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Abstract—This paper introduces a neural network—based non-
linear shrinkage estimator of covariance matrices for the purpose
of minimum variance portfolio optimization. It is a hybrid ap-
proach that integrates statistical estimation with machine learn-
ing. Starting from the Ledoit—Wolf (LW) shrinkage estimator, we
decompose the LW covariance matrix into its eigenvalues and
eigenvectors, and apply a lightweight Transformer-based neural
network to learn a nonlinear eigenvalue shrinkage function.
Trained with portfolio risk as the loss function, the resulting
precision matrix (the inverse covariance matrix) estimator di-
rectly targets portfolio risk minimization. By conditioning on the
concentration ratio (the asset-to-sample size ratio), the approach
remains scalable across different sample sizes and asset universes.
Empirical results on synthetic data and stock daily returns
from Standard & Poor’s 500 Index (S&P500) demonstrate that
the proposed method consistently achieves lower out-of-sample
realized risk than benchmark approaches. This highlights the
promise of integrating structural statistical models with data-
driven learning.

Index Terms—global minimum variance portfolio, precision
matrix estimation, nonlinear eigenvalue shrinkage

I. INTRODUCTION

Portfolio optimization is a famous problem in finance and
the classical mean-variance framework of Markowitz [1] re-
mains a cornerstone of modern portfolio theory. However, a
well-recognized limitation of this framework is its sensitivity
to estimation errors in both expected returns and the covariance
matrix, with the former generally considered more difficult
to estimate reliably [2]. This observation has motivated a
substantial body of work on improving the global minimum
variance portfolio (GMVP), which bypasses return estimation
and relies solely on the precision of the covariance matrix.

The sample covariance matrix (SCM) is the most widely
used estimator; however, it is known to perform poorly when
the sample size is comparable to the number of assets, a
regime frequently encountered in financial applications [3].
To alleviate this issue, a variety of alternative estimators have
been proposed, including factor-based models for structural
regularization [4], [5], shrinkage-based techniques for bias-
variance trade-offs [6], [7], and spectral filtering methods
derived from random matrix theory (RMT) [8], [9]. Comple-
menting these are robust estimation frameworks designed to
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withstand the non-Gaussian and non-stationary characteristics
of financial data [10], [11], which have been integrated into
robust covariance shrinkage schemes to leverage the strengths
of both RMT and robust statistics [12]-[14].

Despite these advances, a fundamental gap remains: most
conventional estimators are optimized for statistical loss func-
tions (e.g., the Frobenius norm) rather than financial perfor-
mance metrics. An estimator that minimizes statistical distance
may yield suboptimal risk-adjusted returns in practice. For
complex, task-specific performance criteria, it is often ana-
Iytically intractable to derive a statistically optimal estimator.
These limitations naturally motivate the use of neural networks
for task-oriented optimization [15], [16].

Nevertheless, a purely neural approach to covariance esti-
mation is fraught with challenges. The most prominent issue
is that the covariance matrix’s dimensions grow quadratically
with the number of assets, making the direct learning of its full
structure statistically demanding and computationally expen-
sive in high-dimensional settings [17]. Alternatively, model-
free neural methods that output portfolio weights directly avoid
explicit covariance estimation but struggle with data efficiency
[18]. By disregarding the well-established structural priors of
the GMVP problem, these models require vast training datasets
and sophisticated architectures to approximate what could be
solved more elegantly through structural optimization [19].

In this work, we propose a hybrid GMVP framework that
bridges the structural discipline of statistical estimators with
the representational power of neural architectures. Instead of
learning a covariance matrix from scratch, our approach uti-
lizes the eigen-decomposition of a baseline statistical estima-
tor. We train a lightweight Transformer-based neural network
to perform nonlinear eigenvalue shrinkage optimized directly
against the out-of-sample portfolio risk. By reintegrating these
learned eigenvalues into the original eigen-structure, we de-
rive a risk-optimized precision matrix, denoted by Cgslk, for
GMVP construction. Importantly, we incorporate insights from
RMT by conditioning the network on the concentration ratio,
which enables the model to dynamically calibrate its shrinkage
intensity across diverse asset universes and sample regimes.
Concurrently, Bongiorno et al. [20] propose a related neural
estimator for correlation matrices in the context of GMVP
construction. We refer interested readers to that work for
additional perspectives on neural approaches to this problem.

