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Abstract—Transfer learning (TL) has proven highly effective
at improving generalization, yet theoretical insights lag behind
its rapid methodological advances. This study attempts to reduce
this research gap by establishing a unified theoretical framework
for analogy-based TL, grounded in a commonly used concept
known as similarity. We systematically map the three core
subprocesses, i.e., retrieval, adaptation and evaluation, to the
fundamental challenges in TL: what, how and when to transfer.
Building upon this framework, we derive two theorems governing
the gain in generalization performance of analogy-based TL: (1)
the theorem of unconditionally non-negative gain, which ensures
safety against negative transfer through accurate evaluation;
and (2) the theorem of conditionally positive gain, contingent
upon either large-scale source retrieval or effective adaptation.
Furthermore, we discuss the compatibility of this framework
with the No Free Lunch theorem, clarifying that the efficacy of
TL arises from the alignment of analogy-based inductive biases
with the non-uniform distribution of problems, rather than a
violation of the theorem. These insights theoretically rationalize
the paradigm shift from seeking universal transferability metrics
to exploiting specialized inductive biases.

Index Terms—transfer learning, similarity, analogical reason-
ing, no free lunch theorem.

I. INTRODUCTION

Transfer Learning (TL) [1, 2] has emerged as a pivotal
paradigm to extend the success of machine learning [3, 4]
by transferring knowledge from related source problems to
a target problem [5, 6]. Despite rapid algorithmic advance-
ments [7, 8], a unified theoretical framework explaining
their efficacy remains unestablished. Current theoretical ex-
plorations are largely fragmented. Classical statistical learning
bounds rely on domain divergence measures [9], algorithmic
stability ensures convergence in restricted settings [10, 11],
and information-theoretic metrics quantify transferability [12,
13]. While these frameworks offer valuable explanations for
constrained settings, such as representation learning [14] or
deep linear dynamics [15], they have yet to be synthesized
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into a unified theory that systematically examines the gener-
alization gain of knowledge transfer.

Heuristic TL algorithms inherently mimic human cognitive
reasoning [16–18], offering a valuable lens to bridge the
gap between empirical success and theoretical interpretability.
Contemporary TL methodologies implicitly employ diverse
reasoning paradigms, including analogy (e.g., instance-based
reweighting [19]), induction (e.g., meta-learning [20] and pre-
training [21]), deduction (e.g., zero-shot learning [22]), abduc-
tion (e.g., inverse reinforcement learning [23]), and causality
(e.g., invariant learning [24]). In this study, we show particular
interest in analogy-based knowledge transfer due to its exten-
sive use in the literature. Although preliminary explorations
exist in specific domains like evolutionary optimization [25],
a generalized theoretical framework within machine learning
remains unestablished. We posit that analogical reasoning, the
cognitive process of recognizing structural parallels between
contexts, serves as the cornerstone underpinning successful
knowledge transfer. By formalizing this, we systematically
link the three core subprocesses of analogy to TL’s fun-
damental issues: retrieval determines what to transfer by
quantifying source relevance [21, 26]; adaptation resolves
how to transfer by transforming knowledge to bridge context
discrepancies [27, 28]; and evaluation decides when to transfer
to verify validity and prevent negative transfer [29].

Building upon this framework, we derive two theorems
governing the generalization gain of analogy-based TL: (1) un-
conditionally non-negative gain, providing a safety guarantee
against negative transfer through accurate evaluation; and (2)
conditionally positive gain, contingent upon large-scale source
retrieval or effective adaptation. Furthermore, we interpret TL
through the lens of the No Free Lunch (NFL) theorem [30],
demonstrating that TL’s superiority is not unconditional but
relies on aligning analogy-based inductive biases with the
target problem’s latent structure. This insight theoretically
explains why transfer strategies succeed in specific contexts
but fail in others.

The remainder of this paper is organized as follows. Section
II introduces the definition of TL and analogical reasoning.



Section III constructs the theoretical foundations. Section IV
presents the generalization gain theorems and NFL implica-
tions. Section V concludes the paper.

