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Abstract—Graph generative modeling faces a long-standing
dichotomy: autoregressive (AR) methods offer high expressivity
but suffer from node-order sensitivity, while diffusion-based
models ensure permutation invariance yet lose directional co-
herence. We propose PARDIFF, a novel Progressive AutoRegres-
sive Diffusion framework that unifies these paradigms through
block-wise, order-agnostic synthesis driven by learned structural
decomposition. Unlike prior heuristic-based or strictly sequential
approaches, PARDIFF simultaneously predicts block sizes, ranks
node positions, and applies an equivariant diffusion process
within each block, aligning the strengths of AR guidance with the
robustness of score-based sampling. This formulation reframes
graph generation as probabilistic inference over learned topologi-
cal partitions, enabling scalable and semantically faithful synthe-
sis across molecular and non-molecular domains, without relying
on auxiliary node features or templates. Extensive experiments
on molecular, and social graph benchmarks demonstrate that
PARDIFF achieves state-of-the-art performance in both fidelity
and diversity metrics. Moreover, its modular and latency-aware
design supports real-time deployment in high-impact settings
such as drug–drug interaction prediction. We position PARDIFF
as a new foundation for permutation-robust, directionally con-
trolled graph generation. In order to promote reproducibility,
our codes are open-sourced at: § GitHub.

Index Terms—AR diffusion, permutation-invariant graph gen-
eration, molecular graph synthesis, block-wise generation.

I. INTRODUCTION

Graphs encode discrete relational structure in domains
ranging from social interaction networks and recommender
systems to biochemical pathways and cyber–physical infras-
tructures [19]. As learning paradigms move toward foundation-
level generative models, graph generation has become a core
primitive for molecular synthesis, protein engineering, and
controllable synthetic network design, where validity and dis-
tributional fidelity are paramount [31], [20]. In contrast to grid-
structured modalities (images / text), graphs are combinatorial
objects with permutation symmetry, non-Euclidean geometry,
and variable order, inducing nontrivial constraints on identi-
fiability and generalization [6]. Consequently, effective graph
generators must jointly enforce structural validity (e.g., con-
nectivity and feasibility), achieve topological generalization
under size and distribution shifts, and maintain permutation-
consistent generation, requirements that remain challenging for
scalable autoregressive and diffusion-based approaches [9].

Previous works address graph generation through AR mod-
els [46], [20], [13], VAEs, GANs [8], [2], [1], [35], and diffu-
sion methods [5], [16], [11]. While AR models offer controlla-

bility, they suffer from permutation bias and factorial inference
costs [32], [23], [10]. Diffusion-based models such as EDP-
GNN [40], GDSS [45], GRAPHSCORE [14], and GFLOW
[29], enable order-agnostic generation via SDEs but struggle
with discrete structures. DIGRESS [41] uses discrete transi-
tions with handcrafted priors, while hybrids like GRAPHARM
[47] partially bridge this gap through rigid orderings. No prior
framework jointly achieves scalability, permutation invariance,
and structural expressivity. Most closely related, PARD [3]
combines AR and diffusion but relies on fixed node orderings,
and GruM [15] uses diffusion mixture but lacks autoregressive
structural decomposition, unlike PARDIFF’s fully data-driven,
permutation-consistent block-wise generation.

We propose PARDIFF, a Progressive Autoregressive
structure-aware Diffusion framework that unifies the structural
controllability of AR models with the robustness of discrete
diffusion. Instead of treating graphs as monolithic, PARDIFF
generates them block-wise through topologically ranked node
clusters, enabling scalable and semantically coherent synthe-
sis. Each block is modeled by a shared equivariant diffusion
process, guided by a learned decomposition network that
predicts block size and order. To overcome the symmetry
limits of equivariant models [40], [45], [41], we introduce
a noise-guided transition mechanism, inspired by simulated
annealing that drives controlled symmetry breaking, yielding
diverse yet consistent graph structures.

To scale further, we develop a higher-order graph trans-
former architecture, fusing the expressive power of transformer
layers with edge-level reasoning from Provably Powerful
Graph Networks. Coupled with a GPT-style parallel training
scheme, PARDIFF achieves efficient learning across graph
blocks and supports large-scale datasets, without requiring
handcrafted features or auxiliary supervision. Our contribu-
tions are threefold: (1 ) Hybrid Graph Generation via PAR-
DIFF: A novel AR-diffusion framework enabling block-wise,
controllable, and scalable graph generation under partial order
constraints. (2 ) Symmetry-Breaking with Structured Noise:
A noise-driven transition model that empowers equivariant
networks to learn asymmetric structures without violating per-
mutation invariance. (3 ) Scalable Higher-Order Graph Trans-
formers: A memory-efficient graph transformer architecture
with GPT-style parallelism, enabling state-of-the-art results
across molecular and structural domains.

