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Abstract—Spiking reservoir computing provides an energy-
efficient approach to temporal processing, but reliably tuning
reservoirs to operate at the edge-of-chaos is challenging due
to experimental uncertainty. This work bridges abstract no-
tions of criticality and practical stability by introducing and
exploiting the robustness interval, an operational measure of the
hyperparameter range over which a reservoir maintains per-
formance above task-dependent thresholds. Through systematic
evaluations of Leaky Integrate-and-Fire (LIF) architectures on
both static (MNIST) and temporal (synthetic Ball Trajectories)
tasks, we identify consistent monotonic trends in the robustness
interval across a broad spectrum of network configurations: the
robustness-interval width decreases with presynaptic connection
density 3 (i.e., directly with sparsity) and directly with the
firing threshold 0. We further identify specific (3,6) pairs that
preserve the analytical mean-field critical point wei, revealing
iso-performance manifolds in the hyperparameter space. Control
experiments on Erdés—Rényi graphs show the phenomena persist
beyond small-world topologies. Finally, our results show that
Werit consistently falls within empirical high-performance regions,
validating weit as a robust starting coordinate for parameter
search and fine-tuning. To ensure reproducibility, the full Python
code is publicly available.

I. INTRODUCTION

Reservoir computing with Spiking Neural Networks
(SNNs), particularly Liquid State Machines (LSM), has re-
cently gained increasing attention as a lightweight and bio-
logically inspired framework for temporal signal processing,
dynamical pattern recognition, and energy-efficient neuro-
morphic implementations [1], [2]. Within this paradigm, the
reservoir is a fixed recurrent network that projects inputs
onto a high-dimensional state space, while only the readout
layer (linear or mildly nonlinear) is trained [3]. The quality
of performance depends critically on the reservoir dynamics,
which must be stable enough to avoid e.g. saturation or activity
collapse, and sufficiently rich to ensure separability and mem-
ory [4], [5]. A vast body of theoretical and empirical research
suggests that optimal performance in reservoir computing,
including spiking architectures, is achieved close to a critical
regime, often referred to as the “edge of chaos” [6]—[8]. In this
regime, the network is located near the transition between a
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quiescent state and a highly active regime, where small varia-
tions in the input can produce significant changes in collective
behavior. While characterizing this regime is often analytically
prohibitive, Leaky Integrate-and-Fire (LIF) networks represent
a powerful, biologically inspired, and analytically tractable
paradigm. In particular, mean-field theory yields mathematical
expressions that link the average firing rate and critical synap-
tic weight to global hyperparameters such as connectivity, fir-
ing threshold, and external input [9], [10]. While these results
allow for the identification of the theoretical critical point,
they leave relevant practical aspects of robust reservoir design
open. Indeed, a useful reservoir does not need to operate
exactly at the critical point, but rather within a region of the
hyperparameter space where performance remains high and
stable despite modeling uncertainties, stochastic variability,
and hardware constraints [11], [12]. From this perspective, it
is crucial not only to identify the location of the critical point,
but also to quantify the extent of the hyperparameter region
that sustains high performance, and to understand how this
region changes as the structural properties of the reservoir vary.
Although studies exist on the relationship between criticality
and performance [7], [13], to the best of our knowledge there
is no systematic analysis, over a broad range of conditions, that
connects mean-field predictions of criticality to a quantitative
measure of performance robustness with respect to the mean
synaptic weight.

In this work, we address the gap between theoretical
criticality and practical design by introducing an operational
metric. We define a robustness interval over the mean synaptic
weight w, representing the range in which different reservoir
performance remain above functional thresholds. Our goal is to
characterize the morphology of this high-performance region
as hyperparameters vary, relating it to an analytical criticality
reference [14]. Unlike point-wise analytical estimates, this
approach explicitly quantifies the safety margin available for
reservoir tuning under uncertainty conditions.

