optimality loss,
it trains three NNs only once, whereas traditional MFC with
fictitious play must train two NNs across 10 iterations.

2) Heterogeneous Agents: Another contribution of DI is
its ability to handle heterogeneous agents. We tested a variety
of linear and nonlinear agents by comparing their trajectory
differences with the expert’s trajectory. The MSE between each
agent type and the expert agent is reported in Table II.

TABLE I: Reward comparison with MFC baseline.

MFC reward sum
-1.8698

Decrement
13.59%

DI reward sum
-2.1240

PDF att = 0.00

PDF att = 0.26

PDF att=10.53 PDF at t = 1.00

-4 -2 0 2 4
x b3

Fig. 4: Target PDF in a square shape.

TABLE II: Imitation error for heterogeneous agents.

Agent system | 2=z +u & = cos(z) + u
Imitation error | 0.0179 0.00896

Agent system t=a’4u | T=a°+u
Imitation error | 0.0479 0.00426

Agent system | & = tanh(x) + u

Imitation error | 0.000664

B. Robotic Swarm Navigation in Continuous Space

Similar to [15], we next evaluate the applicability of our
framework to a robotic swarm navigation task, where a popu-
lation of agents must collectively migrate from an initial spatial
configuration to a desired target formation. Unlike the previous
setup, this scenario directly reflects real-world constraints of
physical systems, including spatial continuity, decentralized
control, and agent heterogeneity.

Environment Setup: We simulate a population of robotic
agents moving in a 2D continuous domain (s1, s2) € [—5, 5]2.
The collective state of the swarm is represented as a time-
varying density pu(si, se,t), initialized from a 2D Gaussian
distribution centered at (—2,2) and driven toward another
distribution.

Similarly, a neural drift model fg (81, 82,1) is trained via
residual minimization of the 2D Fokker—Planck equation. A
supervision signal is constructed by interpolating between the
initial and final PDFs, and a smoothing kernel is applied to
stabilize the target distributions. The learned drift generalizes
to the full domain and can be queried continuously.

We start the simulation with a 2D Gaussian distribution
centered on (2, 2) as the target distribution. The PDF evolution
is plotted in Figure 4.



TABLE III: 2D PINN approximation error.

Distribution | Gaussian Bi-Gaussian
Error 0.000143 | 0.000158
Distribution | Box Ring

Error 0.00138 0.0000898

V. CONCLUSIONS AND FUTURE WORK

We introduced a scalable MAS decision-making framework
that leverages a PINN to directly solve the population-level
drift field in MFC-type problems. Unlike traditional iterative
equilibrium approaches, our Drift Imitation (DI) method pro-
duces a one-shot solution driven by the FPK equation. By
providing a global drift field as a virtual expert, our approach
naturally supports decentralized imitation learning by het-
erogeneous agents without requiring iterative coordination or
reward specification. The results show that DI achieves precise
distribution control with significantly reduced computational
overhead, while still enabling effective policy learning across
diverse agent types. These benefits make DI particularly well-
suited for large-scale, real-time multi-agent systems, such
as robotic swarms, autonomous fleets, or LLM-based agent
populations. However, the developed DI algorithm explicitly
trades off exact Nash equilibrium optimality for computa-
tional speed and structural flexibility. While this tradeoff is
acceptable in many practical settings, it may limit applicability
in domains where theoretical optimality and game-theoretic
consistency are essential. In future work, we plan to address
these limitations by exploring ways to recover approximate
optimality guarantees.
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