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Abstract—Continual Learning (CL) aims to learn from a
stream of tasks without forgetting previously acquired knowledge,
yet catastrophic forgetting remains a major challenge. Prompt-
based CL has recently achieved strong empirical performance,
but its theoretical foundations are still limited. In this work,
we provide a unified and rigorous characterization of consistent
performance preservation for prompt-tuned Transformers in
CL. We show that preserving past-task performance can be
decomposed into two jointly sufficient requirements, and we
derive explicit sufficient consistency conditions under a full
prompt-tuned Transformer parameterization. Importantly, these
conditions admit a tractable orthogonal null-space projection
rule, yielding our Consistent Null-Space Projection (CNSP)
method. Extensive experiments across diverse benchmarks and
Transformer backbones demonstrate consistent gains in accuracy
and reduced forgetting, with particularly pronounced improve-
ments in high-dimensional and domain-shift settings.

Index Terms—continual learning, visual prompt tuning, or-
thogonal projection, anti-forgetting, vision transformers

I. INTRODUCTION

Continual Learning (CL) aims to equip models with the
ability to learn from a stream of tasks while retaining knowl-
edge acquired from earlier ones. Despite substantial progress,
catastrophic forgetting [1]—the degradation of performance on
previously learned tasks when adapting to new ones—remains
a central challenge [2].

Recently, prompt-tuning methods, particularly Visual
Prompt Tuning (VPT) [3] with Vision Transformers (ViTs) [4],
have emerged as a promising rehearsal-free solution for
CL [2]. By updating only lightweight prompts while freezing
the backbone, these methods achieve both computational and
storage efficiency. While several prompt-based methods for
CL(e.g., L2P [5], DualPrompt [6], Coda-Prompt [7]) have
demonstrated competitive empirical performance, theoretical
foundations of prompt-based CL remain underdeveloped. Clas-
sical orthogonal-projection methods [8]-[10] guarantee reten-
tion by deriving explicit consistency conditions in linear or
convolutional networks, but these guarantees do not transfer
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to Transformers: nonlinear LayerNorm, learned QKV projec-
tions, and multi-head attention invalidate linear assumptions.

To bridge this theoretical gap, recent efforts have adapted
projection ideas to ViTs/VPT [11], [12]. PGP [11] approx-
imates Multi-Head Self-Attention (MHSA) and LayerNorm
as linear mappings and constructs orthogonal subspaces in
the sum space of inputs and prompts, but its strong sim-
plification limits generality. NSP? [12] advances this line of
work by deriving approximate sufficient conditions for pre-
serving representations under prompt updates. However, NSP?
still leaves several fundamental aspects of the Transformer
pipeline theoretically unresolved: the extension from single-
head to multi-head attention lacks principled justification;
LayerNorm’s broadcasted affine structure is simplified in ways
that obscure its algebraic properties; strong assumptions on
prompt distribution (mean—variance invariance) can introduce
instability; and the classification head is omitted from the over-
all formulation. Consequently, existing analyses offer valuable
local insights but fall short of providing an end-to-end account
of how prompt updates propagate through the Transformer and
preserve past-task performance.

Motivated by this theoretical gap, we revisit prompt-based
CL from an end-to-end, matrix-level perspective. We introduce
a principled framework that provides a unified performance-
consistency formulation for prompt-tuned Transformers in CL,
and further refine projection-based analyses such as NSP2. We
prove that performance preservation admits a clean decompo-
sition into two jointly sufficient components: feature preserva-
tion, ensuring that MHSA+LayerNorm representations for pre-
vious tasks remain stable, and head preservation, guaranteeing
decision-level consistency for previously learned classifier(s).
Building on this decomposition, we derive sufficient conditions
for preserving past-task performance by jointly accounting for
the coupled roles of MHSA, LayerNorm, and classification
heads under full prompt-tuned Transformer parameterization.
These conditions give rise to our algorithm Consistent Null-
Space Projection (CNSP).

Our contributions are summarized as follows:

(i) Unified theoretical characterization. We present a



unified and mathematically rigorous characterization of perfor-
mance preservation in prompt-based CL, showing that it can
be reduced to a consistent preservation principle that jointly
enforces feature and head preservation.

