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Abstract—This work proposes two necessary and sufficient
conditions for neural computing namely, first, a Hilbert space
H and, second, non-linear transformations in H . The conven-
tional deep learning (neural computing) paradigm is extended
hierarchically from the Euclidean (Hilbert) space RN to the
Hilbert space GN

1 , where G1 is a quotient of equivalence classes
of Generalized Intervals’ Numbers (GINs). The convex cone F1

of G1 is considered, where an element of F1, namely Intervals’
Number (IN), is an (information) granule that may represent
a probability/possibility distribution including real numbers;
hence, G1 ⊃ F1 ⊃ R. It turns out that (F1,≼) is a sublattice
of lattice (G1,≼), where partial order represents semantics;
moreover, axiomatic logic can be applied in F1. Because all
the required mathematical instruments are available, neural
computing can be pursued in FN

1 including logic/reasoning to-
ward eXplainable Artificial Intelligence (XAI). The far-reaching
potential of proposed tools in practical applications is discussed.

Index Terms—Axiomatic Logic, Big Data, Deep Learning,
Hilbert Lattice, Intervals’ Number (IN), Neural Computing

I. INTRODUCTION

Conventional modeling, initiated by Isaac Newton regarding
Physics [1], was later extended to alternative scientific disci-
plines including Engineering, Economy, Medicine and other.
In recent years, conventional modeling has been extended to
Artificial Intelligence (AI) deep learning models [2] including
Convolutional Neural Networks (CNNs) for image recognition
[3] and Large Language Models (LLMs) for human-like
language generation [4].

Humans are subjects of intelligence, whereas the physi-
cal world is not. Therefore, modeling (human) intelligence
by the same instruments and/or practices that successfully
model the physical world, e.g. energy optimization practices,
misses critical features of intelligence such as logic/reasoning.
Furthermore, humans engage non-numeric percepts such as
the degree of truth of propositions, data structures, symbols
and other. Historically, the first non-numeric percepts studied
effectively have been the truth values of propositions resulting
in Boolean algebra [5] and, later, fuzzy sets [6]. A further study
of Boolean algebras has ushered to the mathematical Order
Theory, or Lattice Theory [7]. The interest in applications
of mathematical lattices was sustained [8]. In conclusion, the
Lattice Computing (LC) paradigm has been proposed [9] as
a modeling paradigm shift to a lattice data domain, including
RN , where partial order represents semantics [10].

This work has been supported by IHU’s Research Committee under project
no. 81960 entitled “Artificial Intelligence and Applications”.

It has been acknowledged that the closest “mathematical
relative” to the Euclidean space is a Hilbert space [11].
As the utility of the Euclidean space has been confirmed
meticulously /widely /repetitively during millennia of practice,
it is worthwhile to further investigate the potential of an
enhanced Hilbert space in AI.

From an “ontological” viewpoint, deep learning models are
computational intelligence models that, during training, pursue
an optimal approximation of a parametric function f : RN →
RM [12]. Better performance is typically reported for models
with a larger number of tunable parameters [13] − Note that,
lately, the number of parameters of a deep learning model has
exceeded 1 trillion [14]. The deep learning neural architecture
proposed in this work has the potential to implement far more
functions than conventional deep learning models.

Conventional deep learning models are typically developed
in the Euclidean (Hilbert) space RN [2]. Their success has
been attributed to the capacity of digital computer hardware
to process vast data fast rather than to compute differently [15].
This work proposes an enhanced deep learning that computes
differently as detailed below.

Three conditions for neural computing have been proposed
in [15], namely (p1) a Hilbert space H , (p2) non-linear oper-
ations in H , and (p3) a derivative in H . Using mathematical
results presented below, this work proposes two necessary and
sufficient conditions for neural computing including, first, a
Hilbert H and, second, non-linear transformations in H .

Lately, a novel Hilbert space has been induced hierarchi-
cally from R, namely Hilbert space of Generalized Intervals’
Numbers (GINs), symbolically G1 [15]. The interest is in the
convex cone F1 ⊂ G1 of (Type-1) Intervals’ Numbers (INs).
An IN is an (information) granule i.e. a mathematical object
[16]–[19], that may represent a probability/possibility distribu-
tion including real numbers. INs have already been applied to
neural/fuzzy systems [16]–[21]. An IN may represent all-order
data statistics; hence, it may represent countably infinite real
numbers, with arbitrarily small error, using a finite number of
real numbers. The latter implies a capacity for dealing with
big data, with small memory requirements.

The layout of this paper is as follows. Section II outlines the
mathematical background. Section III presents the proposed,
IN-based neural network. Section IV demonstrates some com-
putational results. Finally, section V concludes by discussing
both our contribution and potential future work.



