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Abstract—This work studies distributed adaptive strategies
for achieving intra-layer synchronization in fractional-order
multiplex networks via pinning control.Two distributed adaptive
strategies are introduced: a node-based strategy, where the
coupling strength of each node is dynamically updated using local
state information from both the node and its neighbors; and an
edge-based strategy, in which the weight of each intra-layer edge
is updated according to the relative states between the two linked
nodes. Additionally, the pinning gains applied to a subset of
nodes are adaptively adjusted based on the discrepancy between
each pinned node and its reference state. Rigorous theoretical
analysis and numerical simulations are provided to demonstrate
the effectiveness of the proposed algorithms.

Index Terms—TFractional-order multiplex networks, adaptive
algorithms, intra-layer synchronization

I. INTRODUCTION

Control and synchronization of linearly coupled networks
have attracted sustained attention in the study of complex sys-
tems. In many real-world scenarios, networked nodes interact
through diverse and heterogeneous mechanisms, as commonly
observed in social systems [1], biological networks [2], and
transportation infrastructures [3]. To systematically model
these multi-modal interactions, the framework of multiplex
networks was formally established [4]. Such networks com-
prise multiple layers that share the same node set, with each
layer capturing a distinct interaction type among the nodes.
In recent years, synchronization dynamics within multiplex
networks have attracted significant scholarly attention [5][10].

Adaptive control provides an effective framework for ad-
dressing control and synchronization problems in complex
networks. Existing studies on adaptive control can be broadly
classified into two categories: node-based and edge-based
strategies. In node-based adaptive schemes, the control pa-
rameters of each node are adjusted using relative state infor-
mation from the node itself and its neighboring nodes [11],
[12]. By contrast, edge-based adaptive schemes update the
coupling weights associated with network edges according
to the relative information between the two incident nodes
[13], [14], [15]. Notably, most of the aforementioned results
focus on single-layer network structures. More recently, [16]
extended both node-based and edge-based adaptive control
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strategies to investigate intra-layer synchronization in integer-
order multiplex networks.

In recent years, fractional-order calculus has attracted grow-
ing interest due to its superior capability in characterizing
infinite memory and hereditary effects in system modeling,
particularly in bioengineering, neural networks, and fluid me-
chanics [17], [18]. Fractional-order complex networks can be
regarded as a natural extension of conventional integer-order
network models, providing greater flexibility in describing
system dynamics. Synchronization control of fractional-order
multiplex networks has therefore received increasing attention.
For instance, [19] investigated synchronization of fractional-
order multiplex networks with time delays using adaptive and
impulsive control strategies, while [20] achieved synchroniza-
tion with output couplings via adaptive quantized controllers.
Notably, these studies require controllers to be applied to all
nodes.

In contrast, pinning control only acts on a fraction of
nodes and can significantly reduce control costs in large-scale
networks. Along this line, [23] designed a quantized pinning
scheme for output synchronization of fractional-order multi-
layer networks under stochastic cyber attacks. In that work,
only the pinning strengths of selected nodes are adaptively
adjusted, and synchronization conditions are derived in terms
of a linear matrix inequality involving the network topology,
uncoupled node dynamics, and intra-layer coupling strengths.

Motivated by the above discussions, this paper proposes
a node-based adaptive algorithm and an edge-based adaptive
algorithm for intra-layer synchronization of fractional-order
multiplex networks with pinning control. By employing the
Lyapunov function method, it is theoretically shown that the
proposed algorithms guarantee pinning synchronization of
fractional-order multiplex networks provided that the intra-
layer network topologies are strongly connected.

II. PRELIMINARIES AND MODEL DESCRIPTION

A. Preliminaries

This subsection introduces the necessary notations and
lemmas used throughout the paper. For a vector z, ||z|| denotes
its Euclidean norm. For a square matrix A, Ay, denotes its
symmetric part, defined as Agy,, = (A+ AT)/2.



