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Abstract—Free-form conditional density estimation (CDE)
models arbitrary distributions without parametric constraints.
Deconvolutional Density Networks (DDN) achieve this through
discretizing the target space, yet they frequently produce spiked
and degenerate densities. This failure arises from gradient isola-
tion in hard binning—where only the target bin receives a learn-
ing signal—and is worsened by misalignment between the data
distribution and the fixed bin grid. We present SoftFlow-DDN, a
redesigned DDN that introduces two synergistic components: a
flow transformation, which adaptively warps the target space to
align with the grid, and a soft binning strategy, which distributes
likelihood across adjacent bins via a temperature-controlled
kernel. Together, they ensure global grid compatibility and local
smoothness. Ablation studies confirm that both proposed compo-
nents are necessary and complementary. Empirically, SoftFlow-
DDN outperforms the original DDN and recent variants across
toy and real-world tasks, achieving superior log-likelihood and
producing visibly smoother, more realistic densities, particularly
in low-data regimes.

Index Terms—conditional density estimation, deconvolutional
density network, data scarcity, flow-based transformation, soft
binning

I. INTRODUCTION

Accurate modeling of the conditional distribution p(y|x) of
a target variable y given a context x is fundamental to advance
machine learning systems beyond deterministic point estima-
tion (E[y|x]). Although regression and classification focus on
predicting expected values or discrete labels, many critical
applications, including autonomous navigation, personalized
healthcare, financial risk assessment, and scientific modeling,
require a more enriched probabilistic understanding [1], [2]. In
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such settings, capturing heteroscedastic noise, multi-modality,
and tail behavior is not merely beneficial but essential for safe
and robust decision-making [3]-[5].

Conditional Density Estimation formally addresses this
need, with the objective of inferring the complete density
p(y|x) from observed pairs {(x;,y;)}~ ;. However, the prob-
lem remains particularly challenging when the underlying
distribution family is unknown a priori, ruling out restric-
tive parametric forms. Classical parametric approaches (e.g.,
Gaussian mixtures) impose restrictive assumptions [6], while
nonparametric methods (e.g., kernel density estimation) scale
poorly with high-dimensional data [7], [8]. More recent deep
approaches, particularly normalizing flows [9]-[12], offer high
expressivity through invertible transformations and exact like-
lihood evaluation. Yet they often require complex architectures
to maintain tractable Jacobians and tend to overfit or under-
perform when data are scarce [4].
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Fig. 1. Comparison between hard and soft binning strategies. The red-dashed
line indicates the ground-truth position of the transformed target, § = O.
Left (Standard DDN): The original DDN employs a hard binary search,
assigning the target exclusively to a single bin (weight=1) while discarding all
others. Right (Ours): The proposed soft binning strategy distributes weights
to neighboring bins based on proximity.

This gap has motivated the development of deep learning-
based “free-form” CDE methods, which leverage the expres-
sive power of neural networks to model arbitrarily conditional



densities without pre-specified parametric forms [13]-[15].
Among these, Deconvolutional Density Network [16] stands
out by discretizing the target space ) into K bins with
fixed edges {bo, b1, - .., bk } and modeling conditional density
p(y|x) as a piecewise-constant function:

K—1
p(ylx) ~ Z (%) * Ty i) (9)
k=0
where m(x) > 0, Zf;olwk(x) = 1, and Iy, p,,,) is

the indicator function for the k-th bin. The bin probabilities
7 (x) are produced by a deconvolutional network, which
first encodes x into a latent representation, then applies a
variational layer for regularization, and finally decodes via
deconvolutional layers to output log-masses h € R¥ that are
normalized via softmax.

Despite its flexibility, DDN suffers from two interrelated
flaws that become acute in data-scarce regimes. First, the hard
binning objective creates a gradient isolation problem: for
each sample (x;,y;), only the bin k* containing y; receives

a non-zero gradient, since Ipy, 4, ,)(yi) = 0 for k& # k™.
Consequently,

OLoon [ —wgy fk=k

O (%) 0 otherwise,

leaving adjacent bins untrained and producing degenerate,
spiked densities lacking smoothness. This rigid assignment
mechanism is visualized in Figure 1 (/eft), which shows how a
target point is exclusively assigned to a single bin, preventing
gradient propagation to neighboring bins. Second, the fixed,
uniform binning grid is fundamentally misaligned with real-
world data distributions. If the true conditional density p(y|x)
concentrates mass in narrow regions, most bins receive near-
zero probability, leading to inefficient parameter use and ex-
acerbating overfitting, particularly in low-data regimes where
the number of samples N is much smaller than the number of
bins K [16].