Empirical evaluations across synthetic and real-world stock
returns’ datasets demonstrate that our hybrid approach con-



sistently outperforms state-of-the-art statistical and neural
benchmarks. These results validate ”guided” machine learn-
ing—operating in the spectral domain—as a more data-
efficient and stable alternative to traditional or purely neural
models for risk minimization.

II. PROBLEM FORMULATION

We consider a time series comprising Xi,...,x, € RV
logarithmic returns of NV financial assets, modeled as

Xt :”+C}V/2yta = 1a2a"'an7 (1)

where p € RY is the mean vector of the asset returns, Cy €
RN XN js the positive definite covariance matrix and y; € RY
is a zero mean unitarily invariant random vector with ||y > =
N. Both g and Cp are assumed to be time-invariant over the
observation period.

Let h € RY denote the portfolio selection, i.e., the vector
of asset holdings in units of currency normalized by the total
outstanding wealth, satisfying h” 1y = 1. In this paper, short-
selling is allowed, and thus the portfolio weights may be
negative. Then the portfolio variance (or risk) over the invest-
ment period of interest is defined as 0%(h) = E[|hTx|?] =
h”Cyh [1]. Accordingly, the GMVP selection problem can
be formulated as the following quadratic optimization problem
with a linear constraint:

min o%(h), st hT1y =1 2)
This has the well-known solution
Cy'ln
homvp = 25—, 3
1LCy'1y
and the corresponding portfolio risk is
1
2
g (hGMVP) = 7 ~—ia (4)
17.Cy'1N

Here, (4) represents the theoretical minimum portfolio risk
bound, attained upon knowing the covariance matrix Cy
exactly. In practice, C is unknown, and instead we form an
estimate, denoted by C ~. Thus, the GMVP selection based
on the plug-in estimator Cy is given by
Cilly

17C' 1N

havve = ®)
The quality of flGMVP, implemented based on the in-sample
covariance prediction Cp, can be measured by its achieved
out-of-sample (or “realized”) portfolio risk:
- 15, CrCR'
o’ (hGMVP> =X ?,JY NI (6)
(INCy 1n)?

The goal is to construct a good estimator Cy, and conse-
quently heyve, which minimizes this quantity.

Note that, for the naive uniform diversification rule, h =
%1 ~. This is equivalent to setting Cy =1y, and yields the

T
realized portfolio risk: lN‘fvingN Interestingly, this extremely
simple strategy has been shown in [21] to outperform numer-
ous optimized models and will serve as a benchmark in our
work.

ITI. NOVEL PRECISION MATRIX ESTIMATOR AND
PORTFOLIO DESIGN FOR RISK MINIMIZATION

Designing a neural network-based estimator for covariance
or precision matrices is inherently challenging. Several obsta-
cles arise: (i) ensuring that the estimated covariance matrix
is positive semidefinite—let alone strictly positive definite—is
nontrivial; (ii) constructing a network architecture capable of
handling matrix-valued inputs of varying dimensions (e.g.,
different numbers of assets N and return samples n) is not
straightforward; and (iii) since the number of free parameters
in the empirical covariance matrix Cp scales quadratically
with NV, the estimation problem becomes increasingly ill-posed
as N grows. To overcome these challenges, we propose a sim-
ple yet effective estimation framework that integrates classical
statistical techniques with data-driven neural architectures.

Instead of directly estimating the covariance matrix with
a neural network, we adopt a hybrid approach that refines
existing statistical estimators using neural models, with the
objective of reducing portfolio risk. In particular, we build
upon the Ledoit—Wolf linear shrinkage estimator [6], which not
only improves estimation accuracy compared with the SCM
when the asset number /N is comparable to the sample size
n, but also remains invertible in the more challenging regime
N > n. In the following, we describe in detail our proposed
portfolio optimization strategy, in which the overall workflow
is demonstrated in Fig. 1.

