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Abstract—Neural operators have shown strong potential for
solving partial differential equations (PDEs). Among them,
transformer-based models often achieve high accuracy, yet they
face efficiency bottlenecks in large-scale settings because mesh
discretization combined with global attention incurs quadratic
computational cost. To address this limitation, we propose
PARTNO, an efficient PDE solver based on physically adaptive
region partitioning. Instead of operating on the full mesh glob-
ally, PARTNO adopts a physics-informed region decomposition
strategy that partitions the computational domain into physi-
cally similar and relatively independent subregions, and models
region-specific properties. Within each subregion, we introduce
a dedicated Halo-Attention mechanism to jointly model intra-
region physical representations and interactions with neighboring
subregions, while maintaining continuity of physical quantities
across region boundaries. By restricting attention computation
to within subregions, PARTNO reduces the overall complexity to
linear, improves parallelism, and delivers excellent scalability for
large-scale inference. Extensive experiments show that PARTNO
achieves state-of-the-art performance on multiple benchmarks; in
particular, it obtains the best results on DrivAerStar, the largest
industrial-scale automotive dataset. We further demonstrate its
practicality in real-world industrial simulations, including auto-
motive and aerospace design.

Index Terms—Neural operator, partial differential equations,
Transformer, domain decomposition, attention mechanism, large-
scale simulation

I. INTRODUCTION

Solving partial differential equations (PDEs) is a central
problem in scientific computing. Mathematical and numerical
methods are routinely used to approximate solutions over mul-
tiple variables and their partial derivatives, with applications
spanning physics [1, 2], engineering [3, 4], meteorology [5, 6],
and finance [7, 8]. In practical simulations, continuous fields
are discretized onto meshes [9], enabling iterative solvers to
operate on finite sets of nodes.

High-fidelity simulations typically require fine meshes to
resolve critical structures and multiscale effects [10]. While
accuracy improves with resolution, the resulting growth in
degrees of freedom makes large-scale computation increas-
ingly expensive [11]. To mitigate this cost, learning-based
surrogates have been actively explored [12—-14]. Among them,

transformer architectures [15] provide strong representational
capacity for approximating complex solution operators.

Despite their promise, transformers on PDE meshes re-
main limited by two fundamental challenges. First, global
self-attention scales quadratically with the number of mesh
nodes, causing compute and memory requirements to become
prohibitive on large meshes [16, 17]. Second, PDE solutions
are heterogeneous and multiscale, and robust accuracy often
benefits from physics-aware inductive biases beyond generic
sequence modeling [18, 19].

In classical large-scale PDE solvers, domain decomposition
is a standard strategy for improving efficiency and scalability
[12]. The computational domain is partitioned into subdo-
mains, local computation is performed within each subdomain,
and coupling is enforced through boundary exchanges. This
view is particularly suitable for complex geometries, where
physical fields exhibit pronounced regional variation while
continuity across interfaces must still be preserved. These
properties suggest that a scalable neural operator should al-
locate computation region-wise and explicitly model cross-
region interactions [20, 21].

Motivated by these observations, we propose the PARTNO,
a transformer-based solver that integrates physically adaptive
region partitioning with explicit interface communication. The
domain is decomposed into physically similar and relatively
independent subdomains to enable modular computation and
scalable inference. Within each subdomain, mesh nodes are
organized into inner nodes and halo nodes: inner nodes are
fully contained within a subdomain, whereas halo nodes lie on
subdomain interfaces and mediate information exchange. We
introduce a Halo-Attention mechanism that models represen-
tations locally within each subdomain while communicating
neighbor interactions through halo nodes, thereby maintaining
continuity of physical quantities across subdomain boundaries.
By restricting attention computation to within subdomains, the
overall complexity is reduced from quadratic to linear in the
number of mesh nodes, and the resulting structure naturally
supports batched and distributed execution.

In summary, the main contributions of this work are as
follows:



« Introduces a transformer-based PDE solving framework
in which physics-informed region partitioning and in-
terface coupling enable scalable computation on large
meshes.

o Develops PARTNO with Halo-Attention to couple inde-
pendent subdomain computation via halo-node message
passing.

o Demonstrates strong empirical results on DrivAerStar,
an industrial-scale automotive dataset, achieving state-of-
the-art performance.