In this study, we propose SoftFlow-DDN, a redesigned DDN
architecture that overcomes both limitations through two syn-
ergistic components. First, we introduce a flow transformation
(more details in section II-B) f4(-;6) that warps the target
space via an invertible mapping: § = f»(y;0), 0 = ¥(x),
where ) is a parameter network conditioned on x. This
transformation aligns the warped density p(y|x) with the
uniform binning grid, ensuring balanced gradient flow across
bins [11]. Second, we replace hard binning with a soft binning
strategy (more details in section II-C) that distributes the
training signals across neighboring bins. For a temperature
hyperparameter 7 > 0, we define soft weights wy () for
each bin k, which provides gradients to all bins with non-zero
weight, explicitly enforcing local smoothness. Our soft binning
approach is illustrated in Figure 1 (right), which contrasts with
the hard assignment by showing how weights are distributed to
adjacent bins based on proximity, enabling smoother gradient
flow and a more continuous density estimate. Moreover, the

soft binning is crucial for stabilizing the joint training of the
flow and the density estimator, as it provides a smooth loss
landscape with respect to the flow parameters.

These components act together: the flow transformation
optimizes global alignment between data and grid, while soft
binning ensures local continuity and gradient sharing. We
evaluate SoftFlow-DDN on a suite of toy and real-world tasks,
demonstrating consistent improvements over original DDNs
and recent variants. Our contributions are three-fold:

1) We identify and formalize gradient isolation and
grid—distribution mismatch as root causes of degenerate
behavior in DDN.

2) We propose SoftFlow-DDN, integrating a flow transfor-
mation for adaptive space alignment and a differentiable
soft binning mechanism for gradient-aware smoothing.

3) We demonstrate superior performance across diverse toy
and real-world CDE tasks, with notable gains in low-
data regimes, and provide ablation studies confirming
the necessity of both components.

The author will share the data/code available upon acceptance.

II. METHODOLOGY

In this section, we first review the foundational framework
of the Deconvolutional Density Network and identify its lim-
itations regarding fixed discretization and sparse supervision.
To address these issues, we propose two novel enhancements: a
flow-based transformation to normalize the output space adap-
tively, and a soft binning strategy to smooth the optimization
landscape.

A. Preliminaries: Deconvolutional Density Network

The DDN aims to estimate the conditional density p(y|x)
by combining the merits of variational inference and deconvo-
lutional decoding. The process can be summarized as follows:

Encoding and Variational Layer. Given an input-output
pair (x,y), DDN employs an encoder E(x) to map the
condition x into a latent representation. To improve gener-
alization and prevent overfitting, a Variational Layer (VL)
is introduced [17]. Tt predicts a mean p(x) and variance
0?(x), from which a latent variable z is sampled using the
reparameterization trick:

e~ N(0,I).

Deconvolutional Estimation. The latent variable z is fed
into a Deconvolutional Estimator (decoder) [18]. Through suc-
cessive up-sampling and convolution operations, the network
outputs a log-mass vector h € RX corresponding to K
discretized bins. The probability mass for each bin is obtained
via Softmax:

2= pu(x) + o(x) O c,

o = exp(hx)
2 exp(h;)

Density Retrieval. To evaluate the likelihood of a target
scalar y, DDN assumes a fixed domain partitioned into bins
with edges {bg, b1,...,bx }. A binary search is performed to
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Fig. 2. Semantic architecture of SoftFlow-DDN (SF-DDN). The framework is composed of four integrated stages: (a) Flow Transformation: A parameter
network t)(x) generates context-aware parameters 6 to transform the raw target y into a normalized latent representation ¢, adapting the data geometry to
the fixed grid (Eq. (2)). (b) Deconvolutional Estimator: The DDN backbone extracts features from x and predicts the raw log-mass distribution over the
discretized bins. (c¢) Soft Binning Strategy: Instead of a hard assignment, this module computes soft weights wj, based on the distance between ¢ and bin
boundaries using a learnable temperature 7, ensuring differentiable gradient propagation. (d) Density Recovery: Corresponding to the inverse of (a), the final
conditional density p(y|x) is reconstructed by modulating the latent density p(g|x) with the Jacobian determinant of the flow transformation.

find the specific bin index k* such that by« < y < bi«11. The
probability density is then approximated as:

The*
p(ylx) ~ AL

(D

where A = bg+41 — bg- is the bin width. For multi-
dimensional outputs, DDN utilizes auto-regressive masking to
capture dependencies between dimensions.