A. Precision Matrix Estimation

The sample covariance matrix is defined as

1 n
Sy =— e
N=) KK (7)
t=1
where x; = x; — %E?:l X;. The LW linear shrinkage

covariance matrix estimator is given by a convex combination
of the sample covariance matrix and the identity matrix:

Crw = pdn + (1 - p)Sw, (8)

. 1 a?
with = Ftr[Sy], p = =R a? = ||Sy — Iy, b2 =
IS Ixix? — Sw||%, where || - ||p denotes the Frobenius

norm.
Introducing the eigen-decomposition

N
Crw =) A/, ©)
i=1

where \; denotes the i-th largest eigenvalue and u; its asso-
ciated eigenvector, we seek to construct a precision matrix
estimator that retains the robust eigenvectors of the LW
estimator while recalibrating its spectrum, which takes the
form:

N
Crde = Y mwu/, (10)
=1

where 7, > 0 is a nonlinear eigenvalue shrinkage func-
tion of A = [Ay,...,An]. The resulting C;slk is optimized
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Fig. 1. Overall workflow of portfolio optimization with proposed neural network-based nonlinear precision matrix estimator. The “LW” represent Ledoit-Wolf

covariance matrix estimation. The “ED” denotes eigenvalue decomposition.
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Fig. 2. Lightweight Transformer-based network architecture.

specifically to minimize the portfolio risk in (6). By fixing
the eigenvectors {u;}Y ;, we effectively reduce the learning
problem from estimating O(NN?) parameters to learning a
spectral mapping function of dimension O(N), significantly
mitigating the risk of overfitting. Meanwhile, the mismatch
between u; and the true corresponding population eigenvector
is implicitly accounted for by the learned coefficient 7).

It is important to emphasize that our goal is to estimate
the precision matrix directly, as the portfolio weights in (5)
depend explicitly on it. Rather than first estimating Cy
and subsequently inverting it—which can amplify estimation
errors—we construct an estimator that directly targets CEl.

B. Neural Eigenvalue Shrinkage
We employ a neural network Fp to learn the nonlinear
mapping

n = Fy(X, c), (1

where n = [1,...,nn] and ¢ = % The concentration ratio
c between the number of assets and the number of samples
has been shown to play a central role in designing shrinkage
functions [22], [23]. Conditioned on ¢, the neural network
flexibly adjusts the mapping from A to m across various
(N, n) configurations. This allows the method to handle return

matrices X = [x1,...,%,] € R¥X? of different shapes.
Once 7 is obtained, the precision matrix estimator Cr_islk is
constructed by (10), and the corresponding portfolio weight
vector is

~—1
- CrisklN
risk —

1,C L1y

risk

12)

Learning a direct mapping from data X to the precision
matrix CR,l is substantially more difficult than mapping eigen-
values A to shrinkage factors m, particularly when N and n
vary. By reformulating the task as an eigenvalue shrinkage
problem, we significantly reduce complexity and enable the
model to generalize more effectively across different sample
sizes and portfolio dimensions.

1) Network Architecture: We adopt a lightweight
Transformer-based architecture, selected for its efficacy
in modeling complex dependencies and interactions among
eigenvalues, as shown in Fig. 2. The ratio ¢ is embedded
into the input to guide the mapping, ensuring that the learned
shrinkage function adapts to diverse A derived from Crw
across different sample regimes. Finally, a ReLU activation
in the output layer guarantees 7; > 0.

For comparison, we also benchmark an end-to-end strat-
egy, referred to as direct weight estimation (DWE), which
directly maps X to the portfolio weights h with the network
architecture proposed in [24]. The architecture comprises a
temporal feature extraction module based on dilated causal
convolutions and an asset correlation extraction module based
on self-attention. However, this approach is less effective,
as shown in Section IV-B2, because it does not leverage
the structural properties inherent in the optimization problem,
making training considerably more challenging. Moreover, the
model lacks flexibility in adapting to varying sample sizes,
further limiting its practical applicability.

2) Training Objective: The neural network is trained with
portfolio risk as the loss function. Given the eigenvalue map-
ping n = Fy(X, ), we construct C;} via (10) and compute

the resulting portfolio weights as in (12). The associated



portfolio risk is
£ =h, Cnhyi. (13)

Since Cp is unknown in practice, we estimate risk using the
out-of-sample variance of portfolio returns:

1 n+m
L =hy <m Z i#:) hyigk,

t=n-+1

(14)

where %, = x, — = S

- 2 i—ny1 Xi denotes centered returns in
the m out-of-sample periods. This decision-focused objective
ensures that the network prioritizes the estimation accuracy
of the eigen-components that are most consequential for
risk minimization, rather than treating all directions equally.
The complete training procedure of the proposed method is

summarized in Algorithm 1.