In particular, we provide the following key contributions:

e Through different architectural configurations and two



distinct (static/temporal) tasks (MNIST and synthetic Ball
Trajectories), we uncover consistent monotonic trends:
the width A of the robustness interval scales inversely
with presynaptic connection density 3, and directly with
the firing threshold 6 and, less prominently, with the
current amplitude 1.

o We identify (0, 6) pairs that, by preserving the theoretical
critical point, yield nearly overlapping normalized perfor-
mance, revealing fundamental iso-performance manifolds
in the hyperparameter space.

o While our analyses leveraged small-world architectures,
we also perform extensive control experiments using di-
rected Erd6s—Rényi graphs, suggesting that the observed
phenomena are intrinsic to the dynamics rather than
specific topologies.

o To promote verifiability and reproducibility, we provide
the full Python code at https://github.com/RuggeroFreddi/
LSM-Robustness.git.

The remainder of this paper is as follows: Section 2 pro-
vides a comprehensive description of the network architecture,
computational tasks, and the experimental plan, alongside our
formal definitions of robustness and hyperparameter analysis.
Section 3 reports the corresponding findings. Finally, Section
4 discusses the implications of our work.

II. METHODS
A. Network architecture

The networks used are LIF neuron networks with a small-
world topology generated via the Watts—Strogatz algorithm
[15]; a topology control using directed Erd6s—Rényi random
graphs is also performed. The global hyperparameters of
interest are the presynaptic connection density /3, the firing
threshold 6, and the external input /. Each network contains
N neurons (MNIST: N = 1000; Ball Trajectories: N = 2000).
The average degree is set to 28N, with 5 € {0.2,0.3,0.4},
while the rewiring probability is 0.2. Connections are directed
with a probability of 0.5 in each direction. Synaptic weights
are drawn from a Gaussian distribution with variable mean and
a coefficient of variation of 20 (MNIST) or 10 (Ball Trajec-
tories), with the lower value for the Ball Trajectories task to
contain the reservoir’s dynamic variability. The leak constant
of each neuron is sampled from a log-normal distribution with
mean 1/500 and coefficient of variation 0.5. The dynamics of
the membrane potential v;(t) is given by

i(t) = TSt —t%)+ > > w6t — ) — aivi(t),
n 7 n

where ¢ is the time at which neuron i receives its n-
th external spike, and t;yfl is the time at which neuron j
emits its n-th spike. When v;(t) reaches the firing threshold
value 6, the neuron emits a spike. The firing thresholds for
MNIST, 6 € {2,1.438,1.157}, and for the Ball Trajectories
task, 0 € {2,1.141,1.117}, were set according to the (3, 0)
equivalence in Sec. II-F, so as to obtain shifts of the operating
regime comparable to those produced by the tested 8 values.

The external current is I € {0.5,1.5,2} and the refractory
period is Tief = 3. In all the experiments, unless the cor-
responding hyperparameter is explicitly varied, we use the
reference values Brer = 0.2, O = 2, and I,of = 2. Between
two consecutive examples, the potentials are reset based on
two schemes: (i) a fixed value chosen randomly once; (ii) a
value drawn randomly at each reset. In both cases, the reset
is uniform in [0, ].

We note that, beyond the spiking threshold, the impact of
I on network dynamics saturates due to the reset mechanism.

B. Computational Tasks and Encoding

Two classification tasks are considered.

a) MNIST: The dataset is reduced to 6000 binary images,
encoded via rate coding: each pixel generates a spike train
with a frequency proportional to its intensity. The task mainly
requires input separability and does not require temporal
memory.

b) Ball Trajectories: We generated 700 binary videos
of 100 frames each (32 x 32), belonging to seven trajectory
classes (horizontal/vertical linear, clockwise/counterclockwise
circular, and random). The ball has a circular or elliptical
shape, with radii drawn randomly. Trajectories are perturbed
by Gaussian noise on the position and uniform jitter, with
toroidal wrapping. Additionally, each frame contains inde-
pendent background noise. Encoding is binary: each active
pixel generates a spike in the corresponding frame. Unlike
MNIST, this task requires temporal integration and benefits
from the reservoir’s fading memory, since class information is
distributed over multiple frames.

Dataset sizes are kept limited to make the task more chal-
lenging, and this does not affect the analysis, as the focus is
on relative performance trends across hyperparameter settings
rather than achieving maximum accuracy.

Each spike train is assigned to a randomly chosen internal
neuron; each neuron receives at most one input. There is no
overlap between input and output neurons, so the input must
propagate through the reservoir before reaching the readout.