II. METHOD
A. Problem Settings

We consider learning a solution operator for PDEs defined
on a domain (2. In practice, (2 is discretized into /N mesh nodes
with geometric (or parameter) features g € RV *% . Given g
and optional observed physical fields u™ € RY*C« | the goal
is to predict target fields u € RV*% via an operator G, i.e.,

u=G(g,u™). (1)

To enable scalable computation on large meshes, we adopt a
domain-decomposition view: () is partitioned into subdomains
{€;} that are coupled through interface continuity on I';; =
08; N 0%, requiring
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PARTNO follows this structure by computing representations
locally within each subdomain and exchanging information
only through boundary (halo) overlap.
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B. Overview of PARTNO

Instead of modeling relationships across all grid points using
global attention, which can be computationally prohibitive
on large meshes, we propose PARTNO. It decomposes the
discretized domain into M regions (parts) and performs com-
putation primarily within each part, while coupling parts only
through a lightweight interface exchange. This design miti-
gates the complexity challenges caused by the large number
of mesh nodes, and is well suited for large-scale physical
simulations and distributed execution.

PARTNO consists of two main components: Physically
Aware Region Partitioning and Halo-Attention. The overall
workflow is illustrated in Figure 1. Given a mesh input, an en-
coder first embeds the raw features into high-dimensional node
representations. The physically aware partitioning then divides
the mesh into M regions, each with an inner node set and a
halo node set. During computation, the Inners-to-Halos step
gathers halo nodes (interfaces) needed by each region from
its neighbors. Halo-Attention then updates inner features by
attending to the corresponding halo features, enabling explicit
cross-region coupling while keeping computation region-local.
After stacking multiple Inners-to-Halos and Halo-Attention
layers, we merge region-wise features back to the original
mesh order and apply task-specific decoders to predict physical
quantities.

Formally, PARTNO can be written as u = Gy(g,u™). The
network consists of L stacked Halo-Attention layers. For layer
¢e{l,...,L},let Z* € RN*C denote the node features after
the ¢-th layer. The initial features are obtained by an MLP
embedding of geometry and input observations. After the final
layer, region merging restores the original node ordering, and
task-specific MLP decoders map Z” to the target physical
fields w.

C. Halo-Attention

Given node features x € RNV*C we first partition the
mesh into M regions using physically aware decomposition
(Section II-D). For region 4, let M; denote its inner node
index set and &; denote its halo node index set. We gather
region-local tensors by indexing:

inner; = {z; | j € M;} € RIM:lxC

3)
halo, = {z; | j € &} € RIEIXC

Here, inner nodes are fully contained within a region. Halo
nodes are defined as the k-hop neighbors of the inner nodes
on the mesh graph, which typically lie on or across region
interfaces and provide the information needed for cross-region
coupling. In Algorithm 1, this neighborhood width is con-
trolled by the halo parameter k. In practice, |&;| is typically
much smaller than |M,]|.

As shown in the right panel of Figure 1, Halo-Attention
updates region-¢ inner features by attending to its halo features:

Q; = Linear,(inner;),
K;,V; = Lineary, (halo;),

= QiK'T>
Z; = Softmax L) V.
(%%

Here, Q;, Zvl e RIMilxC and K;,V; € RI€IXC " The
updated inner features are written back to the corresponding
indices of the global tensor, yielding 2’ = Halo-Attention(x).
Let e = maxj<i;<p |&;| be the maximum halo size across
regions. The total compute complexity is O(eC'N):

“4)

O(NC+C§:|M1‘| &) < 0<N0+60§:|M”) 5)
=1 i=1

— O(NC + eCN) = O(eCN)

Since halo sizes are much smaller than the full mesh
(e < N), the overall complexity is effectively linear in N.
This locality also enables efficient distributed training and
inference: assigning regions to devices, communication is
confined to exchanging halo features along region interfaces.
We employ multi-head attention as in the Transformer [15],
splitting channels into h heads of dimension C'/h to improve
representational capacity.