Some preliminaries on fractional-order derivatives and inte-
grals are presented below.

Definition 1. The fractional-order integral of order 0 < o < 1
Sfor an integrable function h(t) : [to,00) — R is defined by

1 t h(s)
o) /to = S)(l_a)ds7 (D

where T'(a) = O+OO e~ 1dt.

W IPh(t) =

Definition 2. The Caputo fractional-order derivative of order
0 < a < 1 for a differentiable function h(t) : [ty,00) — R is
defined by

C Nna _ 1 i h/(S)
DI = 5o /t oo )

When a = 1, the Caputo derivative reduces to the classical
first order derivative, that is § D} h(t) = I (t).

Lemma 1. (Lemma 1 in [20]) Let h(t) : [to,00) — R be a
continuously differentiable function. Then

0l7 5 DFA(E) = h(t) = hto) 3)
where o € (0, 1).

Lemma 2. (Lemma 2 in [20]) Assume that H(t) : [tg,00) —
R™ is continuously differentiable. Then

GDFH( H() <2H(t) (DFH() @)
B. Model description

This article investigates node-based and edge-based fully
distributed adaptive algorithms for intra-layer synchronization
in fractional-order multiplex networks. To drive the dynamics
in different layers toward prescribed target trajectories, feed-
back controllers with adaptive gains are applied to a small
subset of nodes in each layer.

We consider the following fractional-order multiplex net-
work with adaptive coupling parameters and pinning con-
trollers:

N
6 Diai(t) = f(af(t) + ¢ (1) Z wyy (t) [25(8) — 2F (1))

M
193 b [2(t) — 2B (0)] + (1) [si(t) — 2 (0)],
=1
@)

where a € (0,1]. The scalar c¥(¢) denotes the coupling
strength of the ith node in the kth layer, and W*(t) =
[wh ()] € RN with w} =i wk;. represents
the intra-layer coupling matrix of the kth layer. The matrix
B = [bkl] S RMXM, with b, = —Zbék by, denotes the
inter-layer coupling matrix. Moreover, c () is the pinning
strength, and s (t) represents the target trajectory of the kth
layer. For any i ¢ Dy, it holds that ¢ () = 0 for all ¢.

To ensure intra-layer synchronization of the multiplex net-
work under pinning control, the target trajectories must be

invariant under system (5). Consequently, the target trajectories
si(t), k=1,..., M, should satisfy

M
6 D (t) = fr(sk (1) +p > b [s1(t) — si(t)]
=1

Let G* = (V,&F, A*) denote the initial intra-layer graph
topology of the kth layer, where V is the common node set of
the multiplex network, £ denotes the edge set of the kth layer,
and A* = [af;], with aj; = — 37, a}}, is the corresponding
coupling matrix. Let N} denote the neighborhood of node ¢
in the kth layer, and let D denote the set of pinned nodes in
the kth layer. Throughout this paper, the following assumption
is imposed.

Assumption 1. All intra-layer graph topologies G*, k =
1,---, M are strongly connected.

For any k, let D* = diag(d¥,...,d%;) denote the pinning

matrix of the kth layer, where d¥ = 1 if i € Dy, and d¥ = 0
otherwise. For a given constant ¢ > 0, define A¥ = A% —eDF.
The following lemma characterizes an important property of
AF,
Lemma 3. (Lemma 1 in [16]) Suppose that Assumption I
holds. For any k = 1,...,M, the matrix A* admits a
positive normalized left e%envectar 0% associated with the zero
eigenvalue, satisfying >, 0F = 1. Let ©F = diag(6"). Then
the symmetric part {@k[lk}sym is negative definite.

Notation 1. For any k, the eigenvalues of {0k Ak} are
denoted by 0 > \f >\ > ... > PLE

Throughout this paper, the node dynamics are assumed to
satisfy the following condition.