II. PRELIMINARIES

This section establishes the mathematical foundations for
our analysis. We first define TL and subsequently outline the
framework of analogical reasoning, constructing the logical
basis for the theories presented in Section III.

A. Transfer Learning

TL is a learning paradigm that aims to improve the general-
ization performance of a learner on a target problem by lever-
aging knowledge extracted from relevant source problems. To
provide a rigorous formulation, a domain A = {X , P (X)}
consists of a feature space X and a marginal probability
distribution P (X). Given a specific domain, a task T =
{Y, P (Y |X)} consists of a label space Y and a conditional
probability distribution P (Y |X). We define a problem P as
the pair P = {A, T }.

Formally, given a source problem Psrc = {Asrc, Tsrc} and
a target problem Ptgt = {Atgt, Ttgt} where Psrc ̸= Ptgt, the
goal of TL is to improve the estimation of Ptgt(Y |X) using
the knowledge derived from Psrc. The condition Psrc ̸= Ptgt

implies a discrepancy arising from either domain divergence
(Asrc ̸= Atgt) or task divergence (Tsrc ̸= Ttgt). The im-
plementation of effective TL algorithms typically necessitates
addressing three issues [16]:

• What to Transfer: Quantifying the relevance of knowl-
edge components derived from Psrc to estimate their
potential utility for Ptgt.

• How to Transfer: Devising algorithmic mechanisms to
operationalize knowledge transfer, aimed at improving its
utility for Ptgt.

• When to Transfer: Assessing the transferability (i.e., the
utility of knowledge) to determine the timing of transfer,
thereby safeguarding Ptgt against negative transfer.

B. Analogical Reasoning

Analogical reasoning is a cognitive process that infers
the latent utility of a source candidate for a target problem
based on their similarity. In the computational realm, analogy-
based TL capitalizes on such similarity to facilitate knowledge
transfer. The specific conceptualization of similarity manifests
differently across contexts: in visual domain adaptation, it
is formulated as distributional proximity [31]; similarly, in
natural language processing, it takes the form of semantic
correspondence [32]. Formally, let w denote the observable
property, and let s(w) be a valid similarity metric. For no-
tational brevity, we refer to this joint similarity simply as
s where context permits. The fundamental logic of analogy-
based TL can be articulated as follows:

Rationale: If two problems Psrc and Ptgt share high similarity
in terms of an observable property w, and Psrc possesses
knowledge v associated with w, then the knowledge v is likely
to yield high utility for Ptgt.

(a)                                                 (b)

Fig. 1: Illustration of the retrieval subprocess: (a) different
curvatures of f ; (b) the retrieval process.

This rationale hinges on a positive correlation between the
observable property w (e.g., feature distributions P (X)) and
the latent utility u(v), defined as the generalization perfor-
mance on the target problem. While observable similarity is
computationally accessible, the true utility u(v) is typically
unknown prior to transfer. To operationalize this rationale,
the reasoning process is decomposed into three sequential
subprocesses:

• Retrieval: Quantifying the similarity between the ob-
servable properties of the source and target to identify
candidates likely to afford high utility.

• Adaptation: Adapting the source knowledge to improve
its observable similarity to the target, thereby enhancing
its compatibility and expected utility.

• Evaluation: Assessing the predicted utility against a base-
line to verify the validity of the transfer, serving as a
gatekeeper to safeguard against negative transfer.

III. ANALOGY-BASED KNOWLEDGE TRANSFER

In this section, we construct a unified theoretical framework
for analogy-based TL. We postulate that the heuristic success
of TL can be formalized through mathematical principles
governing the three cognitive subprocesses, providing a solid
logical basis for understanding effective transfer mechanisms.

A. What to Transfer: Retrieval

The retrieval subprocess addresses what to transfer by bridg-
ing the informational gap between observable characteristics
and latent transfer efficacy. Since the true utility u(v) is
typically unknown, retrieval operates on the premise that the
similarity s(w) serves as a reliable proxy.