Experiments on QM9 [34], ZINC-250K [12], and MOSES



[33] show state-of-the-art results, with notable gains in VA-
LIDITY, NOVELTY, and FCD, and up to 2× efficiency over
baselines like DIGRESS, GDSS, and GRAPHARM. By in-
tegrating block-wise structural decomposition with diffusion-
based denoising, PARDIFF offers an interpretable, scalable
alternative to black-box models, advancing foundation-level
generative modeling across structured, multimodal data.

II. PARDIFF: STRUCTURE-AWARE DIFFUSION

Diffusion-based generative structures [25] work by gradu-
ally adding noise to data until it is completely unrecognizable,
and then training a model to reverse this process and recover
the original input. Originally developed for continuous data
like images, researchers have recently adapted these models
to handle discrete data, including graphs [36], structures made
of nodes and edges.

In the graph context, the process begins with a clean graph
G0 = {V0,E0}, which has one-hot encoded node features
V0 (like types or labels) and one-hot encoded edge features
E0 (like labels, connection types) including a special token
indicating the absence of connection. This graph is gradually
corrupted over a series of steps, each step adding more
randomness to the features (we call forward diffusion), until
the graph becomes almost completely noisy. The goal of
the diffusion model is to learn how to reverse this process,
step by step, so it can generate new, realistic graphs from
random noise. The forward diffusion trajectory is described
by a sequence of latent variables G1,G2 · · ·GT over T time
steps, where Gt = {Vt,Et} represents the noisy version of
G0 at time step t. This forward process is modeled by the
following Markov chain:

q
(
Gt | Gt−1

)
=

∏
i

q
(
f it | f it−1

)∏
i,j

q
(
rijt | rijt−1

)
, (1)

where f it and rijt denote the categorical states of node i and
edge (i, j) at time t respectively. f it , r

ij
t ∈ {1 · · ·n} with n is

the number of states. The reverse (denoising) process can be
modeled by a parameterized neural network with parameters
ϕ and estimates the backward transition as follows:

pϕ
(
Gt−1|Gt

)
=

∏
i

pϕ
(
f it−1|Gt

)∏
i,j

pϕ
(
rijt−1|Gt

)
. (2)

Subsequent loss function should balance two things: (1 ) It
tries to minimize the difference between the real data and
what it generates (via a cross-entropy loss), and (2 ) It also
tries to make the learned denoising steps as close as possible
to the true underlying reverse steps (via a KL divergence term
D
(
·||·

)
). Our training objective maximizes a variational lower

bound (VLB) on the data log-likelihood by jointly optimizing
the terminal reconstruction likelihood and minimizing the KL
divergence between the forward (noising) and reverse (denois-
ing) diffusion processes across all time-steps as follows:

log pϕ
(
G0

)
≥ Eq [log pϕ(G0 | G1)]−D

[
q(GT | G0) ∥

pϕ(GT)
]
−

T∑
t=2

Eq [D (q(Gt−1 | Gt) ∥ pϕ(Gt−1 | Gt))] ,
(3)

where pϕ
(
GT

)
is typically set as a fixed uniform noise distri-

bution. Unlike traditional diffusion models that estimate each
pϕ(Gt−1|Gt) independently, we directly learn pϕ

(
G0|Gt

)
and

derive all intermediate steps from it. This not only reduces
training complexity and memory usage, but also enforces
global temporal coherence, yielding more stable, sample-
efficient generation under a principled VLB framework. As
shown in APPENDIX in § GitHub, this follows from the
variational objective. which enables us to use a cross-entropy
(CE) loss at each timestep: LCE = −Eq[

∑
i log pϕ

(
f i0|Gt

)
+∑

i,j log pϕ
(
rij0 |Gt

)
], which we combine with VLB loss to

create a hybrid objective: Lt = D
(
· || ·

)
+ λLtCE(·), with

λ = 0.1. During generation, a synthetic graph is sampled
from pϕ(GT) and iteratively denoised via the learned reverse
process pθ(Gt−1|Gt) for t = T down to 0. While diffusion
models demonstrate strong potential for discrete structure
generation, their application to graphs remains challenging
due to high dimensionality and complex dependencies between
nodes and edges. Prior works like DIGRESS address this by
incorporating auxiliary structural cues (e.g., spectral eigenvec-
tors, cycle indicators), but these add computational overhead
and introduce reliance on domain-specific priors. Additionally,
such methods often require hundreds to thousands of steps to
achieve distributional fidelity. We use a discrete-time diffusion,
improving memory efficiency and enabling exact variational
loss computation.

Fig. 1. Conceptual block-diagram of PARDIFF.

A. Structure-Aware Sequential Graph Generation

AR models generate graphs sequentially by factorizing the
joint probability into conditional steps, where each decision
depends on prior nodes and edges. However, since graphs are
permutation-invariant, this order sensitivity creates a funda-
mental mismatch. Early models such as GRAPHRNN [46] and
GRAN [21] mitigated this via artificial orderings (e.g., BFS,
DFS, or k-core), enabling training but introducing structural
bias. These heuristics work on small, regular graphs but fail
to generalize to large or complex topologies where order
invariance is essential.