B. Flow Transformation for Adaptive Domain

To mitigate the issue of non-uniform data distribution and
inefficient bin usage, we introduce a flow transformation.
Instead of forcing DDN to learn complex distributions on
a fixed grid directly, we transform the target y into a latent
space y where the distribution is more uniform and suitable
for the DDN’s fixed discretization. This process is illustrated
in Figure 2(a).

We define an invertible transformation function fg : Y —
J), parameterized by 6. To make this transformation condi-
tional on x, we employ a parameter network ) (x):

0=1v(x), 7= fs(y;0). (2)

In our implementation, as detailed in Figure 3, fg is realized
using a stack of Rational Quadratic Spline (RQS) flows [11],
which offer high flexibility in modeling complex deformations.
The parameter network (x) adopts a structure inspired by
Variational Autoencoders (VAE) [17]. Specifically, the input x
is first mapped by a shared encoder to a latent representation
zg. Subsequently, independent lightweight decoders take zg as
input to generate the specific transformation parameters ()
(i.e., bin widths, heights, and derivatives) for each layer [ of
the flow network.

The DDN is then tasked with learning the density of the
transformed variable, p(f|x). According to the change of

Fig. 3. Overview of the proposed flow transformations (Fig. 2(a)). To
adaptively normalize the target space, we employ a parameter network ) with
a VAE-like architecture. The condition x is first processed by a shared encoder
to obtain a high-level feature representation zg. This latent code is then fed
into separate, layer-specific decoders. Each decoder independently generates
the transformation parameters 6 (including widths, heights, and derivatives)
required by the corresponding Rational Quadratic Spline (RQS) flow layer to
map y to g.

variables formula, the density in the original space is recovered

by:
0fo(y; 0)
=p@glx) - |[det ————=1.
plolx) = o) - [den 254
This hybrid approach allows the Flow to handle the global
geometry and “warping” of the space, while the DDN focuses

on modeling the local details in the regularized ¢ space.

3)

C. Soft Binning Strategy

To address the sparse gradient problem and avoid the limi-
tations of “hard” assignments, we propose a soft binning strat-
egy. Unlike standard approaches that rely on a fixed smoothing
factor, we introduce a learnable temperature parameter (7).



This allows the model to dynamically balance the trade-off
between focusing on the precise bin (high precision) and
distributing gradients to neighboring bins (global supervision)
during training.

Soft Membership Computation. For the transformed target
7 and a set of bin edges {by }1_, we first compute the signed
distances to the left (by) and right (by1) boundaries of each
bin k:

Dpr=9—br, Dpp=0byt1—79.

To determine the relevance of each bin, we map these dis-
tances into a normalized activation space using the learnable
temperature 7. The boundary activations lA)L,;C and bR,k are
obtained via the sigmoid function o (-):

. D . D
Drr=c0o <L’k) v Drr=o <R’k) :
T T

Finally, the soft weight wy(§), representing the contribution
of bin k to the current target, is derived from the difference
of these activations (detailed in Fig. 4):

wi(y) =0 (bR,k - ﬁL,k) . 4

This mechanism ensures that bins containing or near y receive
higher weights, while distant bins retain small but non-zero
gradients, preventing the “dead bin” phenomenon.

10 Soft Binning Weights via Difference of Sigmoids (t =0.05)
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Fig. 4. Visualizing the computation of wg (¢) Eq. (4) via boundary activations.
The red points on the curve represent the bin boundaries, while the gray points
represent . The target-enclosing bin ( ) attains high activation due to
its proximity to g. Simultaneously, the sigmoid function distributes gradient
flow to adjacent bins (green) based on their distance.

Density Estimation. Instead of selecting a discrete log-mass
from a single bin Eq. (1), we compute the expected log-mass
for the target § via a weighted interpolation. Let 7 (x) denote
the predicted log-mass for the k-th bin. The interpolated log-
mass 7(¢|x) and the final probability density are calculated
as:

S exp(7(7[x))
A(3l%) = Y wi(§) - mulx), pilx) = TR (5)
k=1

where A is the uniform bin width in the transformed space.

Temperature Regularization. A critical challenge with a
learnable 7 is the model’s tendency to collapse towards a
trivial solution. To maximize the likelihood of the target bin,
the optimization process naturally drives 7 — 0, causing the
soft weights to degenerate into a hard one-hot vector (Dirac
delta). This reintroduces gradient sparsity and instability. To
counteract this, we impose a penalty term that discourages the
temperature from vanishing:

L. ==X log(r), (6)

where A\, is a hyperparameter controlling the regularization
strength. This loss term acts as an entropy constraint, encour-
aging the model to maintain a sufficient degree of “softness”
in the bin assignments, thereby preserving the gradient flow
across boundaries throughout the training process.