Principle 1. Subject to the existence of an intrinsic dependency
between the observable property w and the transferable knowl-
edge v, the latent utility u(v) of knowledge derived from Ps

is monotonically increasing with the similarity s(w) between
the observable property w of Psrc and Ptgt.

To formalize this, let S and U denote the continuous spaces
of similarity and utility, respectively. We postulate a mapping
function f : S → U such that u = f(s). The validity of
Principle 1 rests upon two premises regarding f :
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Fig. 2: Illustration of the adaptation subprocess: (a) algorithmic
efficacy in hypothesis space; (b) utility enhancement.

• Bijectivity: f : S → U is bijective, ensuring a strict one-
to-one correspondence between observable similarity and
latent utility.

• Continuity: f is continuous over S (lims→s0 f(s) =
f(s0)), guaranteeing that infinitesimal similarity pertur-
bations do not cause abrupt utility discontinuities.

Theorem 1. Given the premises of bijectivity and continuity,
the function f : S → U is strictly monotonic. Consequently,
the rank of the latent utility u is strictly preserved by the
observable similarity s(w).

Proof. Assume the bijective, continuous function f : S →
U is not strictly monotonic. There exist s1 < s2 < s3
where the order is not preserved. Without loss of generality,
assume f(s2) > max(f(s1), f(s3)). Choose γ such that
max(f(s1), f(s3)) < γ < f(s2). By the Intermediate Value
Theorem, there exist sa ∈ (s1, s2) and sb ∈ (s2, s3) satisfying
f(sa) = f(sb) = γ. Since sa ̸= sb, this contradicts the
bijectivity of f . Thus, f must be strictly monotonic. Given the
rationale that higher similarity correlates with higher utility, f
is strictly increasing. □

Remark 1. The bijective mapping f is an idealized abstrac-
tion. In practice, latent confounders render the similarity-
utility relationship stochastic, causing local violations of rank
preservation. However, given a strong underlying correlation
between w and u, the global monotonic trend persists. This
insight theoretically justifies the empirical efficacy of top-k
ensembles and soft-attention mechanisms in absorbing such
local ranking noise.

As visualized in Fig. 1, while the explicit analytical form
of f may vary, monotonicity guarantees that the ordinal rank-
ing of knowledge candidates is strictly preserved. This rank
preservation theoretically justifies using similarity as a proxy
to prioritize source candidates. It underpins strategies like
direct source selection [33, 34], ensemble-based continuous
reweighting [19, 35], and adaptive knowledge representation
selection [21, 36].

(a)                                                 (b)
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Fig. 3: Illustration of the evaluation subprocess: (a) threshold
determination; (b) the gating mechanism.

B. How to Transfer: Adaptation

The adaptation subprocess addresses how to transfer by
mitigating context discrepancies, aiming to transform source
knowledge to enhance compatibility with Ptgt. Guided by the
monotonicity established in Principle 1, we synthesize the core
logic of this process into the following principle:

Principle 2. The utility of knowledge v derived from a source
problem Psrc for a target problem Ptgt can be enhanced
by transforming the knowledge v such that its associated
observable property w exhibits higher similarity to the target.

The validity of Principle 2 relies on two preconditions
regarding the hypothesis space of transformation functions Φ:

• Realizability: The set of valid adaptation functions Φ∗ =
{ϕ ∈ Φ | s(w′) > s(w)} is non-empty, where w′ denotes
the observable property of the adapted knowledge v′ =
ϕ(v), theoretically allowing for similarity enhancement.

• Reachability: An algorithm exists that consistently returns
a candidate ϕ∗ ∈ Φ∗, making enhancement achievable.

Theorem 2. Given the realizability and reachability of an
adaptation set Φ, the utility of source knowledge v can be
enhanced by adapting the knowledge using ϕ ∈ Φ that
increases the similarity of its observable property to Ptgt.