Assumption 2. For any k, fi(x) satisfies the QUAD condi-
tion, that is, there exists a constant q; € R such that

(@ =) [frl@) = )] gz —y) (@ —y)  (©
holds for all x,y € R™.

III. FULLY DISTRIBUTED ADAPTIVE INTRA-LAYER
SYNCHRONIZATION ALGORITHMS WITH PINNING CONTROL

This section investigates fully distributed adaptive algo-
rithms for intra-layer synchronization in multiplex networks
with pinning control. Two classes of adaptive strategies are
considered: node-based and edge-based algorithms.

We first present the node-based adaptive algorithm, in which
each node updates its coupling strength using relative state
information from itself and its neighbors.

A. Node-Based Algorithm

Fori=1,--- N and k=1,---, M, the coupling strength

k(t) is adaptively updated according to

%

§Dek(t) = oF S ali[ak(t) — 2 (0] [k (1) — 2h(t)],
JENF

C



where §% > 0 is the adaptive gain. For each pinned node
i € Dy, the pinning strength ¢k, (¢) is updated as

§Dgeky(t) = 8k [k (1) — s ()] T [25() — sk(®)],  ®

where 0% > 0. In this node-based strategy, the coupling
weights of all edges remain constant, i.e., wfj(t) = afj

The following theorem establishes the main result of this
paper, showing that the multiplex network (5) can achieve
intra-layer synchronization under adaptive intra-layer coupling

and pinning control.

Theorem 1. Suppose that Assumptions 1 and 2 hold. Then
the multiplex network (5) with the updating laws (7) and (8)
achieves intra-layer synchronization.

Proof: Foreachi=1,... . Nand k=1,...,
the synchronization error

ey (t) =y (t) — s(t). 9)

Consider the following Lyapunov candidate function:

M, define

k
-} Tt s i D -0t
1
+ﬁk2 [cfo(t) — BoFe]”, (10)
g €Dy

where 5 > 0 is a constant to be determined.
Taking the Caputo fractional derivative of V (¢) along sys-
tem (5) and the updating laws (7)(8) yields

29 29
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i3,k
+ > [cho— O] llef. (1)
k,i€Dy,
By Assumption 2, one has
T
Ze’“ ; — fi(si)] quakne’“n? (12)
From Lemma 3 and Notation 1, it follows that
B 0Fakel ek < B> Milek|. (13)

1,5,k i,k

Define é( ) = max{max; j c¥(t), max; ; ¢k (t)} and @ =

max; ; k a .. Using the inequality 2u"v < u'u + v v, one
obtains
T _ .
D 0fel craliel < Nae(t) ) llef|?, (14
7,k i,k
> ckaflef —ef|? < 2Nae(t) Y [leF|%  (19)
i3,k ik
ko k . k
Z chollef? < &) Z lleg 2. (16)

k,i€Dy ik

Let b= maxXxg, £k |bkl‘ Then

T _
pY kel buel <pMb> |leF|?.

i,k,l ik

a7

Combining the above inequalities yields
SDXV (t) < [n + ﬁmkaxX’f + (3Na + 1)é(t)} Vi(t), (18)

where V(1)
Let

=ik l[e¥(t)||? and n = pMb + maxy, qx6".
T
0= 3 ekt ekt
ik

By af(t) — ak(t) = ef(t) — €k(t) and the dynamics of
6 DFei(t) in (7),

19)

SDpet(r) <28t 3 aly [ef(0) el +5(0) €0
JjeNE
<2Naskvi(t), (20)

Combing with § D¢ ck (¢) in (8) and Lemma 1, one has that
é(t) < é(0) +2Nad - 4, I Vi (t), (1)
where 0 = max; {0, 0% }. Then by (18) and (21), we have
WDV (@)
(6N?a* +2Na)s - o [P Vi (t) | Vi(1),
(22)

< ﬁ+5m]?x5\]f +

where 0 = max; i 0?, ok =
(BNa +1)¢(0).

