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Abstract—Constructing interpretable representation learning
models for flows of probability distributions has become a thriv-
ing research area in machine learning and artificial intelligence.
This effort not only sparks new research avenues but also
provides distinctive insights into established fields such as image
processing. For example, the recently developed flow matching
(FM) model has demonstrated its effectiveness in addressing
image restoration problems. However, a unified, comprehensive,
and interpretable framework for learning probability flows from
data in a general setting remains underexplored. To fill this gap,
we develop an ensemble control system (ECS) model for learning
probability flows. Our model is represented as an ensemble
of heterogeneous control systems, with the control inputs act-
ing as time-dependent trainable parameters. The heterogeneous
dynamics and time-dependent parameters significantly enhance
the model’s capabilities, making it exceptionally powerful. To
further capitalize on these strengths, we introduce a moment
kernel transform that creates a reduced kernel representation
of the ECS model over a reproducing kernel Hilbert space.
This approach enables efficient training without compromising
learning performance. We demonstrate the significant advantages
of the ECS model through various image restoration tasks and
provide a detailed comparison with baseline FM-based image
processing models.

Index Terms—ensemble control systems, kernel methods, dis-
tribution flow learning, image restoration, reproducing kernel
Hilbert space

I. INTRODUCTION

Constructing representation learning models for the gen-
eration of desired flows of probability distributions forms
the foundation of flow-based generative models [1]–[3]. The
emergence of such models has opened new research avenues in
generative artificial intelligence (AI) and has provided novel
insights and tools for well-established fields, notably image
processing and generation [1], [4]–[8]. The recently developed
flow matching (FM) technique falls into this category of gen-
erative models [8], [9]. When integrated with state-of-the-art
algorithms for linear inverse problems, pre-trained FM models
have demonstrated remarkable capabilities in various image
restoration tasks, including denoising, deblurring, inpainting,
and super-resolution [10]–[14].

The flow-based characteristic of FM elucidates its con-
nection with dynamical systems. From this perspective, the
learning objective of FM is the vector field of an ordinary
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differential equation (ODE) system whose phase space dis-
tribution, given by the solution of the associated Liouville
equation (continuity equation), is the desired probability flow
[8], [15]–[17].

a) Our contributions: Inspired by the dynamical system
characterization of FM, we propose a control system-embodied
representation learning model for flows of probability dis-
tributions. Our model comprises an ensemble of structurally
identical control systems with distinct dynamic characteristics,
referred to as an ensemble control system (ECS), in contrast
to a single unforced dynamical system used in FM. By
utilizing the control inputs for targeted manipulation of the
system dynamics, they naturally stand as trainable parameters
in the ECS model. The time-dependence of the trainable
control inputs also distinguishes ECS from most machine
learning models, in which trainable parameters are typically
constant. This feature, combined with the heterogeneity in
ECS dynamics, not only enhances model capability but also
renders ECS a high-dimensional model, potentially infinite-
dimensional, in both the system state and training parameter
spaces. To effectively leverage this infinite-dimensionality, we
develop a moment kernel transform, which generates a kernel
representation of ECS over a reproducing kernel Hilbert space
(RKHS). This ensures efficient training of the ECS model
while maintaining satisfactory model capability and learning
performance. We apply ECS to various image restoration tasks
to demonstrate its efficiency and performance, showcasing a
new dynamic image processing paradigm. Additionally, we
conducted a detailed comparison with state-of-the-art FM-
based image processing models. The main contributions of
our work are summarized as follows:

• Construction of ECS representing models for learning and
generation of probability flows.

• Development of the moment kernelization framework to
enable efficient training of the ECS model over an RKHS
without compromising its model capability.

• Application of ECS to various image restoration tasks to
establish a new dynamic image processing paradigm.

b) Related works: The fundamental objective of this
work is the targeted transportation of probability distribu-
tions using ECS’s. The problem of transporting probability
distributions was initially formulated by G. Monge in 1781
[18], laying the foundation for optimal transport theory [19]–



[21]. The connection between optimal transport and dynamical
systems was discovered by J.-D. Benamou and Y. Brenier,
where probability distributions are transported along flows
of dynamical systems [22]. Recently, the significance of this
viewpoint was recognized in the realm of generative AI,
catalyzing the development of FM [3], [8], [9].

This emerging FM model particularly provides new insights
and tools for image processing. The core idea in this thread
of research centers around integrating a pre-trained FM model
with linear inverse algorithms to enhance image restora-
tion performance. State-of-the-art FM-based image processing
models include OT-ODE, D-Flow, Flow Priors, and PnP-Flow
[10]–[13]. In OT-ODE, a gradient-based adaptation term is
added to the pretrained unconditional flow model, converting
an unconditional vector field to a conditional one to improve
the perceptual quality of restored images [10]. In D-Flow,
controlled generation is added to an FM or diffusion model,
imposing a prior on the optimization process in an image in-
verse problem, resulting in better model generalizability [11].
In Flow Priors, the Iterative Corrupted Trajectory Matching
(ICTM) algorithm is applied to approximate the maximum-
a-posteriori (MAP) estimator in an FM model, improving
image restoration performance [12]. In the latest PnP-Flow,
the Plug-and-Play framework is combined with a pre-trained
FM, yielding a time-dependent image denoiser with improved
computational efficiency and memory consumption [13].