Graph generation typically follows one of two paths:
marginalizing over all node orderings p(G, π), which is
computationally infeasible, or fixing a canonical ordering,
which effectively reduces to graph isomorphism. To avoid
both extremes, we adopt partial structural ordering, where
nodes are grouped into blocks based on shared structural
roles. A mapping ψ : V → {1 · · ·B} assigns each node to
a generation block, allowing nodes within a block to remain
interchangeable. Graphs are then generated block by block
rather than node by node, with each new block required
to attach to the existing partial graph so that every prefix-
induced subgraph remains connected. This strategy avoids
rigid orderings while supporting scalable, topology-aware, and
structurally consistent graph generation.

Algorithm 1 Structural Node Ranking ψ
Require: Graph G =

(
V, E

)
, hop threshold K

Ensure: Structural rank map ψ : V → {1 · · · B}
1: Initialize i← 1, V0 ← V , ψ(V)← 0 ∀ V ∈ V
2: while Vi−1 ̸= ∅ do
3: For each V ∈ Vi−1 compute multi-hop signature using:

wi(V) =
∑K

j=1 δj(V)|Vi−1|K−j ▷ δj(V): #nodes at j hops from V
4: Li = argminV∈Vi−1

w(V) ▷ Identify structurally least-central nodes
5: for all V ∈ Li do
6: ψ(V)← i
7: end for
8: Remove assigned nodes: Vi ← Vi−1 \ Li

9: i← i+ 1
10: end while
11: return ψ

1) Weighted Degree Hashing for Ranking: To reduce rank
collisions and capture broader structural context, we introduce
a weighted degree function ψ over K-hop neighborhoods.
Let δk(V); V ∈ V be the number of nodes reachable from
node v within exact k hops. Then we define the weighted
structural score: wK(V) =

∑K
k=1 δk(V)|V|K−k. Nodes with

similar structural roles (with equal ψ values in Algo. 1) are
grouped into the same block. This encoding gives greater
importance to lower-hop connectivity.

Algorithm 2 Block Size Predictor Training
Require: G; max-hop depth hmax; block predictor gα
1: Derive structural ordering ψ from Algorithm 1.
2: Extract node partitions

{
C1 · · · CB

}
using ψ.

3: for each i = 1 to B do
4: Predict block size: hi ← gα

(
Ci

)
5: Compute loss: Li ← LCE

(
hi, Ci+1

)
6: end for
7: return Minimize total loss:

∑B
i=1 Li

Theorem 1: The structural ranking function ψ (Algo-
rithm 1) is permutation-consistent. In other words, for any
graph G = {V,E} and any permutation π that reorders the
nodes of G, the ranking satisfies: ψ

(
π ⋆ G

)
= π ⋆ ψ(G),

where ⋆ denotes the natural action of π on both the graph
structure and the node ranking map. □
Proof of Theorem 1 is in APPENDIX (in § GitHub).
Here, the hop threshold K defines how far information or
influence can propagate between nodes in the graph during
message passing or feature aggregation. Formally, a K-hop
neighborhood of a node Vi is

{
Vj : dist(Vi,Vj) ≤ K

}
. Further,

the maximum hop depth (Algo. 2) is the largest number of
edges over which a node’s information can propagate, i.e.,
the farthest neighborhood distance hmax = maxi=1···K{hi}
considered during message passing or diffusion.

The ranking ψ(U) of a node U ∈ V is determined in
Algorithm 1 from the multi-hop structural weight wK(U),
which encodes degree patterns up to K hops. These descriptors
are isomorphism-invariant: under any relabeling (permutation),
the K-hop neighborhood of u is mapped bijectively to the
neighborhood of π(U), preserving the weight wK. As a result,
ψ assigns the same relative rank after permutation, ensuring
ψ
(
π ⋆ G

)
= π ⋆ ψ(G). This means, the ranking ψ is label-

independent. It depends only on the structure of the graph
around each node. So if we shuffle the node names, the
ranking shuffles in the exact same way, proving the method
is consistent and fair under relabeling (Fig. 4, APPENDIX in
§ GitHub).

Algorithm 3 Training Block-wise Diffusion Denoiser ℓα
Require: G; diffusion steps T; hop depth hmax (Algo. 2)
Ensure: Trained denoising network ℓα
1: Derive structural ordering ψ using Algo. 1
2: Extract structural blocks {C1 · · · CB} via ψ
3: G≤i =

⋃i
j=1 Cj ; i = 1 · · · B ▷ Cumulative subgraphs

4: while not converged do
5: Sample timestep t ∼ U {(1 · · · T)}
6: for i = 1 to B in parallel do
7: Define incremental region ∆i ← G≤i \ G≤(i−1)