II. THE MATHEMATICAL BACKGROUND

This section summarizes a number of mathematical results
[7], [15], [22], [23]. More specifically, it considers complete
mathematical lattices (L,⊑) with minimum and maximum
elements denoted by o and i, respectively. A positive valuation
(real) function v : L → R is assumed, which, by definition,
satisfies: 1) v(x) + v(y) = v(x ⊓ y) + v(x ⊔ y) and 2)
x @ y ⇒ v(x) < v(y). A positive valuation results in two
useful axiomatically defined functions, first, a metric distance
function d : L×L → R+

0 given by d(x, y) = v(x⊔y)−v(x⊓y)
and, second, an order measure function σ : L × L → [0, 1]
given by either function “sigma join” σ⊔(x, u) = v(u)/v(x⊔
u) or “sigma meet” σ⊓(x, u) = v(x ⊓ u)/v(x).

A. Fuzzy Lattice Reasoning (FLR)

Any employment of an order measure function σ(., .) is
called fuzzy lattice reasoning, or FLR for short [12], [13],
[18], [19].

Semantics is intrinsically represented in a lattice by the
partial order relation [10]. Note that the “sigma meet” order
measure σ⊓(., .) is a generalization of the “Rule of Bayes”.
Moreover, both σ⊓(., .) and σ⊔(., .) are widely (though im-
plicitly) used in Fuzzy Inference Systems (FISs) [18].

An order measure and/or a metric distance can be extended
to the lattice of intervals in a lattice (L,⊑) based on a dual
isomorphic function θ : L → L resulting in the positive
valuation function V ([a, b]) = v(θ(a)) + v(b) [15]. The set
of intervals is a lattice denoted by (I1 = I∪{∅},⊆), where I
is the set of conventional intervals, and ⊆ is the conventional
set inclusion relation. The empty set ∅ in the complete lattice
(I1,⊆) is represented as ∅ = [i, o].

A lattice (L,⊑) may be the Cartesian product of a set of
“constituent” lattices Li, i ∈ I , where I is in an index set.

B. The Hilbert Lattice of Generalized Intervals’ Numbers

Following a set-theoretic approach, this work considers
an index set I , regarding constituent lattices Li, i ∈ I , of
uncountably infinite cardinality ℵ1. In particular, the interest
focuses on the complete, totally ordered lattice (R,≤), where
R = R∪{−∞,∞}, R is the set of real numbers, with o = −∞
and i = +∞. The corresponding infimum and supremum
operators are denoted by ∧ and ∨, respectively.

It is known that the lattice (VG,⊑) = (R × R,≥ × ≤
) of generalized intervals is a vector space over R, where
the addition is defined as [a1, b1] + [a2, b2] = [a1 + a2, b1 +
b2], moreover the scalar multiplication is defined as λ[a, b] =
[λa, λb] [12].

Lately, it has been shown that the mapping <,>: VG×VG →
R given by < [a1, b1], [a2, b2] >= 1

2 (a1a2 + b1b2) is an inner
product in the vector lattice (VG,⊑). Hence, lattice (VG,⊑)

is a pre-Hilbert space with norm ∥ [a, b] ∥=
√

1
2 (a

2 + b2). It
turns out that lattice (VG,⊑) is a Hilbert space because every
Cauchy sequence in VG converges in VG with respect to the
metric distance ∥ [a1, b1]− [a2, b2] ∥ [15].

Consider the Cartesian product lattice (G,≼) = ×(VG,⊑)h,
where h ∈ [0, 1]. An element of (G,≼), namely Generalized

Intervals’ Number (GIN), is a function E : [0, 1] → (VG,⊑
) = (R× R,≥ × ≤). A value E(h) is, alternatively, denoted
as Eh. The lattice (G,≼) is a vector space over R, where
addition is defined as Es(h) = E1(h)+E2(h), h ∈ [0, 1] and
scalar multiplication is defined as Ep(h) = λE(h), h ∈ [0, 1].

Next, the interest focuses on the vector space G1 defined
as G1 = {[a(h), b(h)] : a(.), b(.) ∈ L2}, where L2 is
the Lebesgue space of square-integrable (real) functions [15].
Specifically, G1 is a quotient space whose elements are the
equivalence classes of G defined such that two INs in an
equivalence class of G differ on a null set. It turns out that
the mapping <,>: G1 ×G1 → R given by

< E,F >=

1∫
0

< [a1(h), b1(h)], [a2(h), b2(h)] > dh, (1)

is an inner product in vector space G1. Hence, the set G1

of equivalence classes in G is a pre-Hilbert space with norm

∥ F ∥=

√
1
2

1∫
0

(a2h + b2h)dh, where F = [ah, bh], h ∈ [0, 1].