Remark 1. Halo-Attention can achieve global consistency
by exchanging information only through boundary overlap.
During the training process of Halo-Attention, the boundary
conditions of the subdomains are dynamically updated to
maintain physical consistency. This updating is guided by the



Output: Pressure  Output:

Wall Shear Stress

(li'\\> m ) - Inners
\\\_/f
1
. Ineer;
Inners  K-Hop Neighbors Halo { Decoder ] { Decoder ] E]
Inners to Halos
s, [ Regions Composition ]
\
l\\ { Halo-Attention ]
Seo *
Inners [ J [ J [ J T ‘{ Inners to Halos ] g D:[DED:[D
% [ Multi-head attention ]

i zl @« Kk *V
Regions N { Halo-Attention ] I3 D:D:D%:Dj (TITTTITT
Decomposition - =] Py '

| { Inners to Halos ]
Physics ~ o *[ Physically Aware Region Partition ]
information ! [ —— ]
\ ncoder
! %A

\& 1 \\ s\‘l ' ‘%/" HV Y

Mesh - \ - %,
Sl | — 4 ' ll Inners Halos
\—{ Physically Aware Region Partition [«-----"~ ’ Input: Mesh

Fig. 1. Overview of the physics-aware regional Transformer architecture for

fluid dynamics prediction on 3D automotive meshes. The framework first

decomposes the input mesh into inner and halo node sets via physics-aware partitioning, where physical field information guides the division of sub-regions.
An encoder extracts initial features from the mesh, which are then processed through stacked Halo-Attention and Inners-to-Halos mapping layers to enable

cross-boundary information exchange between adjacent regions. The right panel

details the Halo-Attention mechanism, which performs multi-head attention

between inner and halo feature blocks to model boundary dependencies. Finally, a region composition module aggregates regional features, and task-specific
decoders predict target physical quantities, including surface pressure and wall shear stress distributions.

physical information u; of the neighboring subdomains €;,
ensuring continuity of the physical field across the intersection
interface I';;. This boundary adjustment strategy based on the
physical information of the neighboring subdomains facilitates
efficient exchange of physical information between the subdo-
mains 2; and (2, gradually refining the boundary conditions
of each subdomain. Through iterative optimization, the deep
learning operator JF; of each subdomain is further adjusted to
approximate a solution u; that aligns more closely with global
physical laws. Ultimately, the physical information u; of all
subdomains will converge to a stable state where the physical
field within each subdomain remains uniform and satisfies the
global physical law £(u) = 0 at the boundaries.

D. Physically Aware Region Partitioning

To partition the entire physical region into distinct inde-
pendent regions, we introduce a sub-algorithm: Physical Per-
ception Region Decomposition outlined in Algorithm 1. This
sub-algorithm is designed to acquire physical information and
segment the entire solution domain into multiple independent
regions. It guarantees the uniformity of partition outcomes
and ensures that the grids within each region are densely
interconnected without any presence of “outliers” or “noise”
points.

1) Extracting Physical Descriptors for Partitioning: Let
g denote the set of mesh nodes (with coordinates) and u'™

denote optional observed physical fields. We compute a per-
node physical descriptor via a shallow graph encoder:

X2 = Linear, (Concat(g, u'™)),
e;,; = Linear.(g; — g;),

Xg.jl = Wng’l + Wo Z €i,j @ng,
JEN(4)
Xy = Linear, (X5°).

(6)

We treat mesh nodes as a graph G¢o = (g, F¢). For point
clouds or unstructured meshes, we build edges using a radius-
R neighborhood; for structured grids, we use grid connectivity.
We apply a shallow graph convolution stack with depth Lo
(typically L < 3) to obtain X5¢, and project it to a scalar
descriptor Xy € R for partitioning.

2) Partitioning Using Physical Information: The physical
descriptor is used to allocate each node to one of the M
regions, as outlined in Algorithm 1.

The algorithm first assigns nodes to regions using a coarse
voxel grid, then iteratively refines region boundaries by re-
assigning halo candidates to neighboring regions with more
similar physical descriptors. This produces physically coherent
regions while keeping halo sets compact.

Remark 2. (Allocation balancing.) The refinement step
only reassigns nodes on region interfaces (halo candidates),
so region sizes stay close to the initial voxel-based allocation.