In the proposed ECS probability flow learning model, the
technical tool for addressing infinite dimensionality is the
moment kernel transform, which is motivated by the method
of moments in functional analysis and probability theory [23]–
[25]. This method was developed by P. L. Chebyshev in
1887 and later formalized by his student A. Markov [26].
It soon gained considerable attention and was studied under
different settings, notably, the Hausdorff, Hamburger, and
Stieltjes moment problems [27]–[31]. In our work, we adopt
the modern mathematical formulation of the moment method
[24] and extend it to the dynamical systems setting to establish
the ECS learning model.

II. REPRESENTATION OF DISTRIBUTION FLOWS USING
DYNAMIC ENSEMBLE SYSTEMS

Building an interpretable and trustworthy model for learning
probability flows is an emerging research area in contemporary
AI, particularly in generative models. The time-dependence
characteristic of flows inherently highlights the close relation-
ship between such models and dynamical systems. In this
section, we introduce a new representation learning model for
probability flows, described by an ensemble of control sys-
tems with distinct dynamic characteristics. This heterogeneity
endows the ECS model with enhanced model capability com-
pared to the existing flow-based generative models inspired by
dynamical systems, such as FM.

A. Ensemble systems representation of distribution flows

An ensemble control system (ECS) is a parameterized family
of control systems evolving on a common manifold M ⊆ Rn,

described by
d

dt
x(t, β) = f

(
t, β, x(t, β), u(t)

)
, (1)

where the system parameter β varies over Ω ⊆ Rd, x(t, β) ∈
M holds for all t ∈ [0, T ] and β ∈ Ω with T > 0,
f(t, β, ·, u(t)) is a vector field on M , and u(t) ∈ Rp is
the control input. Systems of this sort are natural models
for describing the dynamics of large-scale population systems
arising from numerous domains, including robot swarms,
quantum spin ensembles, and spiking neurons [32]–[34].

In practice, the data of the states of individual systems
within the ensemble are distributed differently at each time
t. Namely, at each t ∈ [0, T ], these data, denoted Xt =
{x(t, β) ∈ M : β ∈ Ω}, have an underlying distribution µt

over M , representing how these systems are allocated in the
state-space M . For example, they may be concentrated at one
point, making µt a point mass, or they may be uniformly
spread out over a region D ⊆ M , making µt the uniform
distribution on D. Therefore, this ensemble distribution µt

is time-varying and governed by the vector field f . In this
distributional interpretation of the ECS in (1), the control input
u(t) serves as the training parameter for learning a desired
distribution flow µ∗

t . In this context, the learning task admits
the following optimal tracking control formulation:

min
u:[0,T ]→Rp

E
∫ T

0

|f(t, β, x(t, β), u(t))− f∗(t, x(t, β))|2dt,

s.t.
d

dt
x(t, β) = f

(
t, β, x(t, β), u(t)

)
(2)

with the initial ensemble distribution µ0 induced by data X0,
where E denotes the expectation with respect to a predeter-
mined probability measure λ on the parameter space Ω, and
f∗ is the velocity field of µ∗

t .

B. Comparison with flow matching-based models
The fundamental difference of the proposed ECS model

from FM lies in its characteristics of having training param-
eters as functions and the richness of its system dynamics
generated by these functional parameters. In most existing
machine learning models, including FM, training parameters
are finite-dimensional constant vectors; however, in the ECS
model described in (1), they are Rp-valued functions defined
on [0, T ]. This expansion significantly enhances the learning
capability of the ECS model.

In addition, the heterogeneity introduced by the varying pa-
rameter β provides rich diversity to the model. Specifically, the
ECS in (1) evolves on the space of M -valued functions over
Ω, which is infinite-dimensional. In contrast, the underlying
dynamical system in an FM model is a homogeneous ODE
system defined on a finite-dimensional space. The expansion
in the dimension of the system’s state-space empowers the
ECS model with the full capability to represent richer classes
of distributions, thereby enabling ECS to tackle a wider range
of learning tasks. For instance, FM is incapable of handling a
classification task in which the desired distribution flow nec-
essarily converges to a totally discrete probability distribution



consisting of point masses. This requires the sample paths of
the distribution flow, composed of the solution trajectories
of the associated ODE with different initial conditions, to
intersect at the mass points, which violates the uniqueness of
solutions to the ODE [35]. This limitation in FM is overcome
by the proposed ECS model, where every sample path is
generated by a distinct control system characterized by a
different value of β.