Synergy with Flow Transformation. The learnable soft
binning strategy is particularly vital when coupled with the
flow transformation. Since the target position § = f4(y;6) in
the latent space fluctuates as the flow parameters 6 are updated,
a hard assignment would cause the supervision signal to jump
discontinuously between bins. The differentiable nature of our
soft weighting, stabilized by the £, regularization, ensures
smooth gradient propagation back to the flow network, en-
abling robust joint optimization of the domain transformation
and density estimation.

III. EXPERIMENTS
A. Ablation Study

To empirically validate the individual contributions of our
proposed modules, we conducted a component-wise ablation
study on the Elastic Ring dataset. We evaluated five con-
figurations to isolate the effects of the Flow Transformation
and the Soft Bin Strategy against the baseline DDN with
varying regularization strengths. Qualitative comparisons are
visualized in Fig. 5.

Analysis of Regularization (3). Comparing the baseline
DDN settings (rows 4 vs. 5), we observe that simply increasing
the variance parameter S reduces the error from 0.186 to
0.159 (=~15% improvement). While this alleviates the issue of
“spike” distributions, it does so via indiscriminate blurring,
washing out fine-grained topological details. In contrast, our
SF-DDN achieves a significantly lower SSE (0.143) not by
simple smoothing, but by structurally aligning the density,
demonstrating a fundamental improvement over naive variance
inflation.

Impact of Flow Transformation (Topology). Ablating the
flow module (row 2) causes a sharp performance drop (SSE
rises to 0.181, ~26% drop). This highlights the limitation of
a fixed grid in capturing non-linear manifolds. As observed
qualitatively (Figure 5), without the flow warping, the density
fails to conform to the ring’s curvature. Specifically, at regions
like x = 0.75, the distribution exhibits abnormal concave
depressions (inward collapse) where the fixed bins cannot
adequately cover the data support. The Flow Transformation
effectively resolves this by “warping” the space to match the
grid.
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Fig. 5. Qualitative Ablation. (1) SoftFlow-DDN (SF-DDN): Captures the
clean ring topology. (2) w/o Flow: Fails to align with the curvature. (3) w/o
Soft Bin: Suffers from optimization instability (jagged artifacts). (4-5) DDN:
Either too sharp (8 low) or over-blurred (3 high).

Impact of Soft Bin Strategy (Stability). Removing the
soft binning (row 3, using flow + hard binning) yields an
SSE of 0.156 (=9% drop). Although better than the baseline,
the resulting density profile remains “rugged” and discon-
tinuous. This ruggedness arises because hard binning severs
the gradient flow between adjacent intervals, preventing the
flow network from converging to a smooth mapping. The soft
binning strategy is thus critical: it provides the differentiable
relaxation necessary to smooth the optimization landscape,
bridging the gap between discrete binning and continuous flow
training.

The full SF-DDN model achieves the best quantitative per-
formance and the most topologically faithful density estimate,
confirming that flow and soft binning are synergistic: the flow
handles geometric alignment, while the soft binning ensures
optimization stability.

B. Hyperparameter Analysis

We investigate the regularization coefficient A\, (Eq. 6),
which balances the “softness” of supervision against estima-
tion precision. Fig. 6 shows the impact on SSE performance.

Results indicate a concave trade-off: High A\, (0.5) forces
excessive smoothing, preventing the model from capturing
sharp peaks. Low A, (0.05) causes the mechanism to degen-
erate into quasi-hard binning, reintroducing gradient isolation
and degrading performance. The optimal A, = 0.1 maintains
sufficient gradient support for convergence while allowing
precise density localization.

C. Toy Conditional Density Estimation

a) Datasets: We evaluate on the four toy conditional
density benchmarks used in DDN: Squares, Half Gaussian,
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Fig. 6. Sensitivity to Regularization A;.The number in parentheses for each
image indicates the corresponding SSE value. Optimal performance is found
at A = 0.1.