Algorithm 1 Physical Perception Region Decomposition
1: Input: Xy: node-wise physical descriptor, G¢ =
(g, Ec): graph, k: halo width, V: voxel grid
2: Output: {M,;}M: inner node sets; {&;},: halo node
sets
3: Initialize partitions by voxel assignment: M; < {p € g |
coord(p) € V;}

4: for iterate T' times to refine boundaries do

5:  Identify halo candidates for each region:

6: Ei+—{peM;|Aq¢ M,;, dist(p,q) <k}

7: Compute region physical centroids: —
}M il Zpe/\/h Xy (p)

8: or each region ¢ do

9: for each p € &; do

10: Let k* « arg mingen i) | Xy (p) — pxll2

11: if HXy(p) — Ui |2 < HXy(p) — Mi||2 then

12: Move p from M; to My«

13: end if

14: end for

15:  end for

16: end for

17: Return {M,} and {&;}

As a simple sanity check, consider an idealized random-
redistribution model with M regions and N nodes (initially
P = N/M per region). After k random transfers, for any fixed
region i the node count Xi(k) satisfies E[Xi(k)] = N/M (total
mass is conserved and the process is symmetric across re-
gions). Moreover, each transfer can change X; by at most £1,
so X, ) hehaves like a bounded- step random walk; around the
balanced state one obtains the rough scaling Var(X; ) x k
(more precisely Var(Xl(k)) ~ 2k/M), hence XZ( X is often
well-approximated by N (N/M, 2k/M). In our refinement,
the effective k is small because only interface nodes are
eligible to move; additionally, we cap the number of moved
nodes per iteration to prevent degenerate partitions.

IIT. RELATED WORK

Transformer-based neural operators have emerged as a pow-
erful family of models for learning PDE solution operators
on complex geometries. Our work is most closely related to
efficient attention mechanisms for large discretizations and
operator learning on irregular meshes.

A. Efficient attention for PDE solvers

The quadratic cost of dot-product attention becomes a
major bottleneck when the number of mesh nodes is large.
A broad line of work proposes approximate or structured
attention to reduce complexity, including linear-time variants
and locality-structured designs [22, 23]. In the PDE context,
Transolver [18] reduces attention computation by grouping
mesh nodes into slices and performing attention at the slice
level. Other approaches factorize attention for multidimen-
sional physical systems or time-dependent settings, such as
FactFormer [24] and IFactFormer [25]. IPOT [26] performs

attention on a set of inducing points in latent space to avoid
operating directly on large input discretizations.

B. Operator learning on irregular meshes

Several transformer-based neural operator frameworks are
designed to handle irregular domains and arbitrary sampling.
OFormer [27] separates the representation of input functions
from query points, and GNOT [28] extends this idea to
multiple input functions via conditional embeddings and cross-
attention. CORAL [29] improves flexibility for varying geom-
etry sampling.

IV. EXPERIMENTS
A. Experimental Setup and Evaluation Protocol

1) Dataset and baselines: We use the DrivAerStar dataset
[30], an industrial-grade CFD benchmark for vehicle aerody-
namic optimization generated with Star-CCM+ on high-quality
hexahedral-dominant meshes. It contains 12,000 simulations
across three canonical DrivAer vehicles, with about 2 x 10°
surface points per case.

We compare our method with three representative base-
lines: GNOT [28], Transolver [18], and PointNet [31]. These
baselines include strong Transformer-based PDE solvers and
a widely used point-cloud backbone.

We follow the official DrivAerStar benchmark and evaluate
all methods under two settings: single-vehicle specialization
(train/test on one configuration) and multi-vehicle generaliza-
tion (train jointly on multiple configurations and test across
them). For each case, the model predicts surface pressure P,
wall shear stress (WSS), and the drag coefficient Cp.