A potentially useful result is the Cauchy-Schwarz inequality
| < v,w > | ≤∥ v ∥∥ w ∥, which introduces the similarity
cosine function ρ : V × V → [−1, 1] as

ρ(v, w) =
< v,w >

∥ v ∥∥ w ∥
(2)

toward calculating the angle ∠(v, w) between two vectors
v, w ∈ V as ∠(v, w) = arccos <v,w>

∥v∥∥w∥ .
It turns out that G1 is a Hilbert space because every Cauchy

sequence in G1 converges in G1 with respect to the metric

∥ F − E ∥=

√
1
2

1∫
0

[(a1(h)− a2(h))2 + (b1(h)− b2(h))2]dh,

where F = [a1(h), b1(h)] and E = [a2(h), b2(h)], h ∈ [0, 1].
Moreover, the Hilbert space G1 is lattice ordered [15]. In
conclusion, (G1,≼) is called Hilbert lattice.

C. The Convex Cone Sublattice of Intervals’ Numbers (INs)

A (Type-1) Intervals’ Number, or IN for short, is defined as
a function E : [0, 1] → I1, which satisfies: (C1) h1 ≤ h2 ⇒
Eh1 ⊇ Eh2 and (C2) ∀S ⊆ [0, 1] : ∩

h∈S
Eh = E∨S . The family

of INs is denoted by F. It turns out that (F,≼) is a complete
lattice, where ≼ is defined as

P ≼ Q ⇔ Ph ⊆ Qh,⇔ P (x) ≤ Q(x), (3)

where h ∈ [0, 1] and x ∈ R.
Probability and possibility distributions have been studied

comparatively [24], [25]. An IN, previously called FIN (Fuzzy
Intervals’ Number) [26], is a mathematical object which may
represent either a possibility distribution [18], [26] or a proba-
bility distribution [16]. In the following, the interest focuses on
the quotient space F1 whose elements are equivalence classes
in F. From here forward, an element of F1 will be called
(Type-1) IN.



Fig.1 displays INs with interval support [1.90, 3.10]. Each
IN was induced from 62 samples. In particular, IN P in
Fig.1(a) was induced by Algorithm “distrIN” [27], whereas
IN Q in Fig.1(b) was induced by Algorithm “CALFIN”
[23]. Fig.1(c) and Fig.1(d) display the corresponding “interval
representations” of the equivalent “membership-function rep-
resentations” of the INs P and Q shown Fig.1(a) and Fig.1(b),
respectively. Note that the interval representation of an IN
requires two numbers per level i.e. the two interval ends. In
particular, regarding the interval representation of IN P in
Fig.1(c) only one number is required per level because all the
right interval ends coincide. In conclusion, the IN P in Fig.1(c)
is represented by L = 32 numbers ordered increasingly.

The IN P in Fig.1(a) corresponds to a Cumulative Dis-
tribution Function (CDF) induced from a population of 62
numerical data samples indicated with an “x” mark; it is
P (2.46) = 0.5. Actually, the IN P in Fig.1(a) represents
only part of a CDF since a CDF in non-decreasing on its
domain, whereas function P (x) drops to 0 as soon as P (x)
reaches its largest value of 1. Nevertheless, apparently, there is
a bijective mapping between the proper subset S = {F ∈ F1:
(F0 = [a0, b0] with −∞ < a0 ≤ b0 < +∞).AND.(a0 ≤
x1 ≤ x2 ≤ b0 ⇒ F (x1) ≤ F (x2))} of F1 and CDFs; in the
aforementioned sense, an IN represents a CDF.

An IN represents an information granule. An advantage of
an IN is its potential to represent countably infinite numbers
i.e. all-order data statistics, potentially to any degree of
accuracy depending on the number L of levels [18]. An
interval Fh ∈ I1, h ∈ [0, 1] is denoted either by [ah, bh] or, al-
ternatively, by [a(h), b(h)], h ∈ [0, 1]. The set of INs is lattice-
ordered according to (3). The corresponding lattice of INs is
denoted by (F1,≼) and it is a sublattice of lattice (G1,≼).
In particular, the set of trivial INs [x, x]h, x ∈ R, h ∈ [0, 1]
corresponds to the Hilbert space R of real numbers. However,
F1 is not a vector space because for a non-trivial P ∈ F1 it
follows (−P ) /∈ F1. It turns out that F1 is a convex cone in
G1 because if P,Q ∈ F1 then (λP +µQ) ∈ F1, ∀λ, µ ≥ 0. In
conclusion, F1 is a lattice-ordered convex cone. Moreover, the
set F1 is complete in the sense that every Cauchy sequence in
F1 converges in F1 [15].