Accompanied by the enhanced model capability through the
enlargement of the training parameter and state spaces comes
potentially increased computational complexity in training and
operating the ECS model. This presents challenges to both the
theoretical and computational aspects of the model. To address
this issue, we develop a new learning representation for
probability flows by mapping the ECS model to a reproducing
kernel Hilbert space (RKHS), which is the main focus of the
next section.

III. MOMENT KERNELIZATION FOR
DISTRIBUTION FLOW LEARNING

In this section, we develop a moment kernel representa-
tion of the ECS model for learning probability flows. This
kernelization maps the ECS model to a reduced moment
representation, enabling rigorous and efficient probability flow
learning on an RKHS.

A. Moment kernel transform

The core idea of the moment kernel transform is to identify
a Borel measure with an infinite sequence. In this work,
we focus on Radon probability measures defined on the
parameter space Ω and denote the space of such measures by
P(Ω). Because every positive linear functional on Cc(Ω), the
space of compactly supported continuous real-valued functions
defined on Ω, is uniquely representable as a measure on Ω by
the Riesz–Markov–Kakutani representation theorem [36], this
allows us to introduce the notion of moments for µt ∈ P(Ω)
by using the dual-primal pairing ⟨·, ·⟩ : Cc(Ω) × P(Ω) → R
as

mk(t) = ⟨φk, µt⟩ =
∫
Ω

φkdµt, k ∈ N. (3)

Here, {φk}k∈N is chosen to be a basis for Cc(Ω), which
guarantees a one-to-one correspondence between the measure
µt and its moment sequence m(t) =

(
mk(t)

)
k∈N [24].

To illustrate how to incorporate the moment kernelization
into the ECS model, we focus on Radon measures µt on Ω
that are absolutely continuous with respect to a predetermined
probability measure λ ∈ P(Ω) with the Radon-Nikodym
derivative given by the ensemble state xt, i.e., dµt = xtdλ.
In this case, the dual-primal pairing can be identified with the
L2-inner product of the functions φk and xt with respect to the
measure λ as mk(t) = ⟨φk, µt⟩ =

∫
Ω
φkxtdλ = ⟨φk, xt⟩L2 ,

provided ∥xt∥2 =
∫
Ω
|xt|2dλ < ∞, i.e., xt ∈ L2(Ω, λ).

This identification further allows the choice of {φk}k∈N as
an orthonormal basis of L2(Ω, λ). In this case, the mo-
ment sequence m(t) satisfies ∥m(t)∥2ℓ2 =

∑
k∈N |mk(t)|2 =

∥xt∥2L2 < ∞, indicating that m(t) is an element in ℓ2, the
space of square-summable sequences [36]. Since the ℓ2-space
is an RKHS with the reproducing kernel induced by the ℓ2-
inner product ⟨m(t1),m(t2)⟩ℓ2 =

∑
k∈N mk(t1)mk(t2) [37],

this demonstrates that m(t) is essentially a kernel representa-
tion of µt. We will leverage this property to carry out ensemble
control-based probability flow learning.

B. Moment kernel representation of ensemble distribution flow

The essential step in kernelizing the probability flow learn-
ing problem in (2) is to derive the moment kernel represen-
tation of the ensemble system. Taking the time-derivative of
mk(t) defined in (3) yields

d

dt
mk(t) =

d

dt
⟨φk, µt⟩ =

d

dt

∫
Ω

φkxtdλ

=

∫
Ω

φk
d

dt
xtdλ =

∫
Ω

φkf(t, ·, xt, u(t))dλ,

where the interchange of integration and differentiation
follows from the dominated convergence theorem [36].
Note that the last term above is essentially the kth mo-
ment of the xt-dependent measure whose Radon-Nikodym
derivative with respect to λ is f(t, β, xt(β), u(t)) as
a function of β. Representing the moment sequence
of f as f̄ =

(
f̄k
)
k∈N, the moment kernel repre-

sentation of the ensemble system follows d
dtm(t) =

f̄
(
t,m(t), u(t)

)
. On the other hand, the training loss in

(2) satisfies E
∫ T

0
|f(t, β, x(t, β), u(t)) − f∗(t, x(t, β))|2dt =∫

Ω

∫ T

0
|f(t, β, x(t, β), u(t)) − f∗(t, x(t, β))|2dtdλ(β) =∫ T

0

∫
Ω
|f(t, β, x(t, β), u(t)) − f∗(t, x(t, β))|2dλ(β)dt =∫ T

0
∥f(t, ·, xt, u(t))−f∗(t, xt)∥2L2dt =

∫ T

0
∥f̄(t,m(t), u(t))−

f̄∗(t,m(t))∥2ℓ2dt, where the change in the order of integration
follows from Tonelli’s theorem [36]. We have now reached
the moment kernelized ensemble distribution flow learning
problem in (2), given by

min
u:[0,T ]→Rp

∫ T

0

∥f̄(t,m(t), u(t))− f̄∗(t,m(t))∥2dt,

s.t.
d

dt
m(t) = f̄

(
t,m(t), u(t)