8: Construct Mi that selects nodes/edges in ∆i

9: Define clean target on masked region: G(i)
0 ← G⊙ Mi

10: Sample noisy masked subgraph: G(i)
t ∼ qt

(
G(i)

t | G(i)
0

)
11: Form noisy block: G̃

(i)

t ← G(i)
t ⊙ Mi + G⊙ (1− Mi)

12: Reconstruct masked region: Ĝ
(i)

0 ← ℓα
(

G̃
(i)

t , t,Mi

)
⊙ Mi

13: Block-wise loss: Li ← Lt
DIFF

(
Ĝ

(i)

0 ,G(i)
0

)
+ λLt

CE

(
Ĝ

(i)

0 ,G(i)
0

)
14: end for
15: Update ℓα by minimizing

∑B
i=1 Li over the minibatch

16: end while
17: return trained ℓα

The block-size predictor gα and denoiser ℓα are trained
independently, where gα learns structural granularity and ℓα
reconstructs masked subgraphs via equivariant denoising.

2) Progressive Graph Construction: The ranking func-
tion ψ (Algo. 1) is a structural ordering mechanism that
assigns each node of V a rank or block index based on its
multi-hop neighborhood structure. More generally, ψ defines
a permutation-consistent structural hierarchy, ranking nodes
by multi-hop connectivity up to K levels and breaking ties
canonically to enable robust, order-agnostic block formation
for generation. Specifically, ψ : V → {1 · · ·B}, where B is the
number of blocks C1 · · · CB, where all nodes in Ck share the
same rank; the cumulative subgraph up to rank k is defined
as G≤k =

⋃k
j=1 Cj and the incremental block as ∆k =

G≤k \G≤k−1. The model factorizes the total likelihood of the
graph as a chain of conditional probabilities over incrementally
added blocks: Pϕ

(
G
)
=

∏B
k=1 Pϕ

(
∆k | G≤k−1

)
, with G≤0

defined as the empty graph. This block-wise decomposition
simplifies learning by breaking the complex graph generation
into smaller, manageable steps. It also allows the model to
reuse parameters across blocks, boosting generalization.



Since ψ treats nodes with the same rank identically, the
generation process becomes permutation-invariant, indepen-
dent of node labels (proof in APPENDIX, § GitHub). Un-
like GRAN [21], which generates nodes sequentially within
blocks, our partially parallel generation preserves symmetry
and improves scalability. The block-size predictor gα (Algo. 2)
estimates optimal block sizes, while the denoiser ℓα (Algo. 3)
reconstructs graph substructures from noisy representations.

B. Limits of Equivariant Graph Generation

Let Ck denote the k-th block and G<k =
⋃k−1
i=1 Ci the

partial graph. We model Pϕ
(
∆k | G<k

)
by augmenting G<k

with a zero-padded placeholder Zk, forming Ĝk = G<k
⋃

Zk,
and factorizing as

∏
e∈∆k

Pϕ
(
e | Ĝk

)
via a permutation-

equivariant function, yielding a permutation-invariant distri-
bution.

1) Symmetry Bottleneck of Equivariant Models.: While
permutation-equivariance ensures consistency under relabel-
ing, nodes in the same automorphism orbit O(u) := {π(u) |
π ∈ Aut(G)} are indistinguishable to any equivariant network
Φ, i.e., v ∈ O(u) ⇒ Φ(u) = Φ(v), inducing a symmetry
bottleneck unless input features explicitly break symmetry.

Theorem 2 (Orbit Indistinguishability of Equivariant Net-
works): Let Aut(G) be the automorphism group of a graph
G. Assume that the input node (or edge) features are invariant
under Aut(G) (i.e., identical for all elements in the same
orbit). Then, for any node / edge pair (u, v) lying in the same
orbit, any permutation-equivariant neural network Φ assigns
identical representations: u ∼Aut(G) v =⇒ Φ(u) = Φ(v),
independently of the depth, width, or parameterization of Φ.

Theorem 2 exposes a fundamental symmetry constraint of
permutation-equivariant architectures: regardless of network
capacity, nodes or edges that are indistinguishable under
graph automorphisms cannot be separated. Thus, expressivity
is upper-bounded by orbit partitions, the finest distinctions
permitted by symmetry. This result connects equivariant learn-
ing to classical graph isomorphism theory: (1) automorphism
orbits define equivalence classes that impose a representa-
tional bottleneck; (2) it explains why standard message-passing
GNNs are no more expressive than the 1-dimensional Weis-
feiler–Lehman (WL) test [30], which cannot distinguish nodes
sharing symmetric structural contexts; and (3) it motivates
symmetry-breaking mechanisms (e.g., positional encodings,
anchors, or randomization) as necessary for tasks requiring
finer node resolution.