Given E,F ∈ F1, there follow a metric distance function
D1 : F1 × F1 → R+

0 , two order measure functions σ : F1 ×
F1 → [0, 1] and a similarity cosine function ρ1 : F1 × F1 →
[−1, 1], respectively, as

D1(E,F ; v, θ) =

1∫
0

d1(Eh, Fh; v, θ)dh, (4)

where d1 : I1 × I1 → R+
0 is a metric distance function

given by d1([a1, b1], [a2, b2]; v, θ) = [v(θ(a1∧a2))−v(θ(a1∨
a2))] + [v(b1 ∨ b2)− v(b1 ∧ b2)];

σf(E,F ; v, θ) =

1∫
0

σ⊓(Eh, Fh; v, θ)dh, (5)
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Fig. 1. Intervals’ Numbers (INs). (a) A probability distribution IN P
“membership-function representation” with horizontal x-axis domain R; 62
samples are indicated by “x”. (b) A fuzzy number (possibility distribution) IN
Q “membership-function representation” with horizontal x-axis domain R; 62
samples are indicated by “x”. (c) The corresponding probability distribution P
“interval representation” with L = 32 levels and vertical axis domain [0, 1].
(d) The corresponding possibility distribution (fuzzy number) Q “interval
representation” with L = 32 levels and vertical axis domain [0, 1].

where σ⊓ : I1 × I1 → [0, 1] is an order measure function
given by σ⊓([a1, b1], [a2, b2]; v, θ) = 1, if [a1, b1] = ∅; else
0, if a1 ∨ a2 > b1 ∧ b2 and v(θ(a1∨a2))+v(b1∧b2)

v(θ(a1))+v(b1)
, otherwise;

σg(E,F ; v, θ) =

1∫
0

σ⊔(Eh, Fh; v, θ)dh, (6)

where σ⊔ : I1 × I1 → [0, 1] is an order measure function
given by σ⊔([a1, b1], [a2, b2]; v, θ) = 1, if [a1, b1] = ∅ =

[a2, b2] and v(θ(a2))+v(b2)
v(θ(a1∧a2))+v(b1∨b2)

, otherwise;

ρ1(E,F ; v, θ) =

1∫
0

ϱ1(Eh, Fh)dh (7)

where ϱ1 : I1 × I1 → [−1, 1] is a similarity cosine function
given by ϱ1([a1, b1], [a2, b2]) =

a1a2+b1b2√
(a2

1+b21)(a
2
2+b22)

.

Parametric function v : L → R is strictly increasing,
whereas parametric function θ : L → L is strictly decreasing.

D. Cartesian Product Extensions

Let HN , for an integer N , be the Cartesian product of a pre-
Hilbert (inner product) space H with inner product <,>: H×
H → R. Given x = (x1, . . . , xN ) and y = (y1, . . . , yN ) in
HN , let the sum x+y be defined as x+y = (x1+y1, . . . , xN+
yN ); moreover, let the scalar multiple κy of y ∈ HN by
κ ∈ R be defined as κy = (κy1, . . . , κyN ). Then, the function
<,>: HN ×HN → R defined as



< (y1, . . . , yN ), (z1, . . . , zN ) >=
N∑
i=1

< yi, zi > (8)

is an inner product in the linear (vector) space HN . The
Hilbert space H could be H = G1. The following result
regards a general lattice including lattice (G1,≼).

Given an order measure σi, i ∈ {1, . . . , N}, in a constituent
lattice (Li,⊑i), an order measure σc is defined in the Cartesian
product lattice L = (L1,⊑1) × · · · × (LN ,⊑N ) by the
following convex combination function

σc(F,E) = k1σ1(F1, E1) + · · ·+ kNσN (FN , EN ), (9)

where F = (F1, . . . , FN ) and E = (E1, . . . , EN ), further-
more k1, . . . , kN ≥ 0 such that k1 + · · · + kN = 1, resulting
in a capacity for rigorously fusing disparate types of data.

Given the metric spaces (X1, d1), . . . , (XN , dN ), it is well
known that a family of metric distances can be computed in
the Cartesian product X = X1 × · · · ×XN as

dp(X,Y ) = [(d1(x1, y1))
p + · · ·+ (dN (xN , yN ))p]1/p, (10)

for N−tuples X = (x1, . . . , xN ) and Y = (y1, . . . , yN ).

E. Non-linearities in the space of Intervals’ Numbers (INs)

Non-linearities can be introduced in the linear space G1

and, ultimately, in its convex cone F1 by parametric functions
v(.) and θ(.) [15].

Given a real function f : R → R, let the image
(transformation) f([x1, . . . , xN ]) of a vector of real numbers
[x1, . . . , xN ] be defined as [f(x1), . . . , f(xN )]. If function f
is a positive valuation function, say f = v, then [a, b] ∈ I1
implies v([a, b]) ∈ I1. Furthermore, by defining Gh = v(Eh),
h ∈ [0, 1] for an IN E ∈ F1, it follows that G = v(E) ∈ F1

[15]. The IN v(E) is called the image of IN E filtered by the
positive valuation function v. Furthermore, by defining v(F1)
as the set v(F1) = {G : G = v(E), ∀E ∈ F1}, it follows
that (v(F1),≼) is a lattice, namely filtered image of lattice
(F1,≼). The following results are known [15].