)
,

m(0) =
(
⟨φk, µ0⟩

)
k∈N

. (4)

The structure of this moment kernelized problem defined
on ℓ2 suggests an effective training approach for the model
in (2) by using a finite truncation of the moment sequence
m(t) in the moment kernelized ensemble FM model (4). Let
m̂q = (m0,m1, . . . ,mq) and f̂q = (f̄0, f̄1, . . . , f̄q) denote the
respective order-q truncated moment sequences for m and f̄ .
We can then construct a finite-dimensional approximation of
model (4) as

min
u:[0,T ]→Rp

∫ T

0

∥f̂q(t, m̂q(t), u(t))− f̂∗
q (t, m̂q(t))∥2dt,

s.t.
d

dt
m̂q(t) = f̂q

(
t, m̂q(t), u(t)

)
,

m̂q(0) =
(
⟨φk, µ0⟩

)q

k=0
. (5)



Theorem 1: Let m∗(t) and m̂∗
q(t) be the moment kernelized

probability flows learned by training the infinite-dimensional
and truncated models in (4) and (5), respectively. Then,
m̂∗

q(t) → m∗(t) uniformly in t ∈ [0, 1] as the truncation order
q → ∞.
Proof. See Appendix A. □

In addition to the effective training through moment trun-
cation, in practice the moments can be easily estimated from
the data. Taking advantage of the fact that µt is a probability
measure in Ω, the kth moment defined in (3) can be viewed
as the expectation of the “random variable” φk with respect to
µt. Therefore, mk(t) can be approximated using the sample
moment of the data sampled from µt, according to the law of
large numbers [23]. Similarly, the moment sequence of f , f̄ ,
also admits the sample moment approximation.

IV. DYNAMIC IMAGE PROCESSING THROUGH
ENSEMBLE DISTRIBUTION FLOW LEARNING

One of the primary applications of distribution flow learning
is image processing. In this section, we apply the developed
ECS model to address various image processing tasks, includ-
ing denoising, undistortion, and undegradation, using bench-
mark datasets. Furthermore, we conduct a detailed comparison
with existing models to assess performance differences.

A. Experimental evaluation

a) Datasets: We validate the proposed ECS model on
two benchmark datasets, CelebA and AFHQ-Cat, which con-
tain RGB images of resolutions 128 × 128 and 256 × 256,
respectively [38], [39]. For CelebA, images are decomposed
into three color channels, each of which is reshaped into
a 1282-dimensional vector and normalized to a (discretized)
Lebesgue probability density function on [−1, 1]. Images in
the AFHQ-Cat dataset are processed in the same manner,
resulting in 3-tuples of 2562-dimensional vectors. Each vector
is similarly normalized to a (discretized) probability density
function on ([-1,1]).

b) ECS model setup: Images are typically processed
using convolution operations, which are linear transforms [40],
[41]. This inspires the use of a linear ensemble system to
process the “image-distributions.” Specifically, we build the
ensemble system model with linear variation in its natural
dynamics, controlled by multiple parameter-dependent inputs,
in the form

d

dt
x(t, β) = βx(t, β) +

p∑
i=0

φi(β)ui(t), (6)

where β ∈ [−1, 1] and φi is the order-i Legendre polynomial
for i = 0, . . . , p. The initial and target distributions, µ0 and
µ1, correspond to the degraded and ground truth images,
respectively. The probability flow to be learned is chosen as the
linear interpolation µt = (1−t)µ0+tµ1, t ∈ [0, 1]. We employ
Legendre polynomials to moment-kernelize the linear ensem-
ble and choose the reference measure on [−1, 1] to be the
normalized Lebesgue measure, expressed as dλ(β) = dβ/2.
This approach yields the kth moment as mk(t) = ⟨φk, µt⟩ =

∫ 1

−1
φk(β)dµt(β) =

1
2

∫ 1

−1
φk(β)xt(β)dβ for all k ∈ N. The

orthonormality of Legendre polynomials provides an explicit
reconstruction of the probability flow to be learned using
moments, given by dµt = xtdλ =

∑
k∈N mk(t)φkdλ. To

improve numerical stability, image vectors are normalized to
discretized Lebesgue density functions using the Legendre-
Gauss-Lobatto (LGL) rule [42].

c) ECS model hyperparameter selection: This linear
ECS model has two hyperparameters: the number p of control
inputs and the truncation order q of the moment kernelization.
To ensure sufficient model capability, we set p = q in all
the experiments. Specifically, p and q are chosen to be 150
for images in the CelebA dataset and 250 for images in the
AFHQ-Cat dataset.

d) Baseline models: We compare the proposed ECS
model with four state-of-the-art FM-based image processing
models, including OT-ODE [10], D-Flow [11], Flow-Priors
[12], and PnP-Flow [13]. The performance measures used
for comparison are the peak signal-to-noise ratio (PSNR) and
the structural similarity index (SSIM), with higher values
indicating better performance.