Proof. Realizability guarantees an adaptation function ϕ ∈ Φ
yielding s(w′) > s(w). Since f : S → U is strictly increasing
(Theorem 1), s(w′) > s(w) strictly implies u(v′) > u(v).
Reachability ensures ϕ is algorithmically discoverable, guar-
anteeing utility improvement. □

Remark 2. A fundamental trade-off exists between realiz-
ability and reachability via the capacity of Φ. Expanding
Φ guarantees realizability but compromises reachability due
to intractable optimization and degenerate transformations.
Conversely, restricting Φ improves reachability but risks mis-
specification. Thus, effective adaptation requires a meticulous
balance between expressivity and structural inductive biases
to reliably discover utility-enhancing transformations.

Fig. 2 illustrates this dynamic: algorithm α1 satisfies reach-
ability by guaranteeing ϕ∗ ∈ Φ∗, mapping the knowledge



state along the increasing curve u = f(s). This asserts that
adaptation fundamentally improves observable similarity to
secure utility gain. It rationalizes explicit feature alignment
(e.g., TCA [27], CORAL [37]) and instance reweighting (e.g.,
KMM [38]), where assigned weights align distributions to
mitigate covariate shift.

C. When to Transfer: Evaluation

The evaluation subprocess addresses the critical decision-
making challenge of when to transfer, which verifies whether
problem proximity is sufficient to guarantee a positive outcome
over the isolated learning baseline. Guided by the similarity-
utility correlation, we explicitly state the principle governing
this decision as follows:

Principle 3. The potential impact (positive or negative) of
transferring knowledge v from Psrc to Ptgt can be assessed
based on the observable similarity between the two problems.

The validity of Principle 3 is mathematically guaranteed by
the existence of a decision boundary in the similarity space,
as formalized below:

Theorem 3. There exists a critical similarity threshold sthre

that strictly demarcates positive transfer from negative trans-
fer. Source knowledge contributes to a generalization gain if
and only if its observable similarity to the target problem
exceeds this threshold.

Proof. Let utgt ∈ U denote the baseline utility achieved on
the target problem without transfer. Knowledge v is useful
if u(v) > utgt. Since f is strictly increasing, its inverse
f−1 : U → S is also strictly increasing. Defining the threshold
sthre = f−1(utgt), the usefulness condition equates to:

f(s(w)) > utgt ⇐⇒ s(w) > f−1(utgt) ≡ sthre. (1)

Thus transfer yields a positive gain if the measured similarity
s(w) exceeds sthre. □

Remark 3. A precise threshold sthre requires an accurate
baseline utility utgt, which is empirically challenging. Estima-
tion variance blurs this boundary, softening the strict safety
guarantee and risking either negative transfer or unwarranted
rejection. This inherent fuzziness suggests that rigid binary de-
cisions may be structurally vulnerable, indicating the potential
value of probabilistic gating or continuous confidence margins
in practice.

As shown in Fig. 3, sthre acts as a hard decision boundary.
Enforcing transfer only when s(w) > sthre theoretically
guarantees a positive gain. This justifies safe transfer strate-
gies, underpinning explicit analytical metrics (e.g., H∆H-
divergence [40], LEEP [41]) and implicit gating mechanisms
in multi-task architectures [42, 43], which suppress irrelevant
features below the utility boundary.

IV. ANALYSES OF GENERALIZATION GAIN

Building upon the theoretical framework established in Sec-
tion III, this section provides an analysis of the generalization

gain ∆, defined as the net improvement in generalization
performance relative to the isolated learning baseline:

∆ = u(v)− utgt. (2)

By leveraging the logical consistency of the three subpro-
cesses, we derive two fundamental theorems governing the
bounds of ∆. First, we prove that the evaluation mechanism
imposes a theoretical lower bound, ensuring an uncondition-
ally non-negative gain. Second, we demonstrate that large-
scale source retrieval or effective adaptation provide sufficient
conditions for a conditionally positive gain. Finally, we ana-
lyze the framework’s compliance with the NFL theorem.

A. Unconditionally Nonnegative Gain

A pervasive concern in TL is negative transfer, where exter-
nal knowledge degrades performance relative to the isolated
learning baseline. To theoretically preclude this risk, explic-
itly incorporating an evaluation subprocess is a prerequisite.
Within the proposed framework, this subprocess functions as a
critical safeguard. By enforcing the similarity-based decision
boundary derived in Theorem 3, we prove that this evaluation
mechanism is the sufficient condition to ensure the resulting
generalization gain is bounded from below by zero.