Let v(.) be a positive valuation (i.e., a strictly increasing)
function v : R → R such that v(x) = −v(−x), let θ(x) = −x,
furthermore let A,B ∈ (F1,≼). Then,

(R1) the lattices (F1,≼) and (v(F1),≼) are order-isomorphic,
symbolically (F1,≼) ≈ (v(F1),≼), in the sense that 1)
v(.) is bijective (i.e. one-to-one and onto), 2) v(AfB) =
v(A)f v(B) and 3) v(AgB) = v(A)g v(B).

(R2) D1(A,B; v, θ) = D1(v(A), v(B);x, θ).
(R3) σf(A,B; v, θ) = σf(v(A), v(B);x, θ).
(R4) σg(A,B; v, θ) = σg(v(A), v(B);x, θ).

The results (R2)-(R4) substantiate that lattice (F1,≼),
equipped with both v(x) = −v(−x) and θ(x) = −x,
preserves the distances D1(., .) as well as the order measures
σf(., .) and σg(., .) between bijective elements in lattices

(F1,≼) and (v(F1),≼). In words, the results (R2)-(R4) guar-
antee that the shapes of the distributions A and B may be kept
intact, thus retaining the corresponding “probabilistic” and/or
“possibilistic” interpretations, nevertheless the distance as well
as an order measure between the distributions A and B can
be tuned non-linearly toward optimizing decision-making.

F. Gradient in the Convex Cone F1

An attempt to define a derivative in lattice-ordered convex
cone F1 of INs was reported in [28]. The disadvantage of
the latter definition was that it might result in GINs outside
the set F1 of INs. This work proposes a theoretically sound
approach toward a derivative in F1 along the following lines.
Specifically gradient based updates are defined as:

wk+1 = wk − η▽E(wk), (11)

where wk+1, wk ∈ GN
1 , k ∈ {0, 1, 2, . . . } is the (sampling)

time, η is a small positive number, E : GN
1 → R is an error

function and the gradient (vector) −▽E(wk) ∈ GN
1 is the

direction of steepest descent. In particular, it is ▽E(w) =

argmax
∥v∥=1

DE(w)[v], where DE(w)[v] = lim
ε→0

E(w+εv)−E(w)
ε is

the directional derivative at w in the direction of v.
By the Riesz Representation Theorem [29] for a continuous

linear functional E(w), there exists a unique vector ▽E(w),
namely gradient, such that DE(w)[v] =< ▽E(w), v >.

The abovementioned Riesz Representation Theorem is valid
in a Hilbert space e.g. GN

1 , but not necessarily in a convex
cone of a Hilbert space e.g. FN

1 . Therefore, wk ∈ FN
1 does not

guarantee that wk+1 ∈ FN
1 . Nevertheless, the gradient provides

tools to guarantee that wk+1 will be in FN
1 as it will be shown

in a future work.

III. TYPE-1 NEURAL NETWORK (T1NN)

The proposed neural network architecture is shown in Fig.2.
It is a multi-layer feed-forward neural network extension from
the Euclidean space RN to the space FN

1 of INs.
The term “Type-1 Neural Networks (T1NNs)” has been pro-

posed for (meta-statistical [30]) deep learning neural networks
that process vectors of Type-1 INs in (F1,≼); whereas, con-
ventional deep learning neural networks that process vectors of
numbers in RN are called “Type-0 Neural Networks (T0NNs)”
[15] − Note that the term “IN Neural Network (INNN)” has
been previously used instead of T1NN [30], [31].

A T1NN operates like a T0NN, with two differences: first,
a T1NN processes vectors of (Type-1) INs and, second, a link
weight may be of two types namely 1) an IN and 2) a strictly
monotone function as explained next.

a) Enhanced T1NN Link Weights: The set R may be
interpreted as either a real vector space ot a mathematical
field. On one hand, a T0NN treats R indiscriminately as both
a vector space and a mathematical field. On the other hand,
a T1NN separates the aforementioned two interpretations.
Hence, two types of link weights result in as it follows. First,
a dot product w · x term wixi, i ∈ {1, . . . , N} in an T0NN
may be interpreted as an inner product in R. Second, a dot



product w ·x term wixi, i ∈ {1, . . . , N} may be interpreted as
the value of a strictly monotone linear function fi(xi) = wixi,
i ∈ {1, . . . , N}. In both cases, the outcome is the same.