(ii) Exact sufficient conditions. Under a full prompt-tuned
Transformer parameterization, we provide an algebraically
precise matrix-level modeling of MHSA, LayerNorm, and
classification heads, and derive exact sufficient conditions for
preserving past-task performance. We then convert these the-
oretical conditions into an orthogonal projection-based update
rule, resulting in the algorithm CNSP.

(iii)) Empirical gains. CNSP consistently mitigates forget-
ting and improves accuracy across diverse benchmarks and
Transformer backbones, with particularly pronounced gains in
high-dimensional and domain-shift settings—without architec-
tural heuristics or task-specific prompt designs.

II. RELATED WORKS
A. Prompt-based Methods for Continual Learning

Prompt-based methods have emerged as a promising
paradigm for CL, offering lightweight task adaptation with re-
duced interference. Representative approaches include L2P [5]
and DualPrompt [6], which employ dynamic prompt selection
and disentangle shared versus task-specific prompts, respec-
tively. Subsequent works such as CPrompt [13], CODA-
Prompt [7], and EvoPrompt [14] further improve prompt con-
sistency, compositionality, and long-term adaptability. More
recently, LGCL [15] and ConvPrompt [16] incorporate seman-
tic guidance and hierarchical prompt structures.

Beyond empirical designs, recent efforts pursue principled
formulations. PGP [11] introduces gradient orthogonality in
the joint input-prompt space by linearizing MHSA and Lay-
erNorm, while NSP? [12] derives null-space projection condi-
tions through explicit analysis of attention and normalization.

Despite their effectiveness, existing theoretical analyses still
rely on simplified treatments of multi-head attention and
LayerNorm, limiting rigor and robustness. Our work addresses
these limitations through an exact matrix-form characterization
and principled sufficient conditions for performance preserva-
tion.

B. Orthogonal Projection Methods for Continual Learning

Orthogonal projection methods have been widely studied
in CNN and MLP (e.g., OWM [18], GPM [8], TRGP [19])
as a principled way to reduce task interference. The core
idea is to preserve past feature responses by constraining
parameter updates within subspaces orthogonal to previous
tasks’ features, formalized as XT(G) +AO) = XT@O, where
X denotes input features, ® the convolutional or linear
parameters, and A® the update. Enforcing X'A® = 0
guarantees invariance of past intermediate representations,
thereby retaining knowledge. This principle, rooted in gradient
limitation theory, provides a mathematical explanation of the
stability-plasticity trade-off. Representative methods include
GPM [8], which projects gradients onto the null space of
previously learned inputs; TRGP [19], which refines GPM

by scaling task gradients with a trust region matrix before
projection; and Connector [20] interpolates a normally updated
model with one constrained by projection.

These methods work well in linear or convolutional archi-
tectures, where orthogonality condition holds exactly. How-
ever, in Transformers, nonlinear MHSA, softmax, and Lay-
erNorm interactions violate this linearity, making classical
projections unreliable. Recent works have applied orthogonal
projection to prompt tuning [11], [12]. NSP2 [12] unfolds VPT
forward propagation and derives approximate sufficient condi-
tions for performance preservation via null-space projection.
Building on this foundation, we introduce stricter and more
general consistency conditions alongside stable optimization
strategies, thereby strengthening projection-based CL in VPT.

III. PRELIMINARIES
A. Notations

We adopt the following notational conventions throughout
this paper: (i) Non-boldface letters denote positive integers,
e.g., a, A € NT. (ii) Bold lowercase letters represent vectors,
e.g., a € R™; bold upright uppercase letters denote matrices,
e.g., A € R™™. (iii) Row concatenation: for matrices
A e Rrxd [AW; L AN] e RN (v) Slicing: if
A = [AD; AP with AD) € R"*9, then A[: n] = AW,
(vi) Bias absorption': for simplicity, we omit bias terms in all
linear projections in MLP and MHSA.

B. Forward Propagation in VPT-deep

A ViT with L blocks is denoted by fvir (x| @; W, b),
where x is the input image, ®( denotes the frozen backbone
and W € RP*C b e RC are learnable classification head
parameters, with D the embedding dimension and C' the
number of classes. Let X() ¢ R(NTUXD be the input to
block [, consisting of IV image tokens and one [CLS] token.