B. Experiment results

To showcase the performance of the proposed ECS model,
we consider four different image restoration tasks: denoising,
deblurring, super-resolution, and inpainting. (1) Denoising:
The images are perturbed by additive Gaussian noise with a
standard deviation of 0.2. (2) Deblurring: two types of blur
are applied to the images: (i) Gaussian blur: using 61 × 61
Gaussian kernels with standard deviations of 1 and 3 for
CelebA and AFHQ-Cat, respectively; (ii) Motion blur: with
a blur length of 45 pixels and an angle of 45◦. (3) Super-
resolution: The images are downsampled by a factor of 2 for
CelebA and 4 for AFHQ-Cat. (4) Inpainting: two inpainting
methods are considered: (i) Box inpainting: centered square
masks of size 40×40 and 80×80 pixels are applied to CelebA
and AFHQ-Cat images, respectively; (ii) Random inpainting:
70% of the pixels are randomly masked.

a) ECS model evaluation: Figures 1 and 2 illustrate the
restoration performance of the ECS model on the CelebA and
AFHQ-Cat datasets. In each figure, one representative image is
selected to demonstrate the model performance across different
restoration tasks. Specifically, the first and second columns
represent the ground truth and degraded images, respectively;
the third to sixth columns display the outputs of the ECS model
at time points 0.25, 0.5, 0.75, and 1. It can be observed that
the restored images at the final time point closely match the
ground truth images. This high level of fidelity is also indicated
by the high PSNR values.

b) Comparison with baseline models.: To make a fair
comparison with the baseline models, additional Gaussian
noise is added to the images. The standard deviation is chosen
to be 0.05 for deblurring, super-resolution, and box inpainting
tasks, and 0.01 for random inpainting tasks. For each image
restoration task, the performance of the ECS model is eval-
uated using the average PSNR and SSIM over 100 selected



Original Degraded t = 0.25 t = 0.5 t = 0.75 t = 1 Original Degraded t = 0.25 t = 0.5 t = 0.75 t = 1

PSNR: 15.30 PSNR: 19.28 PSNR: 22.60 PSNR: 28.48 PSNR: 43.71 PSNR: 30.67 PSNR: 33.40 PSNR: 36.51 PSNR: 40.84 PSNR: 45.59

PSNR: 20.23 PSNR: 23.97 PSNR: 28.91 PSNR: 35.61 PSNR: 42.96 PSNR: 24.38 PSNR: 27.66 PSNR: 31.02 PSNR: 36.35 PSNR: 44.45

PSNR: 20.53 PSNR: 23.78 PSNR: 27.35 PSNR: 33.40 PSNR: 47.15 PSNR: 12.08 PSNR: 18.43 PSNR: 23.63 PSNR: 30.46 PSNR: 50.21

Fig. 1. Illustration of image restoration processes generated by the ECS model on the CelebA dataset. Row 1 shows the results of denoising and deblurring
with Gaussian blur; Row 2 shows the results of deblurring with motion blur and super-resolution; Row 3 shows the results of single-mask and multi-mask
inpainting. Columns 1 and 2 are the ground-truth and degraded images; columns 3 to 6 display the ECS outputs at time points t = 0.25, 0.5, 0.75, and 1,
along with their corresponding PSNR values.

Original Degraded t = 0.25 t = 0.5 t = 0.75 t = 1 Original Degraded t = 0.25 t = 0.5 t = 0.75 t = 1

PSNR: 15.49 PSNR: 20.06 PSNR: 23.36 PSNR: 29.11 PSNR: 40.36 PSNR: 24.24 PSNR: 27.01 PSNR: 30.50 PSNR: 35.49 PSNR: 40.62

PSNR: 22.63 PSNR: 26.01 PSNR: 30.02 PSNR: 36.06 PSNR: 43.86 PSNR: 22.90 PSNR: 25.84 PSNR: 29.26 PSNR: 34.65 PSNR: 42.09

PSNR: 22.91 PSNR: 27.03 PSNR: 30.15 PSNR: 35.51 PSNR: 44.88 PSNR: 13.15 PSNR: 18.89 PSNR: 24.14 PSNR: 31.43 PSNR: 45.44

Fig. 2. Illustration of image restoration processes generated by the ECS model on the AFHQ-Cat dataset. Row 1 shows the results of denoising and deblurring
with Gaussian blur; Row 2 shows the results of deblurring with motion blur and super-resolution; Row 3 shows the results of single-mask and multi-mask
inpainting. Columns 1 and 2 are the ground-truth and degraded images; columns 3 to 6 display the ECS outputs at time points t = 0.25, 0.5, 0.75, and 1,
along with their corresponding PSNR values.

images. The comparison results for the CelebA and AFHQ-Cat
datasets are shown in Tables I and II, respectively. Figures 3
and 4 display one representative image restored by each model
for each task. Overall, the proposed ECS model consistently
outperforms the baseline models, as indicated by the PSNR
values. Moreover, the restoration performance remains superb
across different tasks, with PSNR variations on the order of
10−3 to 10−4, demonstrating the robustness of the ECS model.