2) Evaluation Protocol and Hyperparameters: We evaluate
all methods using the mean relative ¢, error. Let u; and ) €
R"™ denote the ground-truth and predicted solutions for the i-th
sample, and let D be the dataset size. The mean relative /o
error is defined as

Z g — will2 -

[Juill2

We keep training budgets and model scales comparable. All
models are trained for 500 epochs using AdamW [32] with ei-
ther a cyclic learning-rate schedule [33] or exponential decay,
and repeated three times on NVIDIA A100 GPUs (80GB).
We use the following default configuration unless otherwise
stated: L=4, hidden width C=64, and h=4 attention heads,
with MLP ratio 1, dropout 0.0, gradient clipping threshold 0.1,
downsampling factor 5, and weight decay 10~*. The number
of partitions M € {32, 64, 128} is selected to balance accuracy
and efficiency.

B. DrivAerStar benchmark results

We report validation errors on DrivAerStar under the two
official settings described above (single-vehicle specialization
and multi-vehicle generalization). We evaluate Transolver,
GNOT, and PointNet following the benchmark protocol and
report PARTNO under the same configurations; results are
summarized in Table I.



TABLE I
DRIVAERSTAR BENCHMARK: VALIDATION ERROR. MEAN RELATIVE {2
ERRORS FOR P AND WSS; C'p REPORTS RELATIVE ERROR.
S € {400, 800, 1200} IS THE TOTAL NUMBER OF TRAINING SAMPLES.

Single-vehicle Multi-vehicle

Model S P WSS Cp P WSS Cp
400 0.2173  0.7889  0.0314 0.2194 0.8049  0.0375

Transolver 800 0.2086  0.7837  0.0283  0.2075  0.8170  0.0335
1200 0.1996  0.7953 0.0266  0.2074  0.7871  0.0286
400 0.3250 0.9619  0.1144 0.2122  0.7795  0.0344

GNOT 800 0.2254 0.7986  0.0516  0.2002  0.7920  0.0309
1200  0.2087  0.8217 0.0357 0.1964 0.8124  0.0315
400 0.2991  0.6547  0.0502  0.3201  0.6767  0.0536

PointNet 800 0.2787  0.6769  0.0499  0.3007 0.7041  0.0653
1200  0.2984 0.6273 0.0436 03030  0.6560  0.0757
400 0.2542 0.7823 0.0385 02695  0.7887  0.0292

Ours 800 0.1920 0.7715 0.0308 0.2243  0.6792  0.0275
1200 0.1787 0.6621 0.0252 0.2001  0.6384  0.0261

TABLE II

ABLATION ON PARTITIONING AND HALO EXCHANGE (VALIDATION).
ALL ENTRIES ARE MEAN RELATIVE {3 ERRORS; C'p USES RELATIVE

ERROR.
Variant P WSS Cp Notes
Full model 0.179  0.662  0.025 phys-aware + halo
w/o physics-aware partition 0413  0.842  0.320 plane-cut partition
w/o halo exchange 0.508 0915  0.529 no halo exchange
Small M = 32 (coarse partition) ~ 0.216 ~ 0.701  0.031 fewer / larger regions
Large M = 128 (fine partition) 0.221 0.786  0.037  more / smaller regions

Overall, increasing the training budget S generally im-
proves accuracy, suggesting that the benchmark is primar-
ily data-limited in the low-S regime. Across both settings,
Transformer-based solvers (Transolver and GNOT) outperform
PointNet on (P, WSS, Cp), which is expected since the task
requires modeling long-range interactions and coupled surface
quantities. The multi-vehicle setting is more challenging due to
cross-configuration distribution shift; this gap is most visible
on Cp, where small local errors can accumulate into larger
coefficient deviations.

C. Ablation study

We ablate key components that enable accurate and scalable
inference, including physics-aware partitioning driven by the
physical descriptor, the number of partitions M (controlling
the boundary-to-interior ratio), and halo exchange (enabling
cross-region coupling). Unless otherwise specified, ablations
are conducted on the single-vehicle specialization setting (Es-
tateback) with S=1200, and we keep backbone depth/width
and the training protocol fixed. We report the same validation
metrics as in the benchmark. Ablation results are reported in
Table II.