In VPT-deep, each block [ uses M learnable prompts
PO ¢ RM*D which are concatenated with image tokens
to form the input Z = [XV; PO] € RINFIFM)XD The
forward propagation is illustrated in Fig. 1. Each block applies
LayerNorm (LN), Multi-Head Self-Attention (MHSA), and an
MLP with residual connections:

O = MHSA(LN(Z®)), (1)
By =7z + 0y, )
EY = BY + MLP(LN(BY)). 3)

Before entering the next block, the current prompt tokens are
replaced by the next block’s learnable prompts:

X+ E%)[: N +1], Z,(+1) _ [X(l“);P(l“)}. (4)
The final [CLS] token is passed into the classification head:

fvit (X | ©0; W, b; {P(l)}lel) =

@) &)

softmax (EZ [ W + b) .

IThis is without loss of generality: fory = Wx + b, define X = xT,1]T
and W = [W, b], then y = Wx.
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Fig. 1: Forward propagation in VPT-deep. Image tokens and prompt tokens are jointly processed by LayerNorm, MHSA, and
MLP with residual connections in each transformer block. X indicates information discarded before entering the next layer.

C. Problem Formulation: Continual Learning with VPT-deep

Consider a CL setting with a sequence of tasks {7;}7_,.
Each task 7; provides a dataset D; = {(xgi), yt(i))}fv:tl, where
xgi) is an image and yt(i) its label. When task 7 arrives, the
model is trained only on D, by updating the prompts, yielding
fviT ( | GO;Wt,bt;{PEl)}lLﬂ), while data from previous
tasks are unavailable. CL aims to preserve performance on
past tasks after learning new ones. Formally, we require:

i !
fViT(X,E ) | ©; W, 1,bi1; {P§4{1}1L:1) =
fur(x” | @ Wy, b (PP, (i=1,...,N),

which enforces that model outputs on each input xii) from Ty

remain unchanged.

(6)

IV. METHOD
Our method builds on (6). We prove that prompt-based

CL reduces to feature and head preservation, enforced via
constrained prompt updates and task-specific heads.

A. Consistent Preservation

For tasks 7; and T;;+1, we denote Zﬁf) =

L - [l

t+1}
and zili = {XEZ); Py)] We introduce two key propositions

which together constitute sufficient conditions for (6).

Proposition 1 (Feature Preservation). If the image-token part
of attention outputs remains unchanged for all blocks in VPT,
ie.,

o®

l
f N+ =0y [N+1, I=12....L O
then the image-token output of the final block is preserved:
By, [ N +1=Eg) [ N +1] ®)

Proof. See Appendix A

Proposition 2 (Head Preservation). If the final [CLS] token
remains unchanged and the head updates satisfy:

Ey) [ ]JAW, + Ab, =0, )

where AW, and Ab,; are the parameter updates of the
classification head from Ty to Tiy1, then (6) is satisfied.

Proof. From (8) and (9), we have

E(th?t+1 [ Wies1 + beg
=By [ (W, +AW,) + (b, + Ab,)  (10)
=Ey) [ ]W, +by,

which implies (6) by (5). U

Together, Propositions 1 and 2 reduce (6) to feature preser-
vation (invariant image-token representations under prompt
updates) and head preservation (consistent classifier mapping
on the preserved [CLS] token).

B. Unfolding Forward Propagation of LayerNorm and MHSA

By Proposition 1, feature preservation can be analyzed
blockwise, involving only LayerNorm and MHSA modules.
As (7) must holds for all layers, we omit the layer index (1).
For the current block, let the input sequence be Z = [X;P].
Fig. 2 illustrates the unrolled forward pass of LayerNorm
and MHSA in one transformer block. We will show that
computations involving prompt queries can be ignored.

First, Z is passed through LayerNorm, we introduce
Lemma 1 (proof in Appendix A):

Lemma 1. Consider the computation of LayerNorm LN(-).
Let A = [AMW; A@] with AV € R™*? and A?) ¢ R™*4,
Then LN (A) = [LN (A(M); LN (A@)].

By Lemma 1, LN (Z) = [LN(X); LN (P)]. Next, the
normalized sequence undergoes QKV transformation, includ-
ing QKV projections and multi-head splitting. For head h €
{1,..., H}, we have’:

' LN(X) W) oM
o) LNy W = [FNOOWe s f @) gy
LN(P) W 3!

where ® € {Q,K,V} denotes the Q/K/V matrix, and ¢ €
{q, k,v} is its corresponding index. Here ng) € RP*Dn g
the projection matrix for head h, with Dy = D/H. Moreover,
<I>§?) e RWHDXDr apd @gl) € RMXPH are the submatrices
of <I’(Zh) corresponding to the input tokens and prompt tokens,
respectively.