C. Features and readout layers

Two types of features are considered: statistical features and
trace features. For the statistical features, we use 50 output
neurons for each task. For MNIST, we extract spike count,
variance of spike count, time of first spike, and mean spike
time from each neuron (4 features per neuron, 200 in total).
For Ball Trajectories, we extract mean spike time, time of
first and last spike, and the mean and variance of the ISI (5
features per neuron, 250 in total). For the frace features, we
choose a number of output neurons (200 for MNIST, 250 for
Ball Trajectories) so as to obtain the same total number of
features. For each neuron, we consider the value at the end of
the simulation of an exponentially filtered spike train with time
constant 7 = 60 for MNIST and 7 = 40 for Ball Trajectories.
The values of 7 were chosen to be consistent with the different
durations of the spike trains in the two tasks.
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Fig. 1. Accuracy-mean synaptic weight curves for MNIST (statistical
features, Random Forest, non-fixed reset) and the corresponding robustness
intervals for the three values of 8. The shaded area represents the standard
deviation.

As classifiers, we employ a single-layer perceptron (SLP)
with preliminary feature standardization and a Random Forest
with 500 trees.

Performance is estimated via 10-fold stratified cross-
validation. For each configuration, we report the mean and
standard deviation over the 10 folds for three different metrics
M: accuracy, F1 with macro averaging (Fl-macro), and
Matthews Correlation Coefficient (MCC).

D. Experimental Plan

For each of the 16 experimental settings (2 computational
tasks, 2 reset mechanisms, 2 feature types, and 2 readout clas-
sifiers), one of the global hyperparameters (3, 6, I) is varied
independently over three values, while the remaining ones
are kept at their reference values. For every hyperparameter
choice, we evaluate the three performance metrics across a
range of mean synaptic weights w sampled uniformly in a
broad interval centered at the theoretical critical point weyit.
We use writ only as a reference to define a consistent region
of interest across hyperparameter settings.

Throughout the paper, we use the term frial to denote one
network instance with a full sweep over w with task and reset
fixed, evaluating both readouts, both feature types, and all
metrics (yielding 2 x 2 x 3 = 12 curves). The connectivity
is fixed within a trial, while synaptic weights are resampled
at each w; a new network instance is generated for each
trial. In each hyperparameter sweep, one trial is run for each
of the three hyperparameter values; the reference setting is
repeated in the 3, 6, and I sweeps (three independent network
instances) to estimate trial-to-trial variability.

E. Robustness definition

For each configuration and metric M, we obtain the curve
M (w) (Fig. 1) and define a relative threshold

~v € (0,1).

The robustness interval is the range of mean synaptic weights
[Wmin, Wmax] for which M (w) > Tk (Y): Wmin = min{w :
M(w) = Tagk(7)}, and Wimax = max{w : M(w) = Taw(7)},
with width A = wyax — Wiin. We sample w on a dense grid
around the critical point (from 0.01 to 2 times the critical
point) defined in Eq. (2), so that discretization effects are
negligible. Larger ~y increases sensitivity to cross-validation
noise near the peak, while smaller ~y includes low-performance
regions. We use v = 0.85 as the default threshold; trends
remain unchanged for v € [0.80,0.90], thus showing that our
findings are not qualitatively affected by this choice.

Task(7) = max M(w),

F. Hyperparameters analysis

For each experimental configuration and for each metric
M, we analyze the curve M (w) as a function of the mean
synaptic weight w, using the robustness interval and the width
A defined in Sec. II-E to study how the sensitivity to variations
in w changes when (3, 6, and I are varied independently
across the different experimental settings. The curves M (w)
are obtained as the average over the 10 cross-validation folds
and are used in their discrete form, without any smoothing or
fitting; the robustness intervals are therefore computed directly
from the empirical performance values for each sampled w.

As a topology control, we repeat the same procedure under
directed Erd6s—Rényi connectivity for a representative subset
of settings (MNIST; both feature types and readouts; variations
in 8 and 6).