Algorithm 1: Training pipeline for shrinkage function
Fy
Input: Training samples x1, ..., X, with randomly
chosen (NN, n); validation samples
Xpt41y- -+, Xntms ratio ¢
Output: Loss value £

1 Compute Crw using (8) from {x1,...,X,};

2 Perform eigen-decomposition: Cryy — A, {u;} N
3 Apply shrinkage function: 1 < Fy(A,¢);

4 Construct inverse covariance: C;;k = vazl niu;ut

. . N Cr_islk]-N
5 Estimate weights: hyjsx = T
. TnCrialn .
6 Compute loss £ with {X,,t1,...,Xp4+m} using (14).

IV. EXPERIMENT RESULTS
A. Validation of loss function design

To evaluate the efficacy of the proposed risk-oriented loss
function (14), we conduct a comparative analysis against the
conventional Frobenius loss using synthetic data. This setup
allows us to isolate the impact of the loss function under a
controlled ground truth.

Synthetic Data Generation: We generate synthetic returns
ii.d. from a multivariate normal distribution. Without loss of
generality, the mean vector p is set to zero, as centering the
returns removes its influence on covariance estimation. We
adopt a one-factor return structure [25] for the population
covariance matrix Cy with dimension N = 50:

Cn =bbT6? + %, (15)

where the factor volatility is o = 0.16. The factor loadings b €
RY are evenly spaced in [0.5,1.5], and the residual variance
matrix is defined as ¥ = 021 with o, = 0.2.

Statistical vs. Decision-Aligned Loss: The prevailing
paradigm in precision matrix estimation focuses on minimiz-
ing the statistical discrepancy between the estimated matrix

CX,I and the population matrix Cj\,l. This is typically achieved
via the Frobenius norm loss [13], [22]:

Cro = argmin||C}' — O3 (16)

N

However, the Frobenius loss is “application-agnostic”; it as-
signs equal weight to all entries in the covariance matrix. In
the context of portfolio optimization, this is often suboptimal
because the portfolio risk is a weighted quadratic aggregation
of these entries. Errors in covariance elements corresponding
to small portfolio weights have a negligible impact on the
final objective, whereas errors in high-weight elements can
significantly degrade performance.

To bridge this gap, we employ a decision-aligned risk loss
that directly optimizes the downstream utility—the portfolio
variance:

R 17y CyCR'l
C;L = argmin NN ZNZN N (17)

oy (13Cy'1N)?

By aligning the training objective with the GMVP’s opera-
tional goal, this loss function guides the neural shrinker to
prioritize the estimation of spectral directions that most heavily
influence the realized risk. For our implementation, the neural
shrinker consists of 6 Transformer layers, optimized using
Adam with a learning rate of 10~* and a batch size of 8.

Variance

4‘0 éO Bb 160 1i0 11‘10 léO 1éo
Number of samples

Fig. 3. Loss comparison between Frobenius norm minimization and risk
minimization objectives under varying training sample sizes.

Result Analysis: Fig. 3 illustrates the realized portfolio
variance for both loss functions across varying training sample
sizes n € [40, 180], averaged over 200 Monte Carlo iterations.
As the training sample size increases, the backtested portfolio
variance decreases for both methods, indicating that longer
training periods improve the model’s ability to capture the
underlying covariance structure. Across all sample sizes, the
curve corresponding to Cr_lslk consistently lies below that of
Cb?rlo, demonstrating that the risk loss delivers stable improve-
ments in realized portfolio variance. These empirical findings
corroborate the use of (14) as the training objective for the
neural shrinker of the covariance matrix.



B. Performance evaluation

In this section, we evaluate the performance of the proposed
risk-optimized estimator, ka, by benchmarking it against the
following competing methods.

1) CSCM: The standard sample covariance matrix;

2) CLW: The Ledoit-Wolf shrinkage estimator [6];

3) Cc: The robust shrinkage estimator proposed by Chen
et al. [13];

4) Iy: The identity matrix, which yields the 1/N (equally
weighted) portfolio [21];

5) Direct Weight Estimation (DWE): A model-free neural
network [24] that directly outputs portfolio weights from
historical returns, without explicit covariance estimation.
The model is trained using N = 50 assets and a window
length of n = 60.
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Fig. 4. Portfolio variance comparison on the synthetic dataset.