2As explained in the Section III-A, we omit bias terms for simplicity.



~
~
ﬁ (Dot-ProductAttenticn Score 2H
LayerNorm QKYV Transformation I K;(h)'r K;n)“‘
E]
(h) (h)
Qg(h) Kg(h) V)Eh) Qg(h) Axx Axp '_’E
A
Fe========= ---I
'
Pl X

Value Aggregation H H;
=
2
@ @) (H)) § 0,[:N+1
2 E N+
s s® v H;”| |Hj Hy E‘ z[ ]
8
131
e o | E|
----------- 1 ] 1 1
X 4[] iXEXE X X

Fig. 2: Detailed illustration of LayerNorm and the multi-head self-attention mechanism in a VPT transformer block, showing
how image and prompt embeddings are jointly processed. X indicates information discarded before entering the next layer.

For each head, the attention weights and value aggregation
are computed as

.
Y = softmaz(QY Ky /v/Dir )V,

Finally, concatenating across heads and applying the output
projection gives

12)

H

w

Oz = [H(Zh)]h:1 o-

13)

By Proposition 1, feature preservation requires Oz, ., [:
N +1] = Ogz, ,[: N + 1]. Note that

([H(zh)]hH:lWo) [N +1)=[HP] N+ W,
= [softmam (Q(Zh)K(Zh)T/\/E) V(Zh)]thlwo.

Therefore, only Qg? ) contributes to the image-token outputs,
terms from Q(; ) can be omitted in the preservation analysis.

(14)

C. Sufficient Conditions for Feature Preservation in VPT

We further derive sufficient conditions for feature preserva-
tion, such that they can be implemented as constraints on the
prompt updates during optimization.

Building on the above expansion, we restrict attention to
the Qg? )-dependent pathways. Define

h T T
4 [Kgp Ky ]
VDpy
o woimas ([agh. A%) 2 [sh s8],

AP =

LAl Al a9

(16)
where Ag?))(,Sgg))( e RWADX(N+1) apd Ag?%,, Sg@,e

RWNADXM (gee Fig. 2 for the blockwise notation).
Consider 7; and 7T¢y1. By Proposition 1, (13) and (14),
feature preservation requires

h h h h
Sk, V! +8%p,., Vi)

P

H
}h—l Wo
o (17)

W,
h=1

In MHSA, W, aggregates per-head outputs [21]. Since W,
may be singular, we impose stronger sufficient conditions by
requiring per-head equality:

h h
Sg(z)Pwrl Vﬁ)t)ﬁ»l

h h h h
= [$, V) + S0, V]

~ s, VY = 0. (18)

Direct algebraic characterization is intractable due to the
nonlinearity of softmax. Following NSP? [12], we instead
require invariance of the attention scores:

() _ Ah) M (gt T g
Azt,t - Azt,,t+1 < th, <Kpt+1 - KPt ) =0

19)

h h
= S(Zt),t = S(Zt),t+1'

That is, the attention scores from image tokens to prompts
remain unchanged before and after the prompt update. Un-
der (19), condition (18) reduces to

g <V(h) _ngt)) —0.

x.p, (VP (20)

We obtain the following per-head sufficient conditions for
feature preservation:

h Ry T T
QY (K%Bﬂ - K ) -0

h h
S{, (V< )

Py

(21)
_ Vg?) =0

Using (11), they can be rewritten in terms of the prompt
representations as:

-
Q%}w;m (LN (Pyy1) — LN (Pt))T -0
Sg?f,)Pf, (LN (P;11) — LN (P,)) WM =0

where Py = P, + AP.
To obtain conditions depending explicitly on AP, we ex-
pand LayerNorm:

; (22)

P; + AP — pup,  ap
OpP,+AP

LN (P, + AP) =

where pp, ; Ap, OP,+APE RM are row-wise statistics and
~, B€ RP are shared affine parameters (broadcast in imple-
mentation). To enable an algebraically exact characterization
of prompt interactions, we explicitly reformulate LayerNorm
in matrix form. Let C = Ip — %1[)1;(6 RP*DY be the
centering matrix, Dy, , ., = diag(op,4ap) € RMXM 3
and ' = diag (v) € RP*D_ Then

LN (P, + AP) =D_! (P; + AP)CT +1,,8". (24)

TP, +AP

>

3n practice, a small constant ¢ > 0 is added to the variance when
computing each row’s standard deviation, ensuring positivity and numerical
stability. Hence all standard deviations are strictly greater than zero, and the
corresponding diagonal matrix is invertible.