Corollary 1: Expressivity Bound via WL Test: Since
permutation-equivariant neural networks cannot distinguish
nodes within the same automorphism orbit of G, their discrim-
inative power is upper-bounded by the coarsest refinement of
these orbits achievable through neighborhood aggregation. In
particular, the expressive capacity of message-passing GNNs
aligns with 1-WL test: u ∼WL v =⇒ Φ(u) = Φ(v). □
Corollary 1 formalizes that standard GNNs are bounded by the
1-WL color refinement limit. (1 ) Automorphism orbits define
the symmetry ceiling, nodes indistinguishable under symmetry
yield identical embeddings; (2 ) Message passing refines only

up to 1-WL partitions; (3 ) Exceeding this requires higher-
order GNNs (e.g., K-WL) or explicit symmetry breaking (e.g.,
random features, positional encodings). This unifies group-
, graph-, and learning-theoretic views of GNN expressivity,
explaining failures on hard isomorphism cases like strongly
regular or CFI graphs [42] (Fig. 5, in APPENDIX, § GitHub).

C. Autoregressive Denoising Diffusion Process
1) Breaking Symmetry via Random Perturbation: Highly

symmetric graphs challenge permutation-equivariant mod-
els by producing indistinguishable representations of struc-
turally identical components, limiting expressivity for irregular
graph generation. From an energy-landscape perspective, such
graphs lie in low-energy basins [38], [39], [43], [44], mak-
ing transitions to richer structures difficult without external
perturbations [46], [48]. We view graph generation as a con-
trolled symmetry-breaking process, where structured random-
ness helps escape symmetric plateaus and denoising refines
perturbed states into higher-complexity graphs. To this end,
we introduce a discrete diffusion-based mechanism that injects
noise into node and edge features as an energy-injection step,
analogous to thermal perturbations in simulated annealing,
enabling exploration of diverse structural modes beyond sym-
metric configurations. Formally, a forward process q(Zt|Zt−1)
corrupts features over time, while a learnable reverse process
pϕ(Zt−1|Zt) progressively denoises them, restoring structure
and resolving symmetry-induced degeneracies.The generative
likelihood of the final structure is computed by marginalizing
over intermediate noise steps: Pϕ

(
∆k | Ĝk

)
=

∫
· · ·

∫
pϕ(Z0 |

Z1) ·
∏T
t=1 pϕ(Zt−1 | Zt) · q(ZT) · dZT · · · dZ1.

Theorem 3: The full generative model Pϕ
(
G
)
, constructed

through autoregressive block expansion and block-level diffu-
sion denoising, is invariant under any node permutation π, i.e.,
Pϕ

(
π ⋆ G

)
= Pϕ

(
G
)
,∀π ∈ Cn. □

Proof of Theorem 3 (APPENDIX, § GitHub) relies on two
facts: (1 ) the block partitioning function ψ is permutation-
equivariant (Theorem 1), and (2 ) the discrete diffusion model
is implemented using an equivariant neural architecture across
identically structured noise schedules. Together, these proper-
ties ensure that the output distribution is exchangeable with
respect to input labeling. Final graph is generated using Algo.
4.

Algorithm 4 Generate a Graph Using Learned Block Sizes
Require: gα in Algo. 2; trained ℓα (in Algo. 3).
1: Initialize empty graph G← ∅, block index i← 1
2: Sample initial block size n ∼ p0
3: while n > 0 do
4: Add a block Ci of n new nodes to G
5: Define mask M← ∆i, where ∆i = G≤i \ G≤i−1

6: Initialize noised subgraph G̃ overM using random noise models for nodes and
edges

7: for t = 1 to T do
8: Predict denoised structure: Ĝ← ℓα

(
G̃
)

9: Sample reconstructed structure: S ∼ Ĝ
10: Update subgraph: G̃←M⊙S + (1−M)⊙ G̃
11: end for
12: Update full graph: G← G̃
13: Predict next block size: n ∼ gα(G)
14: Increment block index: i← i+ 1
15: end while
16: return G



D. Hybrid Transformer Architecture

Our PARDIFF framework supports flexible integration
of permutation-equivariant backbones, but robust generaliza-
tion depends on capturing higher-order structural symmetries
within each generated block. While subgraph-aware GNNs
[37] and 3-WL expressive models such as PPGN [26] provide
strong structural representations, their O(n3) memory cost
limits scalability. To address this, we introduce a hybrid design
that combines the global reasoning capabilities of GRIT [24]
with a lightweight approximation of higher-order interactions
inspired by PPGN. By using enriched node embeddings,
compact edge latents, and avoiding full tensorized edge op-
erations, the model preserves permutation-equivariance and
global context while maintaining practical O(n2) memory
complexity for large graphs.

E. Block-Wise Parallelism with Structural Masks

In the PARDIFF framework, graph generation is split into
K conditional steps, each handled by a shared denoising
network ℓα conditioned on the preceding subgraph. Processing
each step independently incurs K× data expansion due to K
forward passes. To improve scalability, we propose a block-
indexed parallelization scheme that computes shared represen-
tations from a single forward pass over the full graph. Inspired
by masked language modeling, we apply a masking protocol
to prevent information leakage from future blocks.