Table II highlights that the two core components: physics-
aware partitioning and halo exchange. Replacing the physically
adaptive partitioning with a geometry-only plane cut causes
a pronounced degradation across all targets, indicating that
respecting physical similarity within each region is critical for
learning locally coherent dynamics. Removing halo exchange
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Fig. 2. Distributed inference scaling. Inference time and speedup versus the
number of GPUs on large DrivAerStar cases. The measured speedup stays
close to the ideal linear scaling.

leads to an even larger drop, which is consistent with the
role of halo nodes in enforcing cross-region coupling and
continuity; without explicit interface communication, errors
accumulate at region boundaries and propagate to global
quantities such as drag. In contrast, varying the number of
partitions M mainly trades off region size and boundary-to-
interior ratio: overly coarse or overly fine partitions remain
workable but are consistently worse than the full model,
supporting the choice of a moderate M that balances locality
with sufficient context.

D. Distributed parallel inference performance

We exploit the region structure to parallelize inference with
bounded communication. Given a partition into M regions,
we assign regions to GPUs by balancing point counts and
boundary sizes, and execute region-level operators in parallel.
Cross-region coupling is implemented as halo exchange on
boundary points; communication is sparse and localized to
adjacent regions, so the total transferred volume scales with
boundary size rather than the full mesh size. In practice, we
overlap communication with computation by launching halo
packing/unpacking on the GPU, using NCCL collectives or
point-to-point exchanges depending on the adjacency pattern,
and pipelining region batches so that earlier layers can start
on one region while later layers communicate halos from
another. Mixed precision and activation checkpointing are used
to reduce memory pressure for large surfaces.

Figure 2 reports inference time and speedup versus the
number of GPUs on large DrivAerStar cases. Note that training
follows the 4-GPU setup described above; the scaling study
varies the GPU count only for distributed inference. We
observe strong scaling behavior with speedup close to the
ideal linear trend, indicating that the region-wise computation
dominates and the halo exchange overhead remains modest for
these large cases.

E. Visualization

We visualize surface pressure and wall shear stress pre-
dictions on DrivAerStar in Fig. 3. Qualitatively, PARTNO
recovers smooth fields with no obvious partition seams. This
suggests that the halo exchange effectively propagates cross-



(b) WSS

Fig. 3. Quantitative comparison of aerodynamic pressure and WSS on
vehicle geometry. (a) Pressure field; (b) WSS field. Each subfigure shows
ground truth, prediction, and absolute error (rows).

region information and preserves global consistency, while still
enabling region-wise parallelism.

Figure 3 provides a detailed comparison of aerodynamic
pressure and WSS. For pressure (top rows, units: Pa), the
ground truth shows positive pressure concentrated on the
front bumper and hood and negative pressure on the rear and
underbody, consistent with aerodynamic theory. The prediction
matches the global pressure trend but slightly underestimates
peak positive pressure at the leading edge, while the error map
highlights larger discrepancies at the front corners and rear
spoiler where separation and vortex dynamics are complex.
For WSS (bottom rows, units: Pa), the ground truth displays
strongest shear along the wheel wells and weaker shear on
the roofline; the prediction captures the main direction and
magnitude trends but loses detail in high-curvature regions
(e.g., wheel arches). The WSS error is largest in the wheel-well
and rear-wake regions, reflecting the difficulty of modeling
unsteady flow features.

V. CONCLUSIONS AND FUTURE WORK

We presented PARTNO, a transformer-based neural operator
for large-scale PDE simulation on complex meshes. PARTNO
integrates physically adaptive region partitioning with Halo-
Attention to perform computation locally within subdomains
while preserving cross-subdomain continuity through halo-
node communication. This design reduces the cost of attention
from global quadratic scaling to region-local linear scaling
in the mesh size, and naturally enables batched and dis-
tributed inference. Extensive experiments demonstrate strong
accuracy across benchmarks, state-of-the-art performance on

the industrial-scale DrivAerStar dataset, and practical strong-
scaling behavior with speedup close to the ideal trend.

Several directions remain for future work. First, more prin-
cipled partitioning objectives that jointly optimize accuracy,
communication volume, and load balance could further im-
prove scalability. Second, extending PARTNO to broader PDE
families, higher-order boundary conditions, and coupled multi-
physics settings would strengthen generality. Third, incorporat-
ing uncertainty quantification and data-driven error indicators
may improve robustness for out-of-distribution geometries and
operating conditions.
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