Note that pretrained 3 and ~ are frozen. We introduce a
variance-preservation condition

A
op, = OP,+AP = O, (25)

then

LN (P; + AP) — LN (P;) = D, 'APCT. (26)

Substituting (26) into (22), the sufficient conditions reduce to

i
QYW rcar” =o

JH.
SYs, D, I APCTW( = 0

h=1,2,... Q27

Therefore, under (25), (27) provides a set of per-head suffi-
cient conditions for feature preservation (8).

D. Optimization under Feature Preservation Constraints

To enforce the variance-preservation condition (25), we
adopt a soft constraint by introducing a standard deviation
alignment loss:

L= Lce + A‘Cstd; Estd = ||0'Pt+1 —op, H7 (28)

where L is the total loss, L is the cross-entropy loss, and A
balances the alignment term. Under this condition, we obtain
the sufficient conditions in (27), constraining AP.

We adopt a right-side nullification form on the second con-
straint Sg?tPthlAPCI‘WSJh) = 0. The rationale is to avoid
circular dependence: if D! remains on the solving side, then
AP becomes entangled with the current statistic o, complicat-
ing implementation and hurting numerical stability. In contrast,
the right-sided formulation APCTW!" = 0 removes explicit
dependence on o, yielding more stable behavior. Moreover,
it involves only frozen pretrained parameters, thereby reduc-

<
ing computational overhead. Let R,(ch) = CFW,(Ch)QgZ) ,
R = crw!™, and define

R — {Rg) Rg;H) c RD*2D.
(29)
Our implementation enforces APR. = 0 at every optimization
step, equivalently constraining each row of AP to the left null
space of R. Since R grows with tasks, we avoid handling it

directly via the following lemma:

Lemma 2. For A € R™ ™ with left null space Ni, (A) =
{x | XA = 0}, it holds that N7, (A) = N, (AAT) [22].

R](QH) Rg}l)

By Lemma 2, APR = 0 is equivalent to requiring each row
of AP to lie in Nz, (RRT), where RRT € RP*P s fixed-
size. In practice, we perform Singular Value Decomposition
(SVD) on RR.", collect the left singular vectors corresponding
to zero singular values to form an orthogonal basis Uy, so
that AV, (RRT) = span (Up) and its null-space projector is
Br = UOU(—)r . Let AP, denote the raw update from back-
propagation. We apply the feature-preservation projection,

which called consistent null-space projection:
AP < AP,,,Br, (30)

which guarantees (27).

The training algorithm is summarized in Algorithm 1, and
the computation of the null-space projection matrix is given
in Algorithm 2.

Algorithm 1 CNSP for VPT in Continual Learning

Inputs: Datasets {D;}7_;; ViT fur(- | {P®},) with
learnable prompts PO (1 =1,...,L);
Outputs: Optimized prompts P
1: Initialize P®; set GO = 0, ng =1
2: fort=1,2,...,T do
3: for each training iteration on D; do
4 Sample a mini-batch (x,y) ~ D;
5: §  fur(xe [ {PV}E)
6: Liotal < CrossEntropy (9, y)
7
8
9

L+ CE(Y,y) + A Lsqy - Lsta > Laa: see (28)
Get raw update APS&V from the optimizer on L

AP®) AP](r.QWB(r? if £ > 1 else AP,

10: P® « PW — learning_rate x AP®
11: end for
12: // update projection matrice for next task
13 for x\” € D, do
. + t T
14: R « crowl R « CI‘(l)W,(f)Q%i)
DM DO
Is: GO GO +RRY +RIRY
16: end for
17: Bg) — Alg2(GW) > using algorithm 2

18: end for

Algorithm 2 Computing Null-Space Projection Matrix

Inputs: Gram matrix G
Outputs: Null-space projection matrix Bg

1: U, X, _+ SVD(G)
descending order
2: Ug + U[D — Ng : D] b get the left singular vectors of

Ng¢ zero singular values
UoU,

3: Br + —2>2—

R 0U; 1w
Frobenius norm

> sorted by the singular values in

> improve numerical stability by its

E. Ensuring Classification-Head Preservation

Proposition 2 requires the classification head to preserve its
mapping from the [CLS] token across tasks. This requirement
is naturally satisfied by task-specific heads: only the head of
the current task is updated, while all previous heads are kept
frozen. Under the feature-preservation constraint, the represen-
tations fed into earlier heads remain unchanged. Consequently,
the head-preservation condition (9) is automatically satisfied
when adopting task-specific classification heads in prompt-
based continual learning.