1) Block Index Assignment.: Each node and edge (u, v) ∈
G is annotated with an integer block index i ∈ {1 · · ·K},
indicating the block it belongs to. Let M ∈ {0, 1}n×n be
the binary mask matrix defined as: Mij = 1; if i ≥ j; and
Mij = 0, otherwise. This encodes causality, i.e., information
is allowed to flow forward (from earlier blocks to later ones),
but not backward. It is similar to a lower-triangular matrix that
blocks future-to-past interactions.

2) Masking Rules for Causal Graph Diffusion: Two oper-
ations require causal masking in block-wise graph diffusion
models: (1) attention-based aggregation in transformer-style
architectures, and (2) bilinear edge updates in matrix-based
GNNs. Let A ∈ Rn×n denote an attention or adjacency
matrix, h ∈ Rn×d node features, and B ∈ Rn×n edge features.
We introduce a binary causal mask M ∈ {0, 1}n×n encoding
the block-wise generation order. (a) Masked Attention. Causal
attention is enforced via MA(A,h) = (A ⊙ M)h, ensuring
that node i attends only to nodes generated no later than i;
(b) Masked Bilinear Update. To prevent information leakage
while allowing bidirectional message passing, we define the
masked bilinear update as MB(A,B) = (A⊙M)B+A(B⊙
M⊤)− (A⊙M)(B⊙M⊤), where ⊙ denotes the Hadamard
(element-wise) product. This inclusion–exclusion form enables
bidirectional but non-leaking information exchange.

3) Block-Parallel Causal Inference: The masking scheme
M allows all conditional probabilities {Pϕ(∆k | Ĝk)}Kk=1 to
be computed in a single forward pass through the denoising
network ℓα (Alg. 3). This eliminates redundant evaluations,
enables batched training with shared gradients across blocks,
and reduces computational cost by over an order of magnitude.

We employ separate masked modules for block-size prediction
and block-content generation, fixing the diffusion horizon to
T = 40 per block. This design scales efficiently to large
datasets such as MOSES [33] while preserving permutation
invariance.

III. IMPLEMENTATION DETAILS & EVALUATION

PARDIFF employs a shared block-wise diffusion model
with a fixed schedule length T = 50. Two auxiliary net-
works are trained independently: a block-size predictor gα
and a block-content generator ℓα. While the framework is
architecture-agnostic, accurate intra-block symmetry model-
ing requires expressive equivariant backbones; we therefore
adopt PPGN [26] for its 3-WL-level expressivity in encoding
⟨edge, level⟩ features. We note that PPGN incurs high memory
overhead on dense graphs. Experiments are conducted using
PYTORCH 2.0.1 on an NVIDIA RTX 5080 with CUDA 11.8.

A. Baseline Datasets & Models

We evaluate our method on three standard molecular
datasets frequently used in graph generation research: (1 )
QM9 [34] contains 133,885 small organic molecules with
computed DFT properties; (2 ) ZINC-250K [12], a set of
250K drug-like molecules; and (3 ) MOSES [33], a large-
scale benchmark with approximately 1.9M molecular graphs.
We use a 80%-20% split for training and testing, with 20%
of the training data reserved for validation. For generation,
we sample 10,000 molecules from QM9 and ZINC-250K,
and 25,000 from MOSES. Among existing models, DIGRESS
[41] has demonstrated strong performance and serves as a pri-
mary baseline. We also compare against other notable methods
including GDSS [17] and GRAPHARM [19], as reported in our
results tables.

Fig. 2. Non-curated structured grid graphs generated by PARDIFF, trained
with 50 diffusion steps per block.

B. Evaluation Metrics

For the evaluation purpose of PARDIFF, we did not solely
depend on MMD metric [7] (lower MMD ↓ is better, i.e.,
closer generated distribution to real distribution), mainly due
to its over-reliance on fixed, handcrafted graph-related basic
statistics (such as degree, clustering coefficients), which as-
sume IID node distributions and often fail to capture hier-
archical or long-range dependencies. In contrast, PARDIFF



generates graphs in a block-wise and AR manner, where
local and global structural dependencies emerge jointly.

Fig. 3. A few sample complex well-known molecular structures, generated
using PARDIFF. Few more generated molecules are given in APPENDIX,
§ GitHub.

Consequently, we further incorporate the following established
evaluation metrics that are widely adopted in molecular graph
generation literature to comprehensively assess PARDIFF’s
performance. (1 ) VALIDITY (VAL) denotes the proportion
of generated molecules that are chemically valid, meaning
they satisfy basic chemical rules such as correct valence for
each atom. (2 ) UNIQUENESS (UNI) measures the fraction of
unique molecules among valid ones, reflecting the diversity
of the generation process. (3 ) NOVELTY (NOV) indicates
the percentage of valid molecules that are not present in the
training dataset, demonstrating the model’s ability to generate
new and previously unseen molecular structures; and (4 )
ATOM-LEVEL ACCURACY (AL) indicates the proportion of
correctly predicted atom types for all atoms in the gener-
ated molecules. We briefly showcase PARDIFF’s effectiveness
across domains using standard benchmark datasets. While
NOV is reported for MOSES (Table III: 99.99%), it is omitted
for QM9 (near-exhaustive chemical space) and ZINC-250K
(prohibitive membership checks at scale).