However, for T1NNs the outcomes are different: First, given
w, x ∈ FN

1 , the dot product w · x term wi · xi is in R.
Second, given strictly increasing functions fi : R → R,
i ∈ {1, . . . , N}, the result fi(xi) is in F1. The latter inter-
pretation has been enhanced by including strictly decreasing
functions wi : R → R, i ∈ {1, . . . , N} [10], as explained
next.

For wi < 0, filtering an IN F , represented by a L-
dimentional vector, results in a L-dimentional vector wi(F )
with decreasingly ordered entries. Given a vector x =
[x1, . . . , xN ], let the entries of vector r(x) = [y1, . . . , yN ] = y
be defined in reverse order i.e. yi = xN+1−i, i ∈ {1, . . . , N}.
In conclusion, the output vector r(wi(F )) represents an IN
[15]. The latter technique is compatible with the multiplication
of real numbers in the sense that the result is the same.

A linear weight function wi : R → R, i ∈ {1, . . . , N}
can be replaced by a strictly monotone (either increasing or
decreasing) parametric function. Hence, link weight filtering
can change not only the location of an IN but also its shape.

Whatever type a link weight vji might be used in Fig.2, a
link’s filtered output vji(Oji) is always an (optimizable) IN,
where Oji is an output IN of a neuron from the previous layer.

It is noteworthy that the computations in T1NN reduce to
computations in T0NN when the input IN F ∈ FN is trivial.

b) T1NN Testing: The testing phase of T1NN is straight-
forward, according to the previous. Moreover, the sigmoid
function a : R → R+

0 given by

α(x;Aα, λα, µα) =
Aα

1 + e−λα(x−µα)
(12)

has been used as a neuron’s activation function; whereas,
the logistic function, has been used as a link’s weight function:

ℓ(x;Aℓ, λℓ, µℓ) =
Aℓ

2

1− e−λℓ(x−µℓ)

1 + e−λℓ(x−µℓ)
(13)

A parameter λℓ could be either positive or negative resulting
in a strictly increasing or decreasing function, respectively.

An input IN sj to the activation function of a neuron nj ,
j ∈ {1, . . . ,M} is computed as

sj =

[
KL∑
i=1

vji(Opji)

]
+ bj , (14)

where vji(.), j ∈ {1, . . . ,M}, i ∈ {1, . . . ,KL} is an
incoming link’s (from the previous layer of neurons) weight
function, Opji, j ∈ {1, . . . ,M}, i ∈ {1, . . . ,KL} is the
corresponding output IN of a neuron from the previous layer
regarding pattern p, and bj is the bias IN of neuron nj [15].

c) T1NN Training: The optimization of T1NN’s weights
is pursued during the training phase. That problem has been
solved for T0NN by the (backpropagation) generalized delta
rule [32] i.e. a steepest descent “hill climbing” algorithm.
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Fig. 2. The (L+ 2)-layer N ×K1× · · · ×KL×M feed-forward neural
architecture in this figure processes INs all along. The weights vi,j(.), where
i ∈ {1, . . .M}, j ∈ {0, . . .KL}, . . . , wi,j(.), where i ∈ {1, . . .K1}, j ∈
{0, . . . N} might be either strictly increasing functions or INs. The input to
as well as the output from a neuron is an IN. Data processing occurs in the
convex cone F1 of INs in the Hilbert space G1. Non-linear transformations
are carried out by either the link-weights or the transfer functions of neurons.

Previous work with T1NNs has employed rather slow opti-
mization algorithms such as exhaustive search [10] and genetic
algorithms [30]. Algorithm 1 below outlines a steepest descent
algorithm based on (11) as a combination of backpropagation
and the Riesz Representation Theorem.

Algorithm 1 T1NN Training Phase
1: Randomize all T1NN parameters;
2: while a termination condition T is not satisfied do
3: for the next input pattern p do
4: Let the gradient −▽E(w) be the δ required to

optimize the output layer weights by (11); Backwards
calculate the δ required to optimize the weights of all
layers successively from the output to the input;

5: end for
6: end while

The training phase of T1NN computes wk+1 using (11)
under the constraint that wk+1 ∈ FN

1 .
When all input link weights in a neuron are interpreted as

INs then a fuzzy rule emerges toward local XAI. Axiomatic
logic can be engaged in (F1,≼) by FLR techniques.



IV. COMPUTATIONAL DEMONSTRATIONS

A. IN Induction

IN induction produces T1NN inputs. INs may be induced
either from human experts [16], [18], [22], [23] as possibility
distributions, i.e. fuzzy sets, or from signals; for the latter, an
IN may represent a distribution of measurements e.g. from
segmented RGB images [10], [17], [19]–[21] as well as from
segmented time series [26]–[28], [30], [31].