C. Discussion on the ECS Model

Interpretability and high training efficiency also stand out as
major advantages of the ECS model, in addition to its model
capability discussed in Section II-A. As a control system-
embodied representation learning model, the trainable parame-
ters of the ECS model are interpreted as control inputs, shaping
the system dynamics to create the desired behavior. Regarding
training efficiency, since the linear image processing ECS
model in (6) is linear in the control inputs, its training process
is essentially a linear inverse problem, which eliminates the
need for time-consuming pretraining of deep neural networks.
In our experiments, the average time required for training and

processing the CelebA image deblurring task is 8.73 seconds
per image on an Apple M4 Max chip with 128GB RAM.
This is comparable to the processing times of baseline models
solely, measured on a more powerful NVIDIA RTX 6000 Ada
Generation with 48GB RAM, including 1.50 seconds for OT-
ODE, 16.01 seconds for Flow-Priors, 32.19 seconds for D-
Flow, and 3.40 seconds for PnP-Flow [13].

Although the ECS model has achieved superior image
restoration performance, the learning accuracy can be further
improved by tuning the hyperparameters of the model. In the
current model setup as in (6), xt is an real-valued function.
We now increase the dimension of the model to d

dtx(t, β) =
βIx(t, β) +

∑p
i=0 φi(β)Iui(t), where I denotes the n-by-n

identity matrix, such that x(t, β), ui(t) ∈ Rn. Correspond-
ingly, we also uniformly partition each image vector into n2

vectors so that µt becomes a probability flow on Rn2

. The
restoration performance, measured by the average PSNR over
20 images, of this modified ECS model is shown in Table III,
where n is varied from 1 to 4. It can be observed that the
PSNR values are significantly increased as n increases.



TABLE I
COMPARISON BETWEEN THE PROPOSED ECS MODEL AND BASELINE MODELS USING THE CELEBA DATABASE FOR IMAGE DENOISING, DEBLURRING,

SUPER-RESOLUTION, AND INPAINTING WITH BOX AND RANDOM MASKS.

Method
Denoising Deblurring Super-resolution Box inpainting Random inpainting

PSNR SSIM PSNR SSIM PSNR SSIM PSNR SSIM PSNR SSIM

Degraded 20.00 0.348 27.67 0.740 10.17 0.182 22.12 0.742 11.82 0.197
OT-ODE 30.50 0.867 32.63 0.915 31.05 0.902 28.84 0.914 28.36 0.865
D-Flow 26.42 0.651 31.07 0.877 30.75 0.866 29.70 0.893 33.07 0.938
Flow-Priors 29.26 0.766 31.40 0.856 28.35 0.717 29.40 0.858 32.33 0.945
PnP-Flow 32.45 0.911 34.51 0.940 31.49 0.907 30.59 0.943 33.54 0.953
Ensemble Control (ours) 46.1347 0.9979 46.1363 0.9979 46.1353 0.9979 46.1346 0.9979 46.1346 0.9979

TABLE II
COMPARISON BETWEEN THE PROPOSED ECS MODEL AND BASELINE MODELS USING THE AFHQ-CAT DATABASE FOR IMAGE DENOISING, DEBLURRING,

SUPER-RESOLUTION, AND INPAINTING WITH BOX AND RANDOM MASKS.

Method
Denoising Deblurring Super-resolution Box inpainting Random inpainting

PSNR SSIM PSNR SSIM PSNR SSIM PSNR SSIM PSNR SSIM

Degraded 20.00 0.319 23.77 0.514 11.59 0.216 21.50 0.744 13.35 0.234
OT-ODE 29.90 0.831 26.43 0.709 25.17 0.711 23.88 0.874 28.84 0.838
D-Flow 26.22 0.620 27.49 0.740 24.10 0.595 26.69 0.833 31.37 0.888
Flow-Priors 29.32 0.768 25.78 0.692 23.34 0.573 25.85 0.822 31.76 0.909
PnP-Flow 31.65 0.876 27.62 0.763 26.75 0.774 26.87 0.904 32.98 0.930
Ensemble Control (ours) 40.4245 0.9891 40.4261 0.9891 40.4257 0.9891 40.4255 0.9891 40.4255 0.9891