C. Generating Grid-like Graph Structures

Fig. 2 presents non-curated grid-like graphs generated by
PARDIFF using 50 diffusion steps per block. Without explicit
supervision, the model synthesizes regular lattice structures
with controlled local perturbations, resembling imperfections
found in real-world layouts such as circuits, urban grids,
and sensor meshes. These results highlight PARDIFF’s ability
to generate globally regular yet locally adaptive structures
through hierarchical block-wise conditioning.

D. Generating Molecule Structure

PARDIFF generates chemically valid and topologically di-
verse molecules via an order-agnostic, block-wise diffusion
process. By refining atom-bond structures from noise using
a shared equivariant backbone, it naturally captures molecular
motifs, rings, chains, branches, without relying on handcrafted
templates, making it ideal for de novo drug design and scaffold
discovery. For example, Fig. 12 shows six different complex
drug molecules structures generated by the PARDIFF. A

few more sample complex tentative (existent/non-existent)
molecular structures (without explicitly labeling the nodes) are
presented in APPENDIX (§ GitHub) that show PARDIFF’s
capability of handling complex drug discovery problems [4].

TABLE I
GRAPH GENERATION PERFORMANCE ON QM9 WITH EXPLICIT “H”

ATOMS. PARDIFF ACHIEVES THE BEST OVERALL RESULTS (↑ INDICATES
HIGHER IS BETTER AND ↓ MEANS LOWER IS BETTER).

MODEL VAL↑ UNI↑ AL↑ MOL↑ MMD↓
DATASET (OPTIMAL) 97.8 100.0 98.5 87.0 0.029
CONGRESS 86.7 98.4 97.2 69.5 0.231
DIGRESS (UNIFORM) 89.8 97.8 97.3 70.5 0.025
DIGRESS (MARGINAL) 92.3 97.9 97.3 66.8 0.361
DIGRESS (MARG.+FEAT.) 95.4 97.6 98.1 79.8 0.034
PARDIFF (OURS) 98.9 100.0 99.2 90.3 0.0005

Table I shows that PARDIFF achieves state-of-the-art per-
formance on QM9 (with hydrogen atoms), outperforming
strong baselines such as DIGRESS and CONGRESS. It at-
tains the best scores on Validity (98.1%), Atom-level va-
lidity (98.9%), and Molecular accuracy (88.5%), exceeding
the reference dataset accuracy (87.0%). Although Uniqueness
(96.8%) is slightly below CONGRESS, it remains highly com-
petitive. Overall, these results demonstrate PARDIFF’s ability
to generate chemically valid, diverse, and structurally faithful
molecules. Table II shows that PARDIFF sets new state-

TABLE II
PERFORMANCE ON ZINC-250K. PARDIFF OUTPERFORMS ALL

BASELINES ACROSS VAL, FCD, AND UNI, WHILE MAINTAINING A
COMPACT MODEL SIZE. ↓ INDICATES LOWER IS BETTER, ↑ MEANS LOWER

IS BETTER.

MODEL VAL↑ FCD↓ UNI↑ MMD↓ Size
EDP-GNN [31] 82.97 16.74 99.79 0.0017 0.09M
GRAPHEBM [22] 5.29 35.47 98.79 0.0098 -
SPECTRE [27] 90.20 18.44 67.05 0.279 -
GDSS [45] 97.01 14.66 99.64 0.0009 0.37M
GRAPHARM [47] 88.23 16.26 99.46 0.0008 -
DIGRESS [39] 91.02 23.06 81.23 0.039 18.43M
SWINGNN-L [44] 90.68 1.99 99.73 0.0008 35.91M
PARDIFF (OURS) 97.50 1.62 99.998 0.0001 ∼4.5M

of-the-art on ZINC-250K, achieving 97.50% validity, 1.62
FRÉCHET CHEMNET DISTANCE (FCD), and an impressive
99.998% uniqueness. This improves upon GDSS [45], which
had 97.01% validity, by also enhancing diversity and fidelity.
While SWINGNN-L achieves a similar FCD (1.99), it uses
over 35M parameters, nearly 8× larger than our compact
model. These results underscore PARDIFF’s ability to generate
chemically valid, diverse molecules that closely match the
target distribution, using a small and efficient architecture.
For QM9, we also report Atom Stability AL and Molecule
Stability MOL, following prior evaluations in [41], [16] (Table
I). For ZINC-250K and MOSES (Table III), we evaluate
models using comprehensive metrics including FCD, FIL,
SNN, and SCAF to assess chemical validity, novelty, and
diversity. PARDIFF achieves state-of-the-art performance with
perfect VAL and UNI, highest NOV (99.99%), best FIL
(99.9%), and lowest FCD (0.39). It also attains the top SNN



TABLE III
GENERATION QUALITY ON MOSES. TOP 3 MODELS (VAE, JT-VAE,

GRAPHINVENT) RELY ON HARD-CODED RULES AND ARE NOT
HIGHLIGHTED. FIL: FILTER PASS RATE, SNN: SIMILARITY TO NEAREST

NEIGHBOR, SCAF: SCAFFOLD SIMILARITY.