Theoretical firing rate. In addition to the empirical curves,
we also use a theoretical prediction obtained from a mean-field
approach, based on the expression for the mean ISI derived in
[14]:

ISTpean = % (9 —wBN + /(0 — wBN)? + 41BN Terw )

from which we obtain the theoretical firing rate
1

" ISIpean’

We analyze how vy, (w) varies with the hyperparameters (3, 6,

I) to qualitatively anticipate the expected changes in the width

of the robustness interval, and we compare these predictions
with the data obtained from simulations.
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Critical mean synaptic weight. We also use the mean-field
estimate of the critical mean synaptic weight proposed in [14]:
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For each experimental configuration, we evaluate whether the

predicted critical value falls within the robustness interval, as

an indicator of the accuracy of the theoretical approximation.
We also assess whether this value lies to the left of the
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(a) Theoretical curve vy, (w) for the
MNIST task as a function of 3.

(b) Absolute value of the difference
between firing-rate curves for the
MNIST task: variation in 8 (blue)

vs. variation in I (red).

Fig. 2. Effect of 5 and I on the theoretical firing-rate curve.

midpoint of the robustness interval, in order to quantify how
often the interval is biased toward sub/supercritical regimes.

Equivalent Hyperparameters. To explore transformations
that preserve the critical point, we start from the reference
values (Syef, Orer) defined in Sec. II-A and define an equivalent
firing threshold 6., by imposing

Werit (ﬁalta eref) = Werit (Breﬁ eeq)a

from which we obtain
aeq = (eref - 2IrefTref) - + 2IrefT1ref- (3)

For each pair of alternative configurations (Bait, Orer) and
(Bref, Beq), we compare both the theoretical firing rate curves
vin(w) and the empirical curves M (w), in order to assess the
extent to which the transformation preserves the dependence
of performance on the mean synaptic weight.

Limit of the method for the input /. When applying the same
procedure to the input I, the resulting values of I,; become
incompatible with the model dynamics, as they exceed the
firing threshold. In principle, this issue could be mitigated by
selecting values of ()¢ very close to the reference f..¢, but this
would trivialize the hyperparameter variation. For this reason,
we do not consider equivalent transformations based on 1.

ITI. RESULTS
A. Firing rate theoretical behavior

Fig. 2(a) shows the theoretical firing rate curve vy, (w) as
a function of the mean synaptic weight w, obtained from the
mean-field expression in Eq. (1), for three different values
of [ (with all other hyperparameters fixed at the reference
configuration). Increasing [ steepens the transition between
the quiescent and saturated regimes, thereby reducing the
range of weights for which the firing rate takes on intermediate
and potentially useful values for the reservoir. Since the
experimental robustness interval must lie within this range, a
steeper theoretical curve implies a narrower robustness interval
as (3 increases. Conversely, increasing the firing threshold 6 is
expected to have the opposite effect, flattening the curve and
extending the range of intermediate firing rates. The changes
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Fig. 3. Amplitude of robustness interval A as [3 varies for the three metrics
(accuracy, Fl-macro, MCC). Data related to the MNIST task with SLP
readout, statistical features and fixed reset.

introduced by the input I are qualitatively similar to those of
6, but more limited: the form of vy, (w) varies only slightly
and almost exclusively near the critical point w,i. To quantify
these differences, we consider the pointwise variation of each
curve relative to the reference configuration (Fig. 2(b)). The
differences are more evident for S and 6, while they remain
smaller for I, confirming that the theoretical sensitivity of the
dynamics to the input [ is intrinsically weaker; moreover, the
range of values it can take is limited, as discussed in Sec. II-A.

B. Robustness interval width: experimental findings

The empirical analysis covers all 16 experimental config-
urations and, for each of them, the 3 x 3 = 9 robustness
intervals obtained from the three performance metrics and
the three values of the varied hyperparameter, for a total of
144 intervals examined for each hyperparameter. To correctly
interpret the results, it is useful to quantify the intrinsic
variability of the curves M (w): for each value of w, we
compute the coefficient of variation of M (w) and take its
average across all points and all configurations. According to
this measure, the Ball Trajectories task is on average about 6—7
times noisier than MNIST, which makes the weaker effects
predicted by the theory harder to detect experimentally and
suggests that local deviations from the theoretical expectations
are mainly due to task-induced noise rather than to systematic
discrepancies in the model. However, within this broader
perspective, data shows a clear overall consistency with the
theoretical predictions based on the firing-rate curve ), (w).