Gaussian Stick, and Elastic Ring. To highlight the failure
mode of hard bin assignment under limited supervision, we
intentionally reduce the training set size to 500 samples for
each toy task (1/4 of the 2000 samples used in the original
DDN setup).

b) Training protocol: For a fair comparison, all methods
are trained under the same data split and optimization bud-
get. We select the checkpoint of each model by the lowest
validation SSE during training, and report the corresponding
evaluation performance.

c) Metric: Since the ground-truth conditional density

*(y | x) is available for toy tasks, we measure the sum of
squared error (SSE) between the predicted density p(y | x)
and p*(y | x) on a fixed grid {yj}l-”il

SSE—NZ Z( (5 | %) p*(yj\xi)){ (7)

where {(x;)}¥, are evaluation conditions and {y;}?~
uniformly spaced grid over the target domain.

d) Results: Fig. 7 summarizes the SSE across the four
toy tasks. Our method achieves consistently lower SSE on
all tasks, with relative improvements of 9-27% over DDN
(e.g., 27% on Half Gaussian, 21% on Elastic Ring). This
demonstrates enhanced fidelity to the ground-truth density
under extreme data scarcity. Qualitatively, the improvement
aligns with our motivation: by replacing hard binning with
soft supervision, our approach effectively mitigates the spiky
artifacts that plague standard DDN in low-sample regimes.

j=p is a
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Fig. 7. Toy benchmarks (500 training samples). We report SSE (Eq. 7) on Squares, Half Gaussian, Gaussian Stick, and Elastic Ring. Our method yields
lower SSE across all four datasets, suggesting reduced spikiness and improved density smoothness under limited samples.

D. Real-World Datasets

We evaluate SoftFlow-DDN on five UCI datasets (Fish,
Concrete, Energy, Parkinsons, Temperature) [19]. To empir-
ically test performance in data-scarce regimes, we use a
10% training split with 10-fold cross-validation. We compare
against MDN, Flow-based models (NSF, RNF), and standard
DDN.

As shown in Table I, SoftFlow-DDN achieves the best NLL
on 4 out of 5 datasets. Crucially, SoftFlow-DDN significantly
outperforms the baseline DDN (e.g., reducing NLL from 0.97
to 0.74 on Concrete). This empirical gain validates that our
soft binning and flow transformation effectively mitigate the
gradient isolation problem inherent to fixed grids, especially
when supervision is sparse. Furthermore, while pure flow mod-
els (NSF) tend to overfit in this low-data regime, SoftFlow-
DDN strikes a superior balance between expressivity and
generalization. Although DDN performs better on Parkinsons,
SoftFlow-DDN’s consistent superiority across diverse physics
and environmental tasks confirms its reliability as a general-
purpose CDE solver.

IV. CONCLUSION

We presented SoftFlow-DDN, a principled enhancement of
Deconvolutional Density Networks that addresses two fun-
damental failure modes in data-scarce conditional density
estimation: (i) gradient isolation from hard binning, and (ii)

TABLE I
TEST NLL ON UCI DATASETS (10% TRAINING DATA).
SOFTFLOW-DDN(SF-DDN) OUTPERFORMS BASELINES ON 4/5 TASKS,
DEMONSTRATING ROBUSTNESS IN LOW-DATA SETTINGS. MEAN =+ STD
OVER 10 FOLDS.

Model Fish Conc. Energy Park. Temp.

NSF 2.70+0.73 3.384+0.86 2.77£1.63 1.86+0.24 1.6910.17
RNF 1.41+£0.04 1.454+0.07 2.054+0.37 1.98+0.20 2.05+0.11
MDN 1.04+0.06 1.024+0.08 -0.20+0.25 1.74+0.09 1.284+0.04
DDN 1.0940.08 0.97+0.07 0.01£0.15 0.87+0.08 1.14+0.03
SF-DDN  1.01£0.07 0.74+£0.08 -0.28+0.16 1.40+0.02 0.98+0.03

grid—distribution mismatch due to fixed discretization. By in-
tegrating a conditional flow transformation for adaptive space
warping and a temperature-controlled soft binning strategy
for differentiable supervision, our method ensures both global
alignment and local smoothness. Empirical results across toy
and real-world tasks demonstrate consistent improvements
over DDN and its recent variants—particularly in low-data
regimes. The ablation study confirms that both components
are necessary for robust and high fidelity density estimation.

Limitations and Future Work. Our method inherits the
discretization requirement of DDN, which may limit res-
olution in very high-dimensional output spaces. The flow
transformation, while flexible, adds computational overhead.
Future directions include: /) exploring adaptive bin widths to



dynamically allocate resolution, 2) developing more efficient
flow architectures to reduce training cost, 3) extending the
framework to discrete-continuous hybrid domains, and 4) pro-
viding theoretical analysis on the convergence and smoothness
guarantees of the soft binning mechanism.
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