B. Computational Experiments

Computational experiments have been carried out to demon-
strate the metric distance function D1 : F1×F1 → R+

0 of (4),
the two order measure functions σ : F1 × F1 → [0, 1] of
(5) and (6), respectively, and the similarity cosine function
ρ1 : F1 × F1 → [−1, 1] of (7), as shown in Fig.3.

More specifically, Fig.3(a) displays INs P and Q as well
as the assumed positive valuation function v(x) = 1−e−x

1+e−x ;
furthermore, it was assumed θ(x) = −x. IN Q was kept
constant, whereas IN P was sliding along the horizontal x
axis, as indicated by the arrows over P and Q in Fig.3(b).

Fig.3(b) displays the graph of the metric distance D1(P,Q).
In particular, the value of D1(P,Q) at the location of P and Q
in Fig.3(b) is indicated by a “dot” on the vertical line through
the left end of the support of IN P (between x = −6 and x =
−5). Fig.3(b) confirms that the distance D1(P,Q) between P
and Q is a convex function with (non-zero) minimum near
IN Q. The minimum value of D1(P,Q) is non-zero because
P ̸= Q for all locations of the sliding IN P . The values of
distance D1(P,Q) are not symmetrical to the right and to the
left of IN Q due to the location of the (saturated) positive
valuation function v(x) = 1−e−x

1+e−x .
Fig.3(c) displays the graphs of the order measure functions

σf(P,Q) and σg(P,Q), respectively. Note that, as expected
from their definitions, Fig.3(c) confirms that σg(P,Q) ̸= 0,
∀x, whereas σf(P,Q) = 0 for non-overlapping INs P and Q.

Fig.3(d) displays the graph of the similarity cosine
ρ1(P,Q). It is noteworthy that there is an x0 such that
ρ1(P,Q) = 0 i.e. < P,Q >= 0 meaning that the INs P and
Q are orthogonal to one another at x0; hence, established tools
become available in FN

1 for rigorous mathematical analysis.

V. DISCUSSION AND CONCLUSION

This section discusses, first, the motivation for the proposed
mathematical instruments, second, the contribution of this
work and, third, potential future work extensions.

A. Mathematical Background Motivation

The notion “Hilbert space” has been introduced by David
Hilbert [33], also known for his influential work on the founda-
tions of geometry [34]. Nevertheless, the formal definition of
a Hilbert space was proposed by von Neumann, who applied
it instrumentally in quantum mechanics [35].

Two alternative mathematical structures for computing in-
clude, first, a Riesz space, i.e. a lattice-ordered vector space
[29], and, second, a Banach space, i.e. a complete normed
vector space [36]. An “ontological” difference between a
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Fig. 3. (a) INs P and Q and the positive valuation function v(x) = 1−e−x

1+e−x ;
it is assumed θ(x) = −x. (b) Graph of the metric distance function D1(P,Q)
between the sliding IN P and the still IN Q. The “dot” on the graph indicates
the value of D1(P,Q) at the current position of the sliding IN P . (c)
The blue and red graphs show the order measure functions σg(P,Q) and
σf(P,Q), respectively. (d) Graph of the similarity cosine function ρ1(P,Q).
For ρ1(P,Q) = 0 =< P,Q >, INs P and Q are orthogonal to one another.

Hilbert space and a Riesz / Banach space, is the existence of
an inner product in a Hilbert space. Even though, compared
to a Riesz / Banach space, a Hilbert lattice is defined more
restrictively, its close mathematical relation to the Euclidean
space [11] makes a Hilbert space a promising candidate for
enhanced practical applications regarding deep learning AI.

Reproducing Kernel Hilbert Space (RKHS) is a machine
learning approach that depends on a Hilbert space of functions
without involving lattice theory [37] as the present work is
doing. The objective of this work is to enhance incrementally
the commercially successful deep learning technology.



B. The Contribution
The techniques proposed here fall within the Lattice Com-

puting (LC) information processing paradigm, which has been
defined as “an evolving collection of tools and methodologies
that process lattice ordered data including logic values, num-
bers, sets, symbols, graphs, etc” [9], [38].

Previous work has set the goal of defining a derivative
function in the Hilbert space G1 toward the development of
fast-converging T1NN training algorithms. As the notion of
gradient is inherent in a Hilbert space, Algorithm 1 points out
to a promising direction for T1NN training.

This position paper has proposed two necessary and suf-
ficient conditions for neural computing including, first, a
Hilbert space H and, second, non-linear transformations in
H according to the following rationale.

First, a Hilbert space H , by definition is 1) a linear space,
2) equipped with an inner product and 3) complete in the
sense that every Cauchy sequence in H converges in H . It is
well known that the popular Euclidean space RN is a Hilbert
space; moreover, the operations of the Hilbert space RN and
only those operations are used in conventional (T0NN) neural
computing. Specifically, the “dot product” input to a neuron is
the inner product in Hilbert space RN ; the “similarity cosine”,
used extensively in deep learning, is defined in a Hilbert
space; furthermore, the “completeness” of a Hilbert space is a
criterion for training convergence in deep learning. Therefore,
neural computing was extended from T0NN in Hilbert space
RN to T1NN in the convex cone FN

1 of the Hilbert space GN
1 .