Effect of B: In 97.9% of the intervals examined, A
decreases as 3 increases (i.e. it increases as sparsity increases),
with a uniform trend across all settings and in agreement
with the theoretical predictions. Fig. 3 shows a representative
example, in which the monotonic decrease of A with f is
particularly clear for all three metrics. The trend observed in
the figure is qualitatively identical to what is found in all other
experimental settings.

Effect of 0: The influence of the firing threshold is
equally clear: in 94.8% of the cases, the width A increases



TABLE I
THE REPORTED QUANTITIES ARE THE AVERAGES OF THE RELATIVE
DIFFERENCES OF THE ROBUSTNESS INTERVAL WIDTH (WHERE E.G.
“MID-MIN” FOR 3 REFERS TO THE SECOND LARGEST VALUE OF 3 AND
THE MINIMUM VALUE) FOR ACCURACY, F1-MACRO, AND MCC AS THE
RESERVOIR HYPERPARAMETERS (3,0, I) VARY.

Hyperpar. acc_mid_min acc_max_mid fl_mid_min fl_max_mid mcc_mid_min mcc_max_mid

0.2647 20.1876 ~0.2500 20.1910 20.2387 20.1679
0 02076 0.1829 02093 0.1846 0.1683 02641
I 0.1629 0.1067 0.1403 0.1194 0.1827 0.1529
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Fig. 4. Comparison between the accuracy curves M (w) for the Ball Tra-
jectories task (statistical features, Single Layer Perceptron readout, non-fixed
reset). The configurations (Ba1¢, Orer) are compared with the corresponding
equivalent configurations (Byef,feq) that preserve the theoretical critical
point. The resulting curves are very similar, with deviations falling within
the range of inter-trial variability.

as 6 grows, in agreement with the predicted flattening of the
theoretical firing—rate curve. The consistency between theory
and simulations is comparable to that observed for 3.

Effect of I: Variations in I produce weaker effects, as
anticipated by the theoretical analysis. Across all experimental
configurations, the dependence of A on I matches the theo-
retical expectation in 84.4% of the examined cases.

Table I summarizes the relative average variation of the
robustness-interval amplitude. The effects associated with
and 6 are markedly more pronounced than those produced by
I, in agreement with the mean-field predictions.

C. Equivalent Hyperparameters ([3,6)

We consider alternative values (. # Brer and use the
reference hyperparameter values introduced in Sec. II-A. For
each of these, we use the equivalent firing threshold 6.
defined in Eq. (3) to preserve the theoretical value of the
critical point.

Theoretical similarity: For the pairs of configurations
(Bait, Oret) and (Bret, feq) the corresponding theoretical firing
rate curves vy, (w) are nearly overlapping: besides the critical
point, the overall shape of the curve remains practically

unchanged. We quantify this similarity using the normalized

distance
_ ﬂ”tlh(w) - VtQh(w)| dw
3 J (v () + v, (w)) dw’
where the integral is calculated over the considered interval
of weights (see Sec. II-E) and v, and v3 are the firing rates
corresponding to the two different configurations. The values
for d among the different settings range from 0.0011 to 0.004.
Empirical similarity: The same equivalence is reflected in
the empirical curves M (w). The curves in Fig. 4 show modest
differences, comparable to the variability between trials. We
define dporm as in Eq.(4), where we use M{°™ and M3°o™
instead of v/}, and v2 and where M™°™ (w) denotes the curve
M (w) after linear normalization of the y-axis, so that the
maximum value is 1 (since we are interested in the shape of the
curve rather than the maximum accuracy). We find that d, orm
computed across pairs of trials with identical hyperparameters
(independent network instances) and across pairs of trials with
equivalent hyperparameters has nearly identical mean values
(dporm =~ 0.055 in both cases), and ANOVA does not detect
significant differences (p > 0.95). This indicates that the
normalized curves have essentially the same shape.

d “4)

D. Topology control (Erdds—Rényi)

To assess the dependence of our findings on the connectivity
structure, we repeated the experiments under directed Erd&s—
Rényi random graphs for the subset described in Sec. II-F.
The monotonic trends of the robustness-interval width A with
respect to S (decreasing) and 6 (increasing) were verified in
~100% of the examined cases. Moreover, the (5,6) equiv-
alence produced nearly overlapping normalized performance
curves, with an average normalized distance (Eq. (4)) of order
~ 3 x 1072, consistent with the small-world results.