Since Vi(t) > 0 holds for any ¢ > 0, the integraly 1>V} (t)
is nondecreasing with respect to 7. Therefore, for any given

T >0, if
gz

max; 9;-“, and n = 7 +

1
then for all ¢ € [0, T,
(6N?a% + 2Na)s - oI Vi (t) < —1.

[ + (6N%a* + 2Na)d - o I§ Vi (t) + 1] ,

ﬁ+[3m}§ux:\’f+

Consequently, § D&V (t) < —V;(t) holds for all ¢ € [0,7].
From Lemma 1, one obtains that

ol7V1(t) < V(0) = V(T) < V(0).

Due to the arbitrariness of 7', it follows that if

1
> — N+
= — max, A} 7

(6N?a® +2Na)s - V(0) + 1],

then for any ¢ > 0, the following inequality holds:
§ DRV (1) < VA1), (23)

Note that V;(t) < V(t)/€ holds for any ¢ > 0, where
0 = min; j, 9;?. Then from Lemma 1 and inequality (23), one
obtains that

Vi(t) < 2 [V(E) +ofV1(1)] < ZV(0) (24)

1| =
D] —



which implies that Vi(¢) and oIfVi(t) are both bound-
ed for ¢t > 0. Then we can get that lim; ., Vi(t) =
limy o0 D25 4 ek (t) " e¥(t) = 0. This completes the proof. M

Remark 1. From (20) and (24), we obtain
ci (t) = ¢} (0) = oI § DR ef (1) < 2Nad - o IFVa(t)

7

<2NasV (0)/0,

which implies that cf(t), foralli=1,--- N, k=1,--- , M,
are always bounded. Similarly, one can prove that cfo are
bounded for all i € Dy, k=1,--- , M.

Remark 2. In [20], a quantized adaptive controller is devel-
oped to realize synchronization of fractional-order multiplex
networks. With the help of adaptive controllers on all nodes,
the dynamics of each layer can synchronize to the target
model. Compared with [20], the pinning scheme in this paper
only needs to adaptively control a fraction of nodes.

B. Edge-based algorithm

This subsection discusses the edge-based adaptive algorith-
m, in which each edge updates its coupling weight using
relative state information from the two incident nodes.

The coupling weight wf] (t) in (5) is adaptively updated
according to

Dk (t) = ol ek (1) — 2k (6)] T2k () — (1)), j € NF
(25
where ¢;; > 0 is the adaptive gain. For j ¢ NF, one has
§ Dgwy;(t) = 0, implying that wf;(t) = af; = 0 holds for all
time ¢.

In this edge-based strategy, the node coupling strengths
remain constant, i.e., cf(t) = cF. The pinning strength ck
are updated according to (8).

Assume that for all 7, k, ¢,

k

CDa k ZCDQ

J#i
Then, for any ¢ > 0,

ZCD‘X (t) =0 and waj(t):
J

which follows from the initial condition = wj;(0) =

i
> ; afj =0.

The following theorem establishes intra-layer synchroniza-
tion under the edge-based adaptive strategy.

Theorem 2. Suppose Assumptions 1 and 2 hold. Then the
multiplex network (5) with updating laws (25) and (8) achieves
intra-layer synchronization.

Proof: Consider the Lyapunov function

1
=5 Do okek(t) et
ik

where 7 > 0 is a constant to be determined.
Let

max{w; (1), cfo(1)}.

o(t
w( ) (N

Using arguments similar to those in the proof of Theorem 1,
one can show that
(t) < w(0) + 20 - oIy V(1)

where 6 = max; ; {o};, 6%} and Vi (t) is defined in (19).
Following steps analogous to those in the proof of Theorem
1, the Caputo derivative of V' (¢) along (5) and (25) satisfies

<qu9’“’“ () +7 ) OFagef(t) eh(t)
.5,k
n prZei (1) ekt
ik

+(EN 42N + 1)) > ef(t) ef(t)
ik

CDa

where ¢ = max; j cF.
The remainder of the proof follows directly from Theorem
1 and is omitted for brevity. [ ]
The boundedness of wfj (t) can be established using argu-
ments similar to Remark 1.