V. EXPERIMENTS
A. Experimental Settings

Benchmarks. We evaluate CNSP on three benchmarks com-
monly used in prompt-based CL: (i) 10/20-Split CIFAR-



TABLE I: Comparison with existing prompt-based methods using ImageNet-21K pretrained backbones. Results (%) are reported
as mean + standard deviation over three runs. Results marked with {, 1, and § are reproduced by [11], [13], and [17], respectively.

Method 10S-CIFAR100

20S-CIFAR100

10S-ImageNet-R 10S-DomainNet

ACC(1) FOR@) ACC(T)

FOR({)

ACC(1) FOR{) ACC()  FORQ)

L2P [5]
DualPrompt [6]
CodaPrompt [7]  86.25+074 1.67 1026

83.83.1004 7.634030 81.2910.437 8.961038 " 61.57 10,66 9.73 1047 81.17 10537 898415
86.511033 5.1610.00 829810477 8.204008" 68.13 4049 4.681020 81.701075% 8.04.03 7

- 75.45 1056 1.6410.10 80.04 1 70% 10161035

CPrompt [13]  87.824021 5.06.050 83.971031% 6.851043" 77.14 10,11 5.97 10,68 82971034 745103
EvoPrompt [14] 87~97i0.30 2.60:&0‘42 84.64i0_14 3.98:&0'24 76.83i0_03 2.78:&0'06 79.50:&0_29§ 3.81:&0‘3515
PGP 86.92.1005 5351010 83. 741001 7911015 69.341005 4.53 1004 80.41 £025" 8.391¢.5"
LGCL [15] 87.23 4021 5.1040.15 - 69.4610.04 4.2040.06 - -

ConvPrompt [16] 88.87 4033 4.7540.15 87.224042" 5.434.020% 77.861025 4.334024 79.471035° 6.494043°
CPG [17] 90.63+0.44 3.984065 88.084077 5.204064 78.634052 7.18 1062 83.21 4067  7.094082
NSP? [12] 90.7010.17 4.201£035 88.59£046 4451060 79171063 5064107 84171054 7.331004
CNSP (OUI'S) 91.01 4+0.10 3.9110,47 89.4210.58 4.23:&0.51 79.6910.32 4.62;&0,55 84.5110.41 6.62:&0,25

100 [23], where CIFAR-100 is randomly partitioned into 10
or 20 tasks (10 or 5 classes per task); (ii) 10-Split ImageNet-
R [24], which is split into 10 tasks (20 classes per task); and
(iii) 10-Split DomainNet [25], where the 200 largest classes are
selected and split into 10 tasks (20 classes per task). We further
consider a domain-incremental setting, 6-Split DomainNet, in
which each task corresponds to one of distinct six domains.
Evaluation Metrics. We report Last Average Accuracy
(ACC, 1) and Forgetting (FOR, |). ACC measures the
overall performance on all tasks after completing the train-
ing sequence: ACC = % ZJ.Tzl Ar ;. FOR quantifies
the average performance drop on past tasks: FOR =
1 \T-1 ) L .

T—1 Z]‘:1 maxze{l,...,T—l}(Az,g AT,])'

Implementation Details. We follow the rehearsal-free class-
incremental setting with disjoint classes and unknown task
identity at inference. Experiments use ImageNet-21K pre-
trained ViT-B/16 [4] and AugReg ViT-L/16 [27]. Each block
is equipped with four learnable prompts, shared across tasks
and initialized uniformly in [—1,1]. Models are trained for
10 epochs per task using Adam [28] (Ir=0.01, batch size =
256, 81 = 0.9, By = 0.999, weight decay = 5 x 107°). NSP2
is reproduced from its official codebase and hyperparameters.
The training objective combines cross-entropy and standard-
deviation alignment loss (28).