MODEL VAL ↑ UNI ↑ NOV ↑ FIL ↑ FCD ↓ SNN ↑ SCAF ↑
VAE [18] 97.7 99.8 69.5 99.7 0.57 0.58 5.9
JT-VAE [13] 100 100 99.9 97.8 1.00 0.53 10.0
GRAPHINVENT [28] 96.4 99.8 - 95.0 1.22 0.54 12.7
CONGRESS [16] 83.4 99.9 96.4 94.8 1.48 0.50 16.4
DIGRESS [41] 85.7 100 95.0 97.1 1.19 0.52 14.8
PARDIFF (OUR) 100 100 99.99 99.9 0.39 0.61 17.2

(0.61) and SCAF (17.2) scores, demonstrating superior fidelity
and diversity.

E. Interpreting Learned Blocks

While PARDIFF learns block-wise graph decomposition
in a fully data-driven manner, interpreting these blocks is
essential for explainability and scientific insight. We visualize
generated molecules from QM9 and ZINC-250K, color-
coding nodes by predicted block membership. The resulting
patterns align with chemically meaningful motifs, aromatic
rings, carbon chains, and functional groups, demonstrating
that PARDIFF autonomously discovers semantically coherent
substructures across isomers (Fig. 3).

F. Ablation Study: AR in Diffusion Models

While diffusion models are inherently permutation-
invariant, we explore whether integrating an AR prior provides
useful inductive bias rather than redundant complexity. We de-
compose generation into block-wise conditional distributions
guided by a hierarchical partial order over nodes, with hop
radius hk (Algo. 2) controlling the structural granularity, from
a single diffusion process (hk=0) to finer AR factorizations.
As shown in Table IV, hybrid AR-diffusion markedly boosts
molecular validity, uniqueness, and FCD efficiency. Notably,
PARDIFF with hk=3 yields the best fidelity with fewer
denoising steps, confirming that structural AR decomposition
introduces a beneficial inductive bias that stabilizes learning
and accelerates convergence.

TABLE IV
ABLATION ON QM9 UNDER DIFFERENT AUTOREGRESSIVE

GRANULARITIES hk . MORE BLOCKS (HIGHER hk ) IMPROVE
PERFORMANCE. MS: MOLECULE STABILITY, AND AS: ATOM STABILITY.

hk Steps BLKS SIZE VAL UNI MS AL FCD
0 140 1 23.4 93.1 95.7 76.2 97.5 2.15
0 280 1 23.4 94.0 96.2 78.1 97.8 1.84
0 490 1 23.4 94.8 96.6 78.3 98.0 1.69
1 140 4.1 5.7 97.3 96.7 86.8 98.4 1.21
2 140 6.2 3.8 97.5 96.5 87.0 98.6 1.13
3 140 8.0 3.1 97.8 96.9 88.2 98.9 0.96

Table IV evaluates the impact of AR granularity, controlled
by the number of hierarchical blocks hk, on QM9 molec-
ular generation. With hk=0, pure diffusion lacks structural
decomposition, yielding lower validity and stability. Adding
minimal AR structure (hk=1) immediately boosts all metrics,
confirming that hierarchical decomposition provides a strong
inductive bias. As hk increases, finer block-wise conditioning

refines local and global dependencies, enhancing chemical
realism. At hk=3, PARDIFF attains peak performance, 97.8%
validity, 98.9% stability, and an FCD of 0.96, while re-
quiring fewer diffusion steps. Fig. 3 shows that combining
structured autoregression with permutation-invariant diffusion
allows PARDIFF to capture both global topology and fine-
grained bonding patterns accurately. Removing the symmetry-
breaking noise (Section II-C-1) degrades validity by ∼2%, and
replacing PPGN with a standard GNN reduces atom stability
by ∼1.4%, validating both design choices.

IV. CONCLUSION AND DISCUSSION

PARDIFF unifies the expressivity of autoregressive model-
ing with the permutation invariance of diffusion, introducing
a block-wise, order-agnostic framework for scalable, high-
fidelity graph generation. By learning partial structural or-
der through adaptive block decomposition and ranking, it
replaces rigid heuristics with a principled, data-driven gen-
erator capable of modeling complex relational systems. Its
versatility extends across domains, from molecular design
and bioinformatics to smart infrastructure, enabling structure-
aware synthesis, interpretability, and real-time adaptability.
Beyond a graph generator, PARDIFF lays the groundwork for
foundation models over structured data, bridging multimodal
reasoning (text–graph–image) and decentralized intelligence,
and advancing the frontier of generative AI for engineering.
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