Second, non-linear transformations are typically introduced
in T0NN deep learning by a neuron’s transfer function. In
addition, non-linearities can be introduced in T1NN deep
learning by the link weights, be it INs or strictly monotone
functions, as well as by the underlying functions v(.) and θ(.).

The Hilbert space G1, of GINs, was presented as a hierarchy
of Hilbert spaces stemming from R. Then, the interest focused
on the convex cone F1 ⊂ G1 of INs, where an IN represents
an (information) granule. Specifically, INs represent possibility
/probability distributions including real numbers. Furthermore,
(F1,≼) is a sublattice of lattice (G1,≼).

The set F1 of INs is a domain for potential unification and/or
enhancement of conventional neural- and/or fuzzy- systems.
Note that the architecture in Fig.2 can be interpreted as a fuzzy
inference system (FIS) [18]. In such a context, the similarity
cosine ρ1(., .) in (7) suggests a novel instrument for calculating
the activation of fuzzy rules.

Given that F1 ⊃ R, it follows that T1NNs can achieve as
much as T0NNs can achieve and, more than that, they can
enhance T0NNs by processing information granules. Hence,
a far-reaching potential of T1NNs emerges, that is comput-
ing with semantics, represented by partial-order, instead of
merely “number crunching”. Axiomatic logic can be engaged
in (F1,≼) by FLR toward XAI. Enhanced embeddings of
symbols emerge based on the enhanced T1NN link weights.

There are set-theoretic bounds on deep learning due to
the uncountably infinite cardinality ℵ1 of the set F1 of INs
[22]. In particular, first, the cardinality of any parametric

family of models, including T0NNs, equals ℵ1 [23]; second,
the cardinality of the set of functions f : FN → FM

with a capacity for generalization, including XAI rule-based
surrogate T1NNs [39], equals ℵ2 = 2ℵ1 > ℵ1 [22], [23].
However, due to the finite “digital word length”, only a finite
number of models can be implemented on a digital computer.

As F1 ⊃ R, the representation potential of T1NN is superior
to that of T0NN. In particular, note that, even though the
sets F1 and R have equal cardinalities, symbolically |F1| =
ℵ1 = |R|, an element of R represents a single real number,
whereas an element of F1 may represent up to countably
infinite ℵ0 real numbers (i.e., all order data statistics [16])
using only L < +∞ real numbers; the latter is an advantage
of using INs in big data applications resulting in, potentially,
smaller computer memory requirements. Furthermore, no ad
hoc feature extraction is necessary [21]. It is known that T0NN
deep learning training typically forces “nearby” objects of
interest to be represented by “nearby” N-dimensional vectors
of real numbers [40]. As the set F1 of INs is equipped with the
same mathematical instruments it is expected that T1NN deep
leaning training can also force “nearby” objects of interest to
be represented by “nearby” N-dimensional vectors of INs.

C. Potential Future Work

Several theoretical and practical questions remain to be
addressed including the development of fast-convergence train-
ing algorithms for the T1NNs according to Algorithm 1. An
alternative introduction of non-linearities may be effected by
defining a different inner-product at each different element of
the Hilbert space G1, thus defining a Riemannian manifold
while keeping intact the shapes of the INs involved.

An ever better performance is reported in the literature
for models with an ever larger number of parameters [13].
T0NNs use no more than one parameter (weight) per link
between neurons, whereas a T1NN can have any number of
parameters per link between two neurons. Hence, a T1NN
with fewer neurons can have the same number of parameters
as a T0NN with more neurons. Note that previous works
have demonstrated that the employment of T1NN/INNN has
comparatively demonstrated a clearly better performance in
a number of applications [17], [20], [21], [28], [30], [31].
Statistical- and/or other testing needs to confirm any improve-
ment of performance by T1NNs. In addition, as a T1NN
can have the same number of parameters as a T0NN using
fewer neurons, the potential of T1NNs to retain performance
with less electric energy consumption also needs to be tested.
Another topic for future work is the development of T2NNs
for processing Type-2 INs including Type-2 fuzzy sets [41].

Hilbert spaces are indispensably used in quantum computing
[42]. Based on instruments presented in this paper, future work
will consider quantum implementations of neural models.

The use of symbols is instrumental in a spoken language
e.g. for reasoning/planning. Potential future work also includes
the development of a series of successive (lattice-order) iso-
morphisms from signals to symbols toward grounding symbols
[43] such that semantics is successively retained.
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