1) Results on synthetic data: We first evaluate the estima-
tors on synthetic data generated from the one-factor model
described in Section IV-A, which enables a direct comparison
between the realized risk and the theoretical minimum risk
(the “Oracle” bound) in (4).

Fig. 4 reports the realized portfolio variance averaged over
200 Monte Carlo simulations. The proposed estimator, ka,
consistently achieves the lowest variance across all sample
sizes and closely approaches the theoretical lower bound.
Although CLW and Cc improve as n increases, they remain
clearly suboptimal relative to the proposed risk-optimized
neural shrinker.

Results for CSCM and DWE are omitted for n < 50 and
n < 60, respectively. The SCM is non-invertible when n < N,
so the GMVP is undefined in this under-sampled regime.
DWE requires a fixed 60-day input window and therefore
cannot be applied to shorter sequences. For n > 60, its
input is truncated to length 60, which explains its unchanged
performance beyond that point. Overall, the proposed method
delivers the best risk control across all sample sizes in the
synthetic setting.

2) Results on real stock data: We use constituents of the
S&P 500 index as the empirical dataset. Dividend-adjusted
daily closing prices are collected from Yahoo Finance, and

continuously compounded (log) returns are computed for a
randomly selected subset of 50 stocks. The sample contains
3,675 trading days from Jan. 3, 2011 to Jul. 31, 2025, and is
split into 3,275 training observations (Jan. 3, 2011 to Dec. 31,
2023) and 400 test observations (Jan. 3, 2024 to Jul. 31, 2025).
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Fig. 5. Annualized out-of-sample portfolio risks over 400 trading days of 50
S&P500 stocks.

We evaluate out-of-sample portfolio performance using a
rolling-window procedure. On each rebalancing date ¢, the
previous n days are used to estimate the covariance matrix
and construct the GMVP weights flGMVp, which are then held
fixed over the next 20 trading days. The window is rolled
forward by 20 days until the end of the sample. Realized
portfolio risk is measured by the annualized sample standard
deviation of the resulting GMVP returns.

As shown in Fig. 5, the proposed estimator Cr_islk attains
the lowest realized risk for all window lengths considered,
consistently outperforming all competing methods in both the
under-sampled regime n < N and the over-sampled regime
n > N.

To provide a finer temporal comparison, we further examine
the two best-performing methods, Cr_i;k and Crw, using
n = 100. This yields 300 out-of-sample GMVP returns.
Starting from the beginning of the test period, we compute the
annualized standard deviation of the most recent 40 returns and
roll the window forward by one day, resulting in 261 rolling
risk estimates for each method, shown in Fig. 6. We find that
C_ achieves lower risk than Cryy in 72.1% of cases, with

especially clear gains during high-volatility periods such as
Apr. 2024 to Jun. 2024.

Finally, we study sensitivity to the number of assets N
while fixing n = 60. For each NN, the out-of-sample risk
is averaged over eight random subset selections. As shown
in Fig. 7, most methods benefit from diversification, leading
to gradually lower portfolio risk as the investment universe
expands. By contrast, the SCM displays sharply increasing
risk as N approaches n, reflecting the ill-conditioning of the
sample covariance matrix. Throughout, the proposed estimator
CHSk maintains the lowest risk, confirming its robustness
across different asset-to-sample ratios.
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Fig. 6. Annualized rolling-window standard deviations of the most recent 40
out-of-sample GMVP log returns for Cgslk and Cpw (N = 50, n = 100).
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Fig. 7. Annualized out-of-sample portfolio risk as a function of the number
of assets NV with a fixed n = 60.

V. CONCLUSION

This paper has introduced a novel minimum-variance port-
folio optimization strategy based on a nonlinear shrinkage co-
variance estimator, in which the shrinkage function is learned
via a neural network and explicitly calibrated to minimize
realized portfolio risk. By leveraging data-driven eigenvalue
shrinkage, the proposed approach consistently outperforms
standard benchmarks in terms of realized risk, as demonstrated
on both synthetic datasets and real historical stock returns
from S& P500. An important direction for future research is to
extend the proposed framework to incorporate both covariance
and mean-return estimation, thereby enabling optimization
under alternative criteria such as Sharpe ratio maximization or
the classical Markowitz mean-variance formulation. Another
promising avenue is to account for temporal dependencies and
the time-varying nature of covariance matrices, which may
further enhance the robustness and adaptability of the proposed
strategy in dynamic financial environments. These extensions
are left for future work.
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