Remark 3. In [23], a quantized adaptive pinning scheme
was developed for synchronizing fractional-order multilayer
networks. That work only adaptively adjusts the pinning
strengths of selected nodes, while keeping the node coupling
strengths and edge coupling weights constant. Consequently,
achieving synchronization requires solving a linear matrix
inequality that depends on the network topology and coupling
parameters. In contrast, our approach adapts the intralayer
coupling strengths of nodes or the coupling weights of edges.
This allows any multiplex network with strongly connected
intralayer topologies to achieve intralayer synchronization
under the adaptive pinning strategy proposed here.

IV. NUMERICAL EXAMPLES

We consider a two-layer multiplex network, where each
layer consists of four nodes. The intra-layer coupling matrices
AF k= 1,2, and the inter-layer coupling matrix B are given
by

-1 0 1 0 ]
|1 =2 0 1
A= 0o 0 -1 1 |

0 1 0 -1 |

-2 1 0 1 ]
> | 1 =2 1 0
A% = 0 0 -1 1 |’

1 0 0 -1 |
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Fig. 1. The dynamics of intra-layer synchronization error Erry (t), k = 1,2
with respect to ¢ for the multiplex network (5) with adaptive coupling strengths
(7) and adaptive pinning strengths (8).

For each layer, the fractional-order Liu system [24] is
selected as the target trajectory,

§ Dy (t) = alya(t) — y1 (1)),
6§ Difya(t) = by (t) — kya ()ys(t),
§ Dgys(t) = —cys(t) + dyi ().

The parameters are chosen as
a=10,b=40,c=25,d=4,k=1

for the first layer and
a=10,0=20,c=28,d=4,k=2

for the second layer. Selecting a@ = 0.95, the fourth node in
each layer is chosen as the pinned node.
Define the synchronization error of the k-th layer (k = 1, 2)

as
4

Err(t) = Sl (1) — s (8)] T2k () — se(0)]
i=1

Consider the multiplex network (5) with adaptive node-
based coupling strengths (7) and adaptive pinning strengths
(8). The trajectories of the synchronization error Erry(t) are
plotted in Fig. 1, demonstrating that intra-layer synchroniza-
tion is achieved.

Fig. 2 plots the evolution of the coupling strengths c}(¢)
and pinning strengths ck (t), showing that these adaptive
parameters converge to positive steady values.

The multiplex network also achieves intralayer synchroniza-
tion under the adaptive coupling weight update law (25). The
corresponding simulation results, being qualitatively similar to
those presented in Figs. 1 and 2, are omitted for conciseness.

V. CONCLUSIONS

This paper investigated pinning control of fractional-order
multiplex networks via adaptive strategies. Fully distributed

20 Adaptive coupliing strengths of nodes in Layer 1

S0 E
Node 1
Node 2
Node 3
Node 4

0 2 4 6 8 10 12 14 16 18 20

6 8 10 12 14 16 18 20

Fig. 2. Time evolution of coupling strengths c} (t) and pinning strengths
ck,(t),k = 1,2 for the multiplex network (5) with adaptive coupling
strengths (7) and adaptive pinning strengths (8).

node-based and edge-based adaptive algorithms were pro-
posed, and sufficient conditions for intra-layer synchronization
were established using Lyapunov theory. Numerical simula-
tions validated the effectiveness of the proposed methods.

Future work will focus on two main directions. First,
extending the proposed adaptive algorithms to more gener-
al fractional-order multiplex networks with time delays and
switching topologies. Second, incorporating event-triggered
mechanisms into adaptive control frameworks to further reduce
communication and computational costs in fractional-order
multiplex networks.
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