Theorem 4. For any TL strategy incorporating an evaluation
mechanism governed by sthre, the generalization gain ∆ is
unconditionally non-negative, i.e., ∆ ≥ 0.

Proof. The evaluation mechanism enforces conditional transfer
execution based on the observable similarity s(w). If s(w) >
sthre, the transfer is executed; according to Theorem 3, this
implies u(v) > utgt, yielding a strictly positive generalization
gain ∆ = u(v) − utgt > 0. Conversely, if s(w) ≤ sthre,
the transfer is rejected and the system defaults to the isolated
learning baseline, resulting in a zero gain ∆ = utgt−utgt = 0.
Encompassing both mutually exclusive scenarios, the general-
ization gain unconditionally satisfies ∆ ≥ 0. □

Remark 4. Building upon the evaluation fuzziness (Remark
3), the unconditional mathematical guarantee of ∆ ≥ 0
is empirically vulnerable to estimation noise. To robustly
uphold this safety bound in practice, algorithms could rely on
an asymmetrically conservative decision boundary, effectively
inflating the threshold. This highlights a fundamental theo-
retical trade-off: prioritizing empirical safety typically entails
sacrificing marginal positive transfer opportunities, explaining
why safe-transfer mechanisms generally yield conservative
overall gains.

Theorem 4 establishes the theoretical imperative for inte-
grating evaluation mechanisms into TL systems. By strictly
adhering to this validation, the operational paradigm of TL
shifts from a risky endeavor to a structurally safe enhancement
process. The worst-case scenario reduces to isolated learning,
while executed transfers guarantee a net positive improve-
ment. This principle finds broad application in contemporary
safe transfer methodologies [29, 42], which employ gating



strategies to ensure robustness and allow aggressive source
exploration without performance regression.

B. Conditionally Positive Gain

While evaluation provides a safety net against negative
transfer, achieving a strictly positive gain is conditional. It
necessitates strategic investment: the system must either pos-
sess a sufficiently large source pool to statistically guarantee
high-utility knowledge, or employ a powerful algorithm to ap-
propriately adapt the knowledge. We formalize these sufficient
conditions for positive gain as follows:

Theorem 5. The analogy-based transfer framework yields a
strictly positive gain if the system satisfies at least one of the
following conditions:

1) Large-Scale Retrieval: The set of available source candi-
dates V is sufficiently large. As |V| → ∞, the probability
of identifying a source naturally satisfying s(w) > sthre

approaches 1.
2) Effective Adaptation: The hypothesis space Φ contains

a valid transformation satisfying ∃v ∈ V,∃ϕ† ∈ Φ
such that s(w′) > sthre, and the employed algorithm
is capable of identifying ϕ† to guarantee ∆ > 0.

Proof. We analyze the condition u(v) > utgt through two
complementary lenses. First, regarding source scale, assume
candidates in V are i.i.d. samples drawn from a broad task
distribution Dtask. Let ϵ = P (s(w) > sthre) > 0 denote
the probability that a random source naturally satisfies the
threshold condition. The probability of realizing a positive
gain within a retrieval pool of size N = |V| is P (∆ > 0) =
1 − (1 − ϵ)N . As N → ∞, this probability converges to 1,
statistically guaranteeing a positive gain.

Alternatively, the guarantee relies on the function space Φ.
The expressive capacity of Φ theoretically ensures a transfor-
mation ϕ† capable of satisfying the threshold condition, while
the algorithm’s effectiveness ensures this solution is practically
identifiable. By applying ϕ†, the system adapts knowledge to
satisfy s(w′) > sthre, strictly ensuring ∆ > 0. □

Remark 5. The statistical guarantee for large-scale retrieval
presumes source problems are i.i.d. samples from a broad dis-
tribution. In reality, empirical task spaces are highly skewed or
clustered. For targets in sparse out-of-distribution regions, the
probability ϵ of retrieving a naturally valid source approaches
zero. This structural sparsity demonstrates that retrieval scale
alone cannot overcome severe shifts, theoretically reinforcing
the complementary role of robust adaptation.