E. Consistency of the criticality reference

For each experimental configuration, we evaluate, as de-
scribed in Eq. (2), whether the theoretical value w., falls
within the empirical robustness interval and report the corre-
sponding agreement rates.

Across all experimental settings, the theoretical value lies
within the robustness interval:

o in 98% of cases for accuracy,
e in 95.1% of cases for F1-macro,
e in 90.2% of cases for MCC.

These percentages suggest that the mean-field approximation
accurately identifies the region of synaptic weights in which
the reservoir maintains high and stable performance.

Stratifying by dataset, we observe perfect agreement for
MNIST (100% for all metrics), whereas Ball Trajectories
yields lower agreement rates, consistent with its higher input
and temporal variability.

In addition, we observe that the center of the robustness
interval lies consistently below we,i; (the interval was always
found to start no earlier than wc,;t/50 and end no later than
2 Werit), SO that high-performance weights are more often



found in a mildly subcritical regime. This empirical bias is
in line with the asymmetric shape of the theoretical curve
vin(w), which varies more gradually on the subcritical side
and more steeply on the supercritical side.

IV. DISCUSSION AND CONCLUSIONS

Given the inherent uncertainty in practical reservoir com-
puting applications, this work advocates for a shift from a
point-wise view of criticality toward an operational range
perspective. Focusing on LIF-based spiking architectures, we
provide a characterization of the robustness-interval (i.e. the
safety margin available for reservoir tuning) morphology. A
first central finding is that mean-field firing-rate theory ac-
curately captures the empirical trends: the robustness-interval
width varies predictably with connectivity (5), firing threshold
(0) and, less strongly, with the input values. Specifically, from
a practical design perspective, sparser networks or higher firing
thresholds yield wider robustness intervals, thereby reducing
sensitivity to fine tuning of the mean synaptic weight w.

Furthermore, the empirical validation of the theoretical
critical point weix (Eq. (2)) strengthens confidence in its
use as an operational reference. Since the empirical optimum
could in principle lie anywhere within the explored interval,
the observation that w.;; falls within the robustness interval
(the interval always fell within the range [werit/50, 2Werit])
provides a posteriori evidence that the mean-field estimate is
a useful starting coordinate for search and fine-tuning, rather
than a target operating point. We also observe that the center of
the robustness interval consistently lies below w,it, so that the
most reliable operating region is typically mildly subcritical.
This systematic shift is consistent with the asymmetry of the
theoretical firing—rate curve vy, (w), which favors a broader
range of usable weights on the subcritical side.

Finally, we identify equivalent parameter pairs (3, 6) that
preserve the theoretical critical point and yield nearly over-
lapping performance curves M (w), enabling the same oper-
ating regimes with different global-parameter combinations
and thus greater design flexibility when one parameter is
constrained. This may reflect a functional degeneracy, distinct
configurations producing similar computational behavior, akin
to degeneracy in biological neural circuits [16].

This work has some limitations by design. The dynamics
are based on LIF neurons with fixed synaptic weights, which
enables controlled and directly comparable analyses of robust-
ness but excludes adaptive mechanisms such as synaptic plas-
ticity or homeostatic regulation. Concerning network struc-
ture, the analysis focuses on small-world connectivity, with
a topology control on directed Erdés—Rényi random graphs
confirming the main trends for the considered subset; however,
a broader exploration of more diverse connectivity families
could further strengthen the generality of the conclusions.

Future work may include more biologically realistic neu-
ronal models, modular or hierarchical architectures, and synap-
tic plasticity. It will also extend the analysis to more diverse
datasets (e.g., SMNIST, Lorenz96), explore sparser connectiv-

ity regimes (e.g., 8 < 0.1), and further refine the theoretical
characterization of the robustness interval.

In summary, the results concerning the robustness-interval
width, equivalent (/3,60) pairs, and an existing estimate of
the critical point, provide practical guidelines to set global
reservoir parameters and select robust operating ranges with
limited tuning effort.
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