B. Results and Analysis

Overall Comparison on ImageNet-21K ViT-B/16. As shown
in Table I, CNSP consistently outperforms prior prompt-
based CL methods on all benchmarks using the ImageNet-
21K pretrained ViT-B/16 backbone. On 10-Split DomainNet,
for example, CNSP achieves a 9.7% relative reduction in
FOR (7.33% — 6.62%) while also improving accuracy from
84.17% to 84.51% over NSP?, indicating that the proposed
matrix-form analysis and right-side projection yields measur-
able gains even in accuracy-saturated regimes.

Scaling to Larger Backbone. We further evaluate CNSP on
the larger ViT-L/16 (AugReg) [27], with results in Table II.
CNSP consistently outperforms NSP2. The improvement is es-
pecially pronounced on ViT-L/16, where approximation errors

accumulate in high-dimensional token spaces. For instance,
on 10-Split ImageNet-R, CNSP reduces FOR from 6.50% to
4.29% (34% relative) while improving ACC from 83.52% to
84.78%. Overall, these results demonstrate that CNSP scales
robustly to larger ViT backbones.

TABLE II: Results on four benchmarks with ViT-L/16 (Au-
gReg, IN-21k) backbone.

10S-ImageNet-R 10S-DomainNet 10S-CIFAR100 20S-CIFAR100

Method

ACC(1) FOR({) ACC(T) FOR(}) ACC(T) FOR() ACC(T) FOR()
Joint 88.58 0.00 90.48 000 9506 0.00 9506  0.00
Sequential 79.92 1551 80.85 15.88 8891 10.11 87.40 11.32
NSp? 83.52 6.50 8438 1028 9220 4.14  90.83 6.34
CNSP 84.78 4.29 8563 8.03 9245 4.01 91.02 524

Robustness to Domain Shifts. To evaluate robustness under
task heterogeneity, we test CNSP on 6-Split DomainNet,
where each task corresponds to a distinct visual domain. As
shown in Table III, FOR decreases from 6.67% to 5.84% on
run 1 (a 12% relative reduction) with an ACC gain (83.55%
— 84.32%). These results indicate that CNSP maintains stable
performance under substantial domain shifts without relying
on assumptions about invariant prompt distributions.

TABLE III: Results on the 6-Split DomainNet benchmark
across four runs with ViT-B/16-21K.

Run 1 Run 2 Run 3 Run 4
Method
ACC(T) FOR(l) ACC(T) FOR(}) ACC(1) FOR({) ACC(1) FOR()
Joint 91.68 0.00 9194 000 91.838 0.00 91.24  0.00
Sequential 63.34  34.11 79.17 1852 7822 17.65 67.55 28.49
NSP? 83.55 6.67 84.85 791 84.76 3.36 83.61 6.85
CNSP 84.32 584 8534 644 8528 3.07 84.88 5.77

Analysis of Prompt Expressive Capacity. To assess whether
null-space projection restricts prompt expressiveness as tasks
accumulate, we track the update subspace by the rank of
projection matrices {Bgl)}le, which determine allowable
prompt-update directions. We quantify this via the average



1 L rank(le))

rank ratio p; = ¢ > , where higher p; indicates

a less constrainedll_lé)date space. As shown in Table IV,
p¢ remains above 97.52% across benchmarks and does not
decrease over tasks, indicating that CNSP preserves prompt
expressiveness by removing only feature-violating directions.

TABLE IV: Average rank ratio (%) of projection matrices
across layers for each task.

Benchmark P2 pP3 p4a P5 44 p7 P8 P9 P10

10S-ImageNet-R  97.53 97.53 97.53 97.54 97.53 97.53 97.54 97.53 97.53
10S-CIFAR100  97.53 97.54 97.54 97.54 97.54 97.54 97.54 97.55 97.55
10S-DomainNet  97.52 97.54 97.53 97.53 97.53 97.54 97.53 97.53 97.53

VI. CONCLUSION

In this work, we introduced a principled framework that
provides an end-to-end theoretical formulation for prompt-
based continual learning. By modeling MHSA, LayerNorm,
and classification heads in an exact matrix form, we derived
unified sufficient conditions for jointly preserving features and
classifier decisions across tasks. Based on these conditions, we
proposed our algorithm CNSP. Extensive experiments across
diverse benchmarks and Transformer backbones show that
CNSP consistently improves accuracy and mitigates catas-
trophic forgetting. Looking forward, this framework opens
several promising directions, including theoretically grounded
head designs, extensions to multimodal continual learning,
adaptive prompt allocation, and tighter analyses of nonlinear
components.
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APPENDIX