Original Degraded OT-ODE D-FLOW Flow-Priors PnP-Flow Ensemble Control

PSNR: 15.30 PSNR: 31.61 PSNR: 27.33 PSNR: 30.24 PSNR: 33.55 PSNR: 52.79

PSNR: 25.56 PSNR: 33.97 PSNR: 32.29 PSNR: 31.77 PSNR: 35.76 PSNR: 54.51

PSNR: 24.87 PSNR: 30.33 PSNR: 33.43 PSNR: 29.11 PSNR: 34.09 PSNR: 56.47

PSNR: 21.05 PSNR: 30.63 PSNR: 32.29 PSNR: 32.39 PSNR: 32.84 PSNR: 54.20

PSNR: 12.92 PSNR: 24.91 PSNR: 26.70 PSNR: 26.40 PSNR: 27.29 PSNR: 48.81

Fig. 3. Illustration of the comparison results between the proposed ECS model
and baseline models for imaging denoising (row 1), deblurring (row 2), super-
resolution (row 3), inpainting of single masks (row 4) and a multi mask (row
5) on CelebA dataset. Columns 1 and 2 are the ground truth and degraded
images; columns 3 to 6 are the restored images output from the baseline
models, including OT-ODE, D-Flow, Flow-Priors, and PnP-Flow; column 7
display the images restored by the ECS model.

V. CONCLUSION

In this paper, we introduced an ECS representation model
for learning flows of probability distributions. Unlike ex-
isting models, such as FM, which use a single unforced

Original Degraded OT-ODE D-FLOW Flow-Priors PnP-Flow Ensemble Control

PSNR: 17.19 PSNR: 30.29 PSNR: 26.55 PSNR: 29.54 PSNR: 32.28 PSNR: 46.23

PSNR: 22.29 PSNR: 26.45 PSNR: 27.44 PSNR: 25.64 PSNR: 27.67 PSNR: 41.07

PSNR: 21.79 PSNR: 26.52 PSNR: 25.44 PSNR: 22.65 PSNR: 28.92 PSNR: 43.85

PSNR: 20.05 PSNR: 26.23 PSNR: 26.47 PSNR: 26.03 PSNR: 29.35 PSNR: 46.56

PSNR: 15.48 PSNR: 32.42 PSNR: 36.80 PSNR: 36.80 PSNR: 39.56 PSNR: 52.32

Fig. 4. Illustration of the comparison results between the proposed ECS model
and baseline models for imaging denoising (row 1), deblurring (row 2), super-
resolution (row 3), inpainting of single masks (row 4) and a multi mask (row
5) on AFHQ dataset. Columns 1 and 2 are the ground truth and degraded
images; columns 3 to 6 are the restored images output from the baseline
models, including OT-ODE, D-Flow, Flow-Priors, and PnP-Flow; column 7
display the images restored by the ECS model.

system with constant trainable parameters, the ECS model
generates distribution flows using an ensemble of hetero-
geneous control systems. The control inputs serve as time-
varying trainable parameters, and coupled with heterogeneous
dynamics, significantly enhance the model’s capabilities. To



TABLE III
IMAGE RESTORATION PERFORMANCE OF THE MODIFIED ESC MODEL

USING THE AFHQ-CAT DATASET

n Denoising Deblurring Super-res. Box inpaint. Rand. inpaint.

1 41.1986 41.1992 41.1991 41.1988 41.1983
2 57.2110 57.2216 57.2182 57.2150 57.1982
3 71.9343 72.0013 71.9867 72.0128 71.6403
4 77.5737 77.9042 77.8156 77.7761 76.8013

further capitalize on these strengths, we developed a moment
kernel transform that creates a reduced kernel representation
of the ECS model over an RKHS. This approach facilitates
efficient training without compromising learning performance.
We demonstrated these significant advantages of the ECS
model through various image restoration tasks and provided a
detailed comparison with baseline FM-based image processing
models.

APPENDIX A
PROOF OF THEOREM 1

Assumption. The vector field f(t, β, xt, u(t)), as a function
in β, is an L2-function on Ω, which is Lipschitz contin-
uous in (t, xt) uniformly for u(t). Meaning, there exists
L < ∞, independent of u, such that ∥f(t1, ·, xt1 , u(t1)) −
f(t2, ·, xt2 , u(t2))∥L2 ≤ L

(
|t1 − t2|+ ∥xt1 − xt2∥L2

)
.

Guaranteed by this condition, driven by any control input
u(t), the ECS model has a unique solution xt [43]. Because the
moment kernel transform L2(Ω) → ℓ2 given by xt 7→ m(t),
defined in Section III-A, is an isometry, the vector field f̄ in
the moment kernelized ECS model also satisfies the Lipschitz
continuity condition with the same Lipschitz constant L.
Moreover, as a projection onto the first q components of f̄ , this
assumption also holds for the vector field f̂q in the truncated
moment kernelized ECS model for all q.

Proof of Theorem 1. It suffices to prove that, with a
fixed trainable control function u(t), the output m̂q(t) of the
truncated moment kernelized ECS model in (5) converges to
that m(t) of the entire moment kernelized ECS model in (4).