Theorem 5 elucidates the strategic trade-off between source
scale and algorithmic complexity. The first condition ratio-
nalizes foundation models [44], where extensive source pools
maximize the probability of locating sources with high in-
herent similarity, diminishing reliance on complex adaptation.
Conversely, the second condition grounds deep domain adap-
tation [31], leveraging high-capacity networks and advanced
objectives [45] to actively minimize distribution shifts in data-
constrained scenarios.

C. Compliance with the No Free Lunch Theorem

Seemingly, precluding negative transfer while securing
conditional improvement implies universal superiority over
isolated learning, which seemingly contradicts the premise
of the NFL theorem. However, this superiority reflects a
conditional advantage derived from strategically aligning the
algorithm’s inductive bias with the distribution of problems of
interest [30, 46].

The NFL theorem posits zero expected performance dif-
ference between algorithms when averaged over a uniform
distribution D of all possible problems Ω. Let ∆(P, β) denote
the generalization gain on instance P ∈ Ω given inductive bias
β. The NFL implies:

EP∼D[∆(P, β)] = 0. (3)

In practice, we target a subset of problems governed by a
non-uniform distribution D̃. The empirical success of analogy-
based TL arises because the inductive bias β aligns with the
structure of problems in D̃. Consequently, the expected gain
is strictly positive over the distribution of interest:

EP∼D̃[∆(P, β)] > 0. (4)

This positive expectation reflects the effective incorporation of
domain-specific insights rather than an NFL violation.

We exemplify this dependency through evaluation. While
Theorem 4 guarantees safety, this hinges on the validity
of observable similarity s(w) as a proxy for latent utility
u(v). The metric s(·) constitutes a strong inductive bias. For
instance, a geometric distance metric may align effectively
with physical motion tasks but remain orthogonal to semantic
reasoning. If s(·) fails to align with the problem structure,
the evaluation mechanism may yield incorrect judgments,
nullifying the safety guarantee.

These insights suggest that pursuing a universal transferabil-
ity metric is impractical. Effective TL algorithm design entails
carefully engineering retrieval metrics, adaptation functions,
and evaluation mechanisms to maximize alignment with the
specific distribution of target problems.

V. CONCLUSION

In this study, we have established a unified theoretical
framework for analogy-based TL to narrow the gap between
the rapid empirical success of heuristic algorithms and the
lack of a unified theoretical understanding. We formalized
analogical reasoning within the context of machine learning,
systematically mapping its three core subprocesses to the
fundamental challenges of what, how, and when to transfer.
Beyond these definitions, our analysis offers constructive de-
sign insights for analogy-based TL systems, advocating for
the integration of metrics capturing deep structural topology in
retrieval, alignment-based objectives in adaptation, and gating
mechanisms for safe transfer.

Building upon this framework, we derived two theorems
governing the generalization gain of analogy-based TL. First,
we demonstrated that an unconditionally non-negative gain is



strictly guaranteed by integrating an evaluation mechanism to
prevent negative transfer. Second, we proved that a condition-
ally positive gain can be guaranteed, contingent upon either
large-scale source retrieval or effective adaptation.

Crucially, we reconciled the relationship between TL and
the NFL theorem. Our analysis demonstrates that the efficacy
of analogy-based TL over isolated learning does not violate
the theorem; rather, it is a conditional advantage stemming
from the strategic alignment of analogy-based inductive biases
with the non-uniform distribution of problems. This insight
theoretically rationalizes the paradigm shift from seeking uni-
versal transferability metrics to designing specialized inductive
biases, underscoring that effective transfer naturally hinges
on the precise alignment of these priors with the specific
distribution of target problems.

In future work, we plan to extend these foundations by
incorporating causal inference to address the critical challenge
of transferring invariant mechanisms across non-stationary
environments.
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