Proof of Lemma 1. Expanding the LayerNorm operations
gives
o

A —
TA

LN(A) = 31
where pp,0a € R~ 3 € RY, and broadcasting is
used to match the dimensions. By matrix reformulation of the
broadcast operation, let C = Iy — 21,1] € R*™? D,, =
diag (6a) € ROEmX(4m) and T' = diag (v) € RI*9,
Then*

LN(A)=D_!ACT +1,,,83". (32)
Since o A corresponds row-wise to A, we may write
_ G'A(l) 0 _ DO'A(l) 33
TA |: 0 GA(2):| ’ Ta |: 0 TA(2) ' ( )
Therefore,
D, AMCr+1,8" Y
LN (A) = ff(l) (2) IBT = |:LN (A(z)):| .
D"A@) A®CT + 1,8 LN (A®)
(34
O

Lemma 3. Let MLP(-) denote the two-layer GELU MLP in
ViT [4]. For any row-partitioned matrix A = [A(l);A(Q)},
where AN € R"¥4 gnd AD € R™*4 e have

MLP (A(l))}

MLP (A®) (33)

MLP (A) = {

Proof. By definition,
MLP (A) = ¢ (AW + 1,4,nb] ) Wa + 1, 1,,bg ., (36)

where W, € R W, ¢ R%*? are weight matrices of
two linear projections respectively, by € R, by € R? are
bias vectors, and ¢ denotes the element-wise GELU.

Since linear transformations, element-wise nonlinearities,
and bias additions act independently on each row, the block
structure is preserved. Explicitly,

1)
¢ (AW +1,,1,b] ) = ¢ ([2(2)] Wi+ [il;] ﬂ?)

[0 (AOW, +1,b])
B Li) (APW, + 1mb1T)] '

(37
Similarly, multiplying by W4 and adding bias yields

¢ (AW + 1,4 mb{ ) W + 1,,.,,b]

_ [0 (AW, +1,b] ) Wy +1,b; (38)
¢ (APDW; +1,b] ) Wy +1,,b] |’

“In practice, the standard deviation of the i-th row is computed as

éVar (A[i]) + €, where Var(-) is the operation to compute variance,
€ > 0 ensures non-degeneracy. Hence, Dy , is invertible.

which implies that

(39)

MLP (A) = {MLP (A(l))]

MLP (A®)
O

Proof of Proposition 1. Without loss of generality, we first
omit the task indices and focus on the [-th transformer block.
As shown in Fig. 1, within a block, Z® is added to the output
Og) via a residual connection, followed by LayerNorm and
an MLP with an additional residual connection:

BY =720+ 0y, EY =BY +MLP (LN (BY)).

(40)
Since
EQ[N+1) =BY[ N +1]+MLP (LN (B(Z”)) [N +1],
(41)

by Lemmas 1 and 3, we obtain

MLP (LN (B@)) [} N+1] = MLP (LN (Bg>[: N+ 1])2 .
2

(42)
Moreover,
BUEN+1=ZOL N+ 1]+ 0V N +1] @)
= XO 4+ oV N +1],
EVEN+1]=XO + 0P N +1] )

+ MLP (LN (X(” +OVL N+ 1])) .

In VPT, before passing to the next block , the prompt embed-
dings are discarded and replaced by new learnable prompts:

x(+1) — ng: N +1], 2D = [XUD, pl+D] - (45)

Consider tasks 7; and 7T;y1. We prove the statement by
induction on [:
(i) When [ = 1, by assumption and setting, we have

oy N+1=0g [N+1], X}, =X} =X,
(46)
where X, is the input image tokens of VPT from task 7;
dataset. According to (44), it follows that

Ey) N+1=EY [ N+1, X, =X7. @)

Zi i1

(ii) Suppose that for some | = k(< L),

By, [N +1]=Eg) [N +1] (48)
which implies
XY = x (. (49)
Forl =k + 1, we know
Og VLN +1=0g N+ (50)
By (44) and (49), it follows that
Eyt VN +1]=EZ VN + 1) (51)
(iii) By induction, for all [ = 1,2,..., L, we have
Ey [N+1=EJ [ N+1]. (52)
|