We first show f̂q → f̄ as q → ∞. As pointed out in
Section III-B, f̄(t,m(t), u(t)) ∈ ℓ2 is the moment sequence
of f(t, ·, xt, u(t)) ∈ L2(Ω) and f̂q(t,m(t), u(t)) is the order-
q truncation of f̄(t,m(t), u(t)), yielding ∥f̄(t,m(t), u(t)) −
f̂q(t,m(t), u(t))∥ℓ2 → 0 as q → ∞, where to sim-
plify the notation we use ∥ · ∥ to denote the ℓ2-norm.
The Lipschitz continuity of f̄ and f̂q particularly implies
their continuity, and hence we also have for any fixed
t ∈ [0, T ], ∥f̄(t,m(t), u(t)) − f̄(t, m̂q(t), u(t))∥ → 0 and
∥f̂q(t,m(t), u(t)) − f̂q(t, m̂q(t), u(t))∥ → 0 as a result of
∥m(t) − m̂q(t)∥ → 0 as q → ∞ [44]. This vector field
convergence then follows from the triangle inequality as

∥f̄(t,m(t), u(t))− f̂q(t, m̂q(t), u(t))∥
≤ ∥f̄(t,m(t), u(t))− f̂q(t,m(t), u(t))∥

+ ∥f̂q(t,m(t), u(t))− f̂q(t, m̂q(t), u(t))∥ → 0

as q → ∞.
The convergence of the vector fields will be now adopted

to prove the desired convergence for the trajectories of the
moment and truncated moment kernelized ECS models. To
avoid possible confusion about the moment order and trunca-
tion order, in the following, we use superscript to denote the
moment order, e.g., m(t) =

(
mk(t)

)
k∈N. Then, we have both

of
d

dt

(
mk(t)− m̂k

q (t)
)
= f̄k(t,m(t), u(t))− f̂k

q (t, m̂q(t), u(t))

≤
∣∣f̄k(t,m(t), u(t))− f̂k

q (t, m̂q(t), u(t))
∣∣

and
d

dt

(
m̂k

q (t)−mk(t)
)
= f̂k

q (t, m̂q(t), u(t))− f̄k(t,m(t), u(t))

≤
∣∣f̄k(t,m(t), u(t))− f̂k

q (t, m̂q(t), u(t))
∣∣,

which yield

d

dt

∣∣∣mk(t)− m̂k
q (t)

∣∣∣ ≤ ∣∣∣f̄k(t,m(t), u(t))− f̂k
q (t, m̂q(t), u(t))

∣∣∣.
Following from monotone convergence theorem, we have

d

dt
∥m(t)− m̂q(t)∥2 =

d

dt

∞∑
k=0

∣∣∣mk(t)− m̂k
q (t)

∣∣∣2
≤ 2

∞∑
k=0

∣∣∣mk(t)− m̂k
q (t)

∣∣∣
·
∣∣∣f̄k(t,m(t), u(t))− f̂k

q (t, m̂q(t), u(t))
∣∣∣

≤ 2∥m(t)− m̂q(t)∥∥f̄(t,m(t), u(t))− f̂q(t, m̂q(t), u(t))∥

≤ 2∥m(t)− m̂q(t)∥
(
∥f̄(t,m(t), u(t))− f̂q(t,m(t), u(t))∥

+ ∥f̂q(t,m(t), u(t))− f̂q(t, m̂q(t), u(t))∥
)
.

Using d
dt∥m(t) − m̂q(t)∥2 = 2∥m(t) − m̂q(t)∥ d

dt∥m(t)
−m̂q(t)∥, we obtain

d

dt
∥m(t)− m̂q(t)∥ ≤ ∥f̄(t,m(t), u(t))− f̂q(t,m(t), u(t))∥

+ ∥f̂q(t,m(t), u(t))− f̂q(t, m̂q(t), u(t))∥
≤ ∥f̄(t,m(t), u(t))− f̂q(t,m(t), u(t))∥+ L∥m(t)− m̂q(t)∥

where we use the Lipschitz continuity of f̂q . Because of the
convergence of f̂q to f̄ , for any ε > 0, we can choose a large
enough q such that ∥f̄(t,m(t), u(t))− f̂q(t,m(t), u(t))∥ < ε,
which gives

d

dt
∥m(t)− m̂q(t)∥ ≤ L∥m(t)− m̂q(t)∥+ ε.

By Grönwall’s inequality [43], the above estimate yields an
upper bound for the cumulative truncation error, given by,

∥m(t)− m̂q(t)∥ ≤ eLt
(
∥m(0)− m̂q(0)∥+ εt

)
≤ eLT

(
∥m(0)− m̂q(0)∥+ εT

)
for t ∈ [0, T ]. Because m̂q(0) is chosen to be the order-q
truncation of m(0), ∥m(0)− m̂q(0)∥ → 0 holds for q → ∞.



Then, letting ε → 0, we obtain supt∈[0,T ] ∥m(t)−m̂q(t)∥ → 0
as q → ∞